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Abstract 
 

A novel and practical algorithm for the determination of intensities in reflection high-energy electron diffraction 
(RHEED) for off-symmetry azimuths is presented. The usefulness of the algorithm is demonstrated for calculations of 
rocking curves for GaAs. Then the problem of RHEED oscillations that appear during regular growth of nanolayers is 
discussed. A calculated plot of the oscillation phase  is compared with experimental data taken from the literature. Only 
the unreconstructed surface of GaAs is considered in this analysis, however, even for such a simplified case, the plot of 
the theoretical phase reproduces the experimental results reasonably well. 
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1. INTRODUCTION 

High-quality nanostructures can be realized in 
practice only if advanced methods to characterize 
the  arrangement of atoms are used at different stag-
es of sample preparation. A method of the great im-
portance for the preparation of nanostructures under 
vacuum conditions is reflection high-energy electron 
diffraction (RHEED). However, it is interesting that 
this method is well developed only experimentally, 
as the theory of RHEED is still incomplete. Faithful 
theoretical approaches have been developed for per-
fectly flat surfaces (Ichimiya & Cohen, 2004; Peng 
et al., 2004). Precise computations that take into 
account multiple scattering effects are relatively fast 
for flat surfaces but become very time-consuming 
for disordered surfaces if large supercells are intro-
duced. One of the possible ways to proceed is to try 
to develop faster methods of calculations with the 
help of iterative algorithms  (Maksym et al., 1998; 
Mitura, 1999a; Maksym, 2001). Another possible 

alternative for further research is to carry out de-
tailed analyses of data collected in particular situa-
tions and then return to general problems of partially 
ordered surfaces. An important example of such 
collected data are the results of measurements con-
ducted for off-symmetry azimuths, i.e. when the 
azimuth of the incident beam direction is set a few 
degrees off the basic azimuth of the surface. Then 
simplifications in the theory can be introduced and 
respective computations can be carried out relatively 
easily. However, there are many important open 
questions even for this case. Thus, in this paper we 
focus on the off-symmetry case and deal with the 
problem of intensity oscillations which can be ob-
served during regular growth of the material.  

RHEED intensity oscillations can be observed if 
atoms deposited on the surface from a source do not 
merge in irregular islands of different heights, but 
form a new single monolayer of the material, and 
when such a layer is fully completed, the next layer 
of a similar type is formed on top and the procedure 
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continues. When the intensity of the specularly re-
flected electron beam is recorded, periodic variations 
occur (for more details see: Herman & Sitter, 1996; 
Ichimiya & Cohen, 2004; Peng et al., 2004).  

RHEED oscillations are observed if nanostruc-
tured layers are grown with the use of molecular 
beam epitaxy (for example, Fe layers can be pre-
pared in such a way, see Olligs et al., 2002). The 
oscillations phenomenon may also appear if pulsed 
laser deposition is applied (for example, the prepara-
tion of TiN layers was reported for this case, 
Inumaru et al., 2000). At this point, it is not fully 
understood why these intensity oscillations occur. 
According to one of the proposed theoretical de-
scriptions, RHEED oscillations occur because elec-
trons are randomly scattered by step edges which 
appear at surface, periodically in time, during atom 
deposition (for example, Holmes et al., 1997). Ac-
cording to another approach, changes in the intensity 
result from changes in interference conditions for 
electron plane waves reflected from different atomic 
terraces (Pukite et al., 1988). In a third approach, it 
was proposed that RHEED oscillations may be 
caused by periodic changes in the averaged scatter-
ing potential at the surface (Peng & Whelan, 1990). 
Nevertheless, the approaches listed here require 
further verification and in this paper we examine the 
third approach in detail. 

As stated above, no single theoretical description 
of RHEED oscillations has been widely accepted. 
Further investigations are required for achieving 
a better understanding of these oscillations through 
continued experimental measurements and data in-
terpretations. Detailed calculations employing dy-
namical diffraction theory are needed if one wants to 
examine the approach in which oscillations occur 
because of changes in refraction conditions at the 
surface (Peng & Whelan, 1990). We proposed a new 
algorithm for these calculations which is very con-
venient for the development of respective computer 
codes. 

Our paper is organized as follows: the algorithm 
for carrying out calculations  for off-symmetry azi-
muths is shown in detail in section 2, in section 3 
experimental data are briefly analyzed, and we pre-
sent our conclusion in section 4. 

2.  A METHOD OF CALCULATIONS OF 
SPECULAR BEAM INTENSITIES 

We describe here how to carry out dynamical 
calculations for the one-dimensional model of the 
potential that are suitable for analyzing data for the 

off-symmetry case. For completeness, we present 
a detailed formulation of the mathematical problem 
and a technique for determining the scattering poten-
tial. This is done although these issues were already 
discussed many times in the literature by different 
authors (see for example: Zhao et al.,1988; Ichimiya 
& Cohen, 2004; Peng et al., 2004; Mitura, 2013). 
However, different notations have been used and it 
seems helpful to display respective formulas in the 
form adopted by the current author. The novel and 
practical algorithm shown in this paper was devel-
oped by the present author and so far it was only 
briefly discussed in Mitura (2015). Here we give 
significantly more details. 

 
2.1.  Basic formulas 

 
It is assumed that above the crystal surface the 

incident and reflected beams can be expressed with 
the help of the wavevectors ۹ and ۹, respectively, 

and the following relation is satisfied: |۹|ଶ =|۹|ଶ =  ,ଶ. Furthermoreܭ

ଶܭ  = ቀ1 + ||ଶబమቁ ଶబమ  |ܷ.      (1)ݍ|

In equation (1), ܷ is the absolute value of the ac-
celerating voltage  of the electron gun,  ݍ is the 
electron charge and ݉  is the electron rest mass. 
Additionally,  is Planck's constant and ܿ is the 
speed of light in vacuum. 

Before going further it useful to give detailed in-
formation on the values of the electron energy and 
the related quantity ܭଶ. We assumed the energy of 
incident electrons to be 10 keV. Then, with the help 
of respective numerical data taken from Benenson et 
al. (2002), using equation (1), the value of 2650 Ǻ-2 
for ܭଶ was obtained (actually, we display here the 
value of ܭଶ with the four digit precision).  

If we assume that the surface of the crystal is 
perpendicular to the ݖ-axis, then above the crystal, 
i.e. for ݖ > -we can express the electron wave ,்ݖ
field Ψ as follows Ψ(࢘) = expሼ݅[ܓ|| ∙ ૉ − ݖ)	݇ − ሽ[(்ݖ ݎ																								+ expሼ݅[ܓ|| ∙ ૉ + ݖ)	݇ −  ሽ,   (2)[(்ݖ

where ܓ|| is the parallel component of the wavevec-

tors ۹ and ۹, and ૉ is the parallel component of 

the position vector ܚ. There are two terms in equa-
tion (2). The first term describes the incident beam 
(which is known) for which there exists the relation ݇ =  is the glancing angle, i.e., the ߠ where ,ߠsin|ܭ|
angle between the incident beam direction and the 
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surface. The second term in equation (2) describes 
the specularly reflected beam and its amplitude ݎ 
needs to be determined. Finally, the intensity ܫ of the 
reflected beam (the quantity that can be measured 
experimentally) is equal to |ݎ|ଶ. 

Within the crystal, the following Schrödinger 
equation is satisfied: 

  ∇ଶΨ(ܚ) − (ܚ)Ψ(ݖ)	ݒ + (ܚ)Ψܭ = 0,    (3) 

The potential (ݖ)ݒ appearing in equation (3) can 
be found by summing the contributions ݒ(ݖ) from 
all two-dimensional meshes of atoms.  The meshes 
are parallel to the surface. For the ݆-th mesh placed 
at ݖ, its contribution ݒ(ݖ) can be expressed in the 
following form: ݒ(ݖ) = −Θ ቀ1 + ||బమቁ × (γோ + ݅γூ) ଼గయ మ⁄ஐ 	×	൝∑ (ೕ)ቀ(ೕ)ା(ೕ)ቁభ మ⁄ 	exp ቈ− ସమ(ೕ)ା(ೕ) 		൫ݖ −  ൯ଶൡ,  (4)ݖ		

where ܽ()and ܾ()are coefficients of the analytical 
form of the elastic electron scattering factor for at-
oms of the ݆-th mesh, and ܤ() is the temperature 
dependent Debye-Waller factor. For a crystal com-

posed from identical atoms the superscript ݆ for ܽ(), ܾ()and ܤ()could be dropped. However, generally 
different atoms need to be taken into account (actu-
ally this occurs for GaAs). The values of parameters 
for the elastic electron scattering factors are quite 
often set according to Doyle and Turner (1968), then 

four pairs of values of ܽ()and ܾ()would need to be 
used. However, we actually took the values from 
Peng et al. (2004) because it contains slightly more 
complete and accurate data. Five pairs of values of ܽ()and ܾ() for each mesh of atoms is required to be 
used in this case. As aforementioned, respective 
coefficients for Ga and As planes were taken from 
Peng et al. (2004). Further, the value of 2.0 Ǻ2  was 
set for all parameters ܤ() appearing in  equation (4). 
According to information given in Reid (1983) and 
in Schowalter et al. (2009), the number displayed 
above can be treated as a reasonable estimation of 
actual values of the Debye-Waller factors (both for 
Ga and As atoms) for the temperature of about 900 
K, at which the material growth can be realized 
(Crook et al., 1989). Furthermore, Ω is the area of 
the two-dimensional mesh unit cell. For the case of 
the homoepitaxial growth of GaAs(001) layers, con-
sidered in the current paper, Ω is equal to ܿ௧௧ଶ 2⁄ , 
where ܿ௧௧ is the lattice parameter and for which the 
value of 5.65 Ǻ was assumed. Further, coming back 

again to equation (4), the coefficients γோ and γூ 
are additional parameters causing some corrections 
of the practical importance. The first parameter γோ 
is needed because there exists some deformation of 
electron wavefunctions for atoms constituting solids, 
i.e. their wavefunctions are not identical to those 
determined for isolated atoms. The second parameter γூ is needed because inelastic scattering events 
occur in the crystal. Thus, they are taken into ac-
count in a simplified manner by the introduction of 
the absorption of elastically scattered electrons. The 
modification of the real part of the potential and the 
introduction of its imaginary part can be realized in 
a number of different mathematical forms. The form 
applied by us is particularly suitable for growing 
surfaces. Actually, it is possible to determine the 
crystal potential with the corrections discussed 
above on the pure theoretical basis (see, for exam-
ple, Radi, 1970). However, another approach is to 
use findings from interpretations of experimental 
data for identical or similar materials. The mean 
value of the potential real part can be determined 
experimentally reproducing positions of  respective 
diffractions peaks and the mean value of the poten-
tial imaginary  part can be found fitting widths of 
such peaks. In all calculations presented in this pa-
per, we assumed that γோ = 0.85 and γூ = 0.20. 
We set these values with the help of findings from 
analyses of experimental data described in McCoy et 
al., (1992) and in Ohtake et al., (2002). Finally, Θj is 
the coverage of the ݆-th mesh, i.e., the ratio of the 
number of sites available to the number of the sites 
occupied, which is a very important parameter for 
cases when growing crystals are considered. It 
should also be mentioned that calculations employ-
ing the one-dimensional potential determined with 
the help of equation (4) can be used for the interpre-
tation of experimental data for off-symmetry azi-
muths of the incident beam. For high-symmetry 
azimuths the use of the full three-dimensional scat-
tering potential is more suitable (Ichimiya & Cohen, 
2004; Mitura, 1999b).   

Equations (1-4) define a mathematical problem; 
thus, we need to explain how to find the solution. 
One of the possibilities is to employ a numerical 
program used for solving general problems for the 
three-dimensional potential and to set input data 
properly. Such a route was used in some previous 
publications (for example in Mitura et al., 1998 and 
in Mitura, 1999b). If the general program developed 
within the two-dimensional Bloch wave theoretical 
framework is used for obtaining results for the case 
where the scattering potential varies only along the 



C
O

M
P
U

TE
R
 M

E
T
H

O
D

S
 I
N

 M
A

T
E
R
IA

L
S
 S

C
IE

N
C

E
 

INFORMATYKA W TECHNOLOGII MATERIAŁÓW 

– 450 – 

-axis, then calculations should be executed by con-ݖ
sidering the series of Bloch waves with only one 
term (respectively, this case is often named a one-
beam approximation). However, actually such pro-
ceeding is not very efficient. Input data required for 
the general program contain some information 
which is not used at all for the case of one beam (for 
example positions of atoms in the ݔ − -plane). Fur ݕ
thermore, numerical calculations can be actually 
executed in a much simpler manner (for example, 
operations on matrices containing information on 
amplitudes of different scattered beams are not nec-
essary). Thus, the case of the one-beam approxima-
tion can be treated separately and we herein describe 
a new algorithm developed specifically for such a 
case. 

It is assumed that the crystal is infinite in ݔ −  ݕ
planes. Further, two limiting planes, defined by ݖ = ݖ  andݖ = ்ݖ with the condition of ்ݖ >  ,ݖ
are introduced and it is assumed that the crystal is 
contained between them. The distance between ݖ	and ்ݖ is divided into ܹ	very thin slices having 
the same thickness ℎ. The boundaries of the ݓ-th 
slice are determined by ݖ௪ିଵ and ݖ௪, where ݖ௪ > ݖ ௪ିଵ. Additionally, it assumed thatݖ =  ݖ
and ݖௐ = -For such a system of slices we deter .்ݖ
mine a series of coefficients ݎ௪, where ݓ is an inte-
ger with values ranging from 0 to ܹ. We begin with 

ݎ  = 0.   (5) 

The other coefficients ݎ௪ are found computationally 
using the following formula: ݎ௪ = ቄݎ௪ିଵ ቂ1 + ℎ ቀ݅݇ + ௩ೢଶቁ +	మଶ (−݇ଶ + ௪)ቃݒ +ℎ ௩ೢଶቅ / ቄ1 − 	ℎ ቀ݅݇ + ௩ೢଶቁ + మଶ (−݇ଶ + (௪ݒ ௪ିଵℎݎ										− ௩ೢଶቅ,   (6) 

where ݒ௪ is the value of the potential in the middle 
point of the slice, i.e., 

௪ݒ  = ݒ ቀ௭ೢషభା௭ೢଶ ቁ.  (7) 

Finally, the amplitude ݎ of the specularly reflect-
ed beam is given by 

ݎ   =  ௐ.  (8)ݎ

A derivation of the algorithm defined by equa-
tions (5-8) is shown in section 2.3. Results obtained  
with the computer code based on this algorithm can 
be considered to be  practically identical to those 
obtained using the general code described in detail 
in Mitura (1999b), for the case where the general 

code is adopted for calculations with the one-
dimensional potential. The method given by equa-
tions (5-8) is much simpler than the method of Mitu-
ra (1999b).  It is believed that the algorithm given in 
this paper can be used by experimental researchers 
for developing their own computer codes.  

It should also be mentioned that specific algo-
rithms for the one dimensional potential have al-
ready been shown in the past: in Peng and Whelan 
(1990) and in Ichimiya (1991). Our approach is dif-
ferent than the ones demonstrated by the authors of 
the above papers in the sense that we do not find the 
exact solution of differential equations within 
a slice, but rather employ Heun's method (Chapra & 
Canale, 2010) to obtain the numerical solution. Be-
cause of this fact, we do not need to use advanced 
mathematical functions of a complex variable. How-
ever, it seems that for our method, slices with small-
er thicknesses may be required to achieve similar 
accuracy as in the case of the application of exact 
solutions within individual slices. 

 
2.2.  Testing results 

 
To verify the method given by equations (5-8) 

we first carried out calculations of rocking curves 
for flat surfaces (see figure 1). Namely, the intensi-
ties of the specularly reflected electron beam were 
computed for different glancing angles of the inci-
dent beam. Calculations were carried out for two 
different values of the thickness of crystal slices. 
The number of slices per a unit cell was taken re-
spectively to be 80 and 800. Slices with the thick-
ness of  5.65/800 Ǻ were found to be proper for 
carrying out precise computations. Namely, the fur-
ther decrease of the slice thickness does not cause 
visible changes in results. However, for slices with 
the thickness of 5.65/80 Ǻ, the calculated rocking 
curve is noticeably different than the curve deter-
mined for slices with the thickness of 5.65/800 Ǻ 
(see figure 1). Thus the slice thickness of 5.65/80 Ǻ 
seems to be too large for the use in calculations. 

It is worth to recall here that GaAs is a com-
pound with a zinc blende structure and its space 
group is F-43m. Further, the value of 5.65 Ǻ is the 
size of the lattice parameter ܿ௧௧	for GaAs. The 
(001) planes of the crystal contain alternately two-
dimensional meshes of Ga and As atoms. We as-
sumed in the current work that these planes are per-
pendicular to the ݖ-axis. Additionally we assumed 
that at the surface there are only As atoms. Distances 
between atomic planes are equal to 5.65/4 Ǻ, but 
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distances between planes of atoms of the same kind 
are equal to 5.65/2 Ǻ. Calculations were carried out 
for the total length of ்ݖ −  ×  equal to 110ݖ
(5.65/4) Ǻ. Within this distance, 101 atomic planes 
were taken into account. 

 

 
Fig. 1. The intensity of the specularly reflected beam determined 
computationally for GaAs. Two different numbers of slices per a 
unit cell were used in calculations. The surface was assumed to 
be perfectly flat. Peaks are labeled according to the equation 
expressing the Bragg law with taking into account the refrac-
tion. 

The features of rocking curves computed with 
the help of equations (5-8) are generally difficult to 
explain because the intensity of the specularly re-
flected beam result from multiple scattering of elec-
tron waves. However, some concepts known from 
kinematical theory of X-ray diffraction may still turn 
out to be useful in the description of the rocking 
curves if they are applied with some modification. In 
particular, the Bragg law is known to be used for 
finding the conditions of the constructive interfer-
ence of X-ray waves (Cullity, 1978; Bojarski et al., 
2014). In fact, X-rays are usually very weakly scat-
tered by atoms in a crystal. Such a condition is not 
satisfied for electrons, but the Bragg law can still be 
used even for this case if the effect of the refraction 
is properly taken into account. In order to get the 
improved formula we follow concepts given in 
Ichimiya (1992) and in Ichimiya and Cohen (2004). 
We start with a reminder of the Bragg law expressed 
in its basic form: 

 2݀ sinߠ =  (9)  ,ߣ	݊

where ݀ is the distance between atomic planes con-
sidered, ߣ is the wavelength and ݊ is an integer. It is 
useful to rewrite equation (9) in the equivalent form: 

ߠ	sin	݀|ܭ|  =  (10)    ,ߨ	݊

where |ܭ| is the magnitude of the incident beam 
wavevector. Now, if we want to take into account 
the effect of the refraction we need to modify equa-

tion (10). Accordingly, we can write the improved 
formula as follows: 

 หܭ෩ห	݀ sin ෨ߠ =  (11)    ,ߨ	݊

In equation (11), |ܭ෩| and ߠ෨ mean the quantities 
corresponding to |ܭ| and ߠ, however, determined 
inside the crystal bulk. It is assumed here that the 
overall scattering properties of the crystal can de-
scribed in a simplified manner with the help of ݒோ, 
where ݒோ is the real part of the volume averaged 
scattering potential (to avoid theoretical complica-
tions, the imaginary part of the potential is ignored 
in the current considerations). There exists the fol-
lowing relation: ܭ෩ଶ = ଶܭ −  ோ. However, becauseݒ
the ݔ-components and ݕ-components of the corre-
sponding wavevectors determined above the crystal 
and inside the crystal must be preserved, one can 
easily get another significant relation: 

෨ߠ	෩ଶsinଶܭ  = ߠଶsinଶܭ −   ோ.     (12)ݒ

Combining equations (11) and (12) with simple 
mathematical manipulations, we get the following 
formula: 

 sinଶߠ = మగమା௩ೃௗమమௗమ .   (13) 

We should remind here that a similar formula 
(expressed in different notation) was shown in 
Ichimiya (1992). To use equation (13) in practice 
one needs to know the value of ݒோ. This value can 
be determined on a theoretical basis. Starting from 
equation (4) and carrying out respective mathemati-
cal manipulations, one can obtain the following rela-
tion: ݒோ = −ቆ1 + ோߛ|ܷ݉ܿଶቇݍ| ௧௧ଷܿߨ4 × 

 ቀ4∑ ܽ(ீ) + 4∑ ܽ(௦) ቁ.     (14) 

By using equation (14) one can find that the value of  ݒோ is approximately equal to -3.483 Ǻ-2.  
Actually, it is worth discussing what the practi-

cal consequences are for the inclusion of the term 
containing ݒோ in equation (13). Including this term 
causes shifts of Bragg peaks towards lower angles in 
relation to the predicted peak positions, when refrac-
tion is ignored. It is also worth adding that for elec-
trons, at very small glancing angles, one should not 
expect the same total reflection that is observed in 
X-ray experiments. In more detail, the effect occurs 
for X-ray diffraction if the incident beam is nearly 
parallel to the surface. A similar effect can also be 
expected for positron diffraction (Ichimiya, 1992). 
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This is a consequence of the rule that refraction 
causes diffraction peaks to be shifted towards higher 
angles, for X-rays and positrons. 

Altogether, using equations (13) and (14), we 
were able to determine approximate positions for 
Bragg peaks. We compared them with positions for 
peaks actually appearing in the rocking curve. The 
comparison was carried out for the rocking curves 
calculated with the division of the crystal into the 
slices with the thickness of 5.65/800 Ǻ (the rocking 
curve is shown in figure 1 with the solid line). We 
set ݀= 5.65 Ǻ and using equation (13) we carried out 
simple computations for different values of the inte-
ger ݊. Putting respectively ݊=4, 8 and 12 we found 
that Bragg peak should appear at 1.347=ߠº, 4.498º 
and 7.148º (the four digit precision was applied 
here). How were these values related to actual posi-
tions of peaks in the rocking curve? The second and 
the third numbers were in excellent agreement with 
the values of 4.49º and 7.14º found for the peaks in 
the rocking curve. The angular step for computing 
rocking curve intensities was equal to 0.01º, subse-
quently only three digits are shown for this case. 
However, upon analyzing the rocking curve, we 
were not able to clearly recognize the peak predicted 
for ݊=4. This peak appeared to be strongly de-
formed. It seems that this happened because at very 
small glancing angles, electrons penetrate mainly the 
topmost atomic planes and then the constructive 
interference of waves coming from the crystal bulk 
becomes less important. It should be also noted that 
peaks which one can predict with other values of ݊ 
than aforementioned cannot be find analyzing the 
shape of the rocking curve. It seems that this can be 
explained on the basis of a detailed kinematical dif-
fraction theory. Namely, the Bragg law given by 
equation (10) is derived assuming that only one fam-
ily of atomic planes scatters waves. However, for 
GaAs, four such families need to be taken into ac-
count because there are four planes of atoms along 
the distance of 5.65 Ǻ. Thus, even within kinemati-
cal approximation, the use of Bragg law must be 
combined with other rules. To obtain the detailed 
theoretical description for this situation one needs to 
take into account also the structure factor (Cullity, 
1978) for the case of crystals with the structure of 
zinc blende (for which the space group is F-43m). 
This case is discussed in the book aforementioned. 
Respectively, for ݊ with odd values peaks should not 
appear, for ݊=2, 6, 10 etc. only very small peaks are 
possible and for ݊=4, 8, 12 etc. strong peaks should 

appear. Such predictions are in agreement with the 
results of dynamical calculation shown in figure 1.  

Finally, it is worth to discuss briefly the relation 
of the numerical algorithm given by equations (5-8) 
to possible RHEED measurements. It needs to be 
emphasized that only data collected for off-
symmetry azimuths can be analyzed with its use. In 
fact, RHEED experiments are mostly conducted for 
symmetry azimuths and results of such experiments 
should be interpreted employing computer programs 
based on more general algorithms, i.e. developed for 
three-dimensional scattering potentials (Mitura, 
1999b; Ichimiya & Cohen, 2004). For such cases 
precise modeling of atom arrangements at the sur-
face seems to be crucial and this is why carrying 
respective theoretical analyses of experimental data 
is very difficult. In this paper we follow another 
approach. Namely, we are interested in the devel-
opment of a theoretical description for RHEED data 
for off-symmetry azimuths. The virtues of such an 
approach were pointed out by Ichimiya and cowork-
ers (Ichimiya, 1987; Kohmoto et al., 1989; Ichimiya, 
1991). Respective measurements should be conduct-
ed after the selection of the azimuth of the incident 
electron beam to be few degrees off the symmetry 
direction of the crystal surface, where only one 
strong spot (caused by the specularly reflected 
beam) is visible at the screen (the intensities of other 
spots should be much weaker). Under such "one-
beam conditions" the intensity of the specularly re-
flected beam is mostly sensitive to the positions of 
atoms along the axis perpendicular to the surface. 
Subsequently, theoretical analyses can be carried out 
in relatively simple way. Ichimiya and his coworkers 
conducted detailed research work of this kind for 
surfaces of Si. For GaAs, so far, similar work was 
not executed. However, we can admit that the algo-
rithm developed by us is suitable for reproducing 
experimental one-beam rocking curves for static 
surfaces (i.e. for which structural arrangements of 
atoms do not change for relatively long time). This 
is because the results obtained with the use of equa-
tions (5-8) are expected to be practically identical 
with results obtained employing the algorithm 
shown in Ichimiya (1991). However, it is worth to 
note that before comparing results of calculations 
with experimental curves, in some situations, the 
introduction of an extra factor may turn out to be 
important. Namely, if during experiments the inci-
dent beam covers the entire sample, then results of 
calculations need to be earlier multiplied by sin  to ߠ
take into account the specific geometry of experi-
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ments (for discussion, see Ichimiya & Cohen, 2004). 
Further, for GaAs, detailed experimental data for the 
phase of oscillations were collected at one-beam 
conditions by Crook et al. (1989) and by Braun et al. 
(1998). We demonstrate in section 3.2 that the algo-
rithm defined by equations (5-8) can be also used for 
analyses of such data.  

 
2.3.  Detailed theoretical considerations 

 
In this section we describe how to obtain equa-

tion (6). The considerations presented here are not 
important for carrying out practical calculations. 
However, they constitute helpful information on the 
method used in the current work to determine the 
intensities of reflected electrons. 

If we take into account the condition given by 
equation (2) we can write the solution Ψ(ܚ) of equa-
tion (3) in the following form 

 Ψ(ܚ) = exp൫݅|| ∙  ൯߶(z).   (15)࣋

If we rewrite equation (3) using the relation (15), 
after some manipulations, we obtain the following 
equation for ߶(ݖ) 
 

ௗమథௗ௭మ (ݖ) − (ݖ)߶(ݖ)ݒ + ݇ଶ߶(ݖ) = 0,   (16) 

where ݇ଶ = ଶܭ − ݇ ଶ . We also have the relation|||ܓ| =  is the glancing angle of the incident ߠ ,ߠsin|ܭ|
beam. If we next assume that the crystal is contained 
between two planes determined by ݖ = ݖ  andݖ = ்ݖ where ,்ݖ >  , we can determine theݖ
boundary conditions for ߶(ݖ). Namely, it follows 
from the basic description of the experimental condi-
tions and equation (15) that above and below the 
crystal, ߶(ݖ) should have the following form ߶(ݖ) = exp[−݅݇(ݖ − [(்ݖ + 

ݎ  exp[+݅݇(ݖ − [(்ݖ 		for	ݖ ≥   (17)  ்ݖ

and 

(ݖ)߶  = ݐ exp[−݅݇(ݖ − [(ݖ 		for	ݖ ≤  .  (18)ݖ

Equations (16-18) define the problem that needs to 
be addressed, and the specular beam intensity ܫ, 
which should be found, satisfies the relation ܫ  .ଶ|ݎ|=

Let us define new variables ା(ݖ) and (ݖ)ି: 
 ቊௗథௗ௭ (ݖ) = (ݖ)ା݇݅ − (ݖ)߶(ݖ)ି݇݅ 	= (ݖ)ା	 +  (19)  .							(ݖ)ି	

One can verify that solving the problem given by 
equation (16) can be replaced by solving the follow-
ing set of differential equations (written with the 
help of matrix notation): 

 ௗశௗ௭ ௗషௗ௭(ݖ) (ݖ) =A(ݖ) ା(ݖ)(ݖ)ି൨,  (20) 

where 

A(ݖ) ≡ 			 ݅݇ + (ݖ)ݒ (2݅݇)⁄ (ݖ)ݒ−(2݅݇)/(ݖ)ݒ (2݅݇)⁄ (ݖ)ݒ−݇݅− (2݅݇)⁄ ൨.    
   (21) 

Accordingly, the following boundary conditions 
should be satisfied: for	ݖ ≥  :்ݖ
 	൜ା(ݖ) = ݎ exp[+݅݇(ݖ − (ݖ)ି[(்ݖ = exp[−݅݇(ݖ − 		[(்ݖ  ,  (22) 

and for	ݖ ≥  :ݖ
 	൜ା(ݖ) = (ݖ)ି																																	0 = t	exp[−݅݇(ݖ −  )] .  (23)ݖ

The basic goal is to determine the value of ݎ.  
To determine ݎ we can use Heun's method of 

solving differential equations (Chapra & Canale, 
2010) after adding some mathematical operations. 
Let us first recall that Heun's method can be general-
ly applied for solving the equations having the form ݀ܡ ⁄ݖ݀ = ,ݖ)  is an independent variable ݔ where ,(ܡ
and ܡ and  are vectors. If the solution ܡ  is known 
for some ݔ then ݔ)ܡ + ℎ) can be determined using 
the trapezoidal rule of the numerical integration and 
Euler's method. Namely, ݔ)ܡ + ℎ) ≃ (ݔ)ݕ +		(ℎ 2⁄ )		൫ݔ), ((ݔ)ܡ + ݔ) + ℎ, ݔ)ܡ + ℎ))൯ and 
additionally ݔ) + ℎ, ݔ)ܡ + ℎ)) is approximated by ݔ) + ℎ, (ݔ)ܡ + ℎ	ݔ), -After the mathemat .(((ݔ)ܡ
ical manipulation, we obtain the following relation 

 ା(ݖ + ℎ)ݖ)ି + ℎ)൨≃M(ݖ, ℎ) ା(ݖ)(ݖ)ି൨,  (24) 

where  

M(ݖ, ℎ) = I+ ℎ2 [A(ݖ + ℎ) +A(ݖ)] + 

  
మଶ A(ݖ + ℎ)A(ݖ),   (25) 

In equation (25), I  is the unity matrix. 
If the crystal thickness is relatively thin (let us 

say, up to 10 Ǻ then the system (20-23) can be rather 
easily solved stepping from the crystal bottom up to 
the crystal top assuming the initial conditions ା(ݖ) = 0	 and ି(ݖ) = 1 at the crystal bottom. 
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Then at the crystal top we should obtain ା(்ݖ)		and ି(ݖ) satisfying relations ା(்ݖ) = ݎ ⁄ݐ 	 and (்ݖ)ି = 1 ⁄ݐ  (this a consequence of the linearity of 
the system). Finally, we can determine ݎ from the 
relation ݎ = (்ݖ)ା ⁄(்ݖ)ି . However, generally, 
this is not the ideal approach for proceeding. For 
thick crystals (such situations are typical in prac-
tice), the coefficient ݐ can be very small because of 
the assumed absorption of elastically scattered parti-
cles and/or multiple scattering effects. Thus, if we 
proceed as described, very large numerical values 
may appear at the crystal top, which may lead to the 
appearance of computational errors. It is more rea-
sonable to divide the crystal into ܹ slices and, at the 
top of each slice, and computationally determine ݎ௪, 
where ݓ = 1,… ,ܹ. This process is realized in the 
following way. We use equation (24) assuming that 
at the bottom of each slice the initial conditions have 
the form 

 ൜ା(ݖ௪ିଵ) = (௪ିଵݖ)ି௪ିଵݎ = 1							,   (26) 

Additionally we approximate A(ݖ + ℎ	) and 
A(ݖ) by A(ݖ + ℎ 2⁄ ). Then at the top of the ݓ-th 
slice we have 

 

ەۖۖ
۔ۖۖ
(௪ݖ)ାۓ = ௪ିଵݎ ቂ1 + ℎ ቀ݅݇ + ௩ೢଶቁቃ ௪ିଵݎ+ ቂమଶ (−݇ଶ + ௪)ቃݒ + ℎ ௩ೢଶ	ି(ݖ௪) = 1 − ℎ ቀ݅݇ + ௩ೢଶቁ +												మଶ (−݇ଶ + (௪ݒ − ௪ିଵℎݎ ௩ೢଶ

, (27) 

where ℎ is the slice thickness and ݒ௪ is the value of 
the potential at the slice midpoint, i.e.,  

௪ݒ  = ௪ିଵݖ)	ݒ + ℎ 2⁄ ).  (28) 

Furthermore, ݎ௪ is determined by the relation ݎ௪ = (௪ݖ)ା ⁄(௪ݖ)ି . Finally, equation (6) shown 
in section 2.1 is obtained from equation (27). Addi-
tionally, we assume that at the crystal bottom there 
exists only the transmitted wave, i.e. that ݎ = 0. 
Also we assume that ݎ௪ computed for the topmost 
slice is equal to ݎ, which needs to be determined. 

 

3.  ANALYSIS OF INTENSITIES FROM 
GROWING SURFACES 

3.1. Rocking curves for growing surfaces 
 
As already discussed in section 2.2, rocking 

curves are sets of intensities determined for different 

glancing angles of the incident beam. If we assume 
that we are only interested in specular beam rocking 
curves we can say that such curves are similar to ߠ − -spectra that are known to researchers apply ߠ2
ing the X-ray technique who collect data using 
Bragg-Brentano geometry (for example, Castaño et 
al., 1997). In regards to RHEED, experimental rock-
ing curves can be measured mainly for carefully 
prepared static surfaces. Then the direction of the 
incident electron beam can be slowly varied and 
respective intensities of the specularly reflected 
beam can be measured. However, if atoms of some 
material are deposited at the surface, then measure-
ments of rocking curves become very difficult to 
conduct. It is much easier to observe changes in the 
RHEED pattern at the screen while keeping the di-
rection of the incident beam fixed. If the growth of 
the material is regular, sometimes, oscillations of the 
specular beam intensity may occur (they will be 
discussed in detail in section 3.2). However, for 
carrying out theoretical analyses, rocking curves for 
growing surfaces are still important. Some features 
of the intensity oscillations for a fixed angle can be 
understood if the behavior of peaks of rocking 
curves is analyzed in detail, as discussed in Mitura et 
al. (1999).  

We present here three rocking curves computed 
for different coverages of the topmost layer (see 
figure 2). It was assumed that the growing layer was 
composed from one Ga atomic layer and from one 
As atomic layer, with the total thickness equal to 
5.65/2 Ǻ. As atoms were assumed to be at the top of 
the crystal. The growing layer is effectively de-
scribed with only one parameter: its coverage Θ. In 
fact, in this paper we ignored possible reconstruc-
tions at the surface, i.e. possible changes of the 
structural arrangement of atoms in relation to the 
arrangement of atoms at the crystal bulk (for respec-
tive information on the surface reconstructions for 
GaAs, see for example, Dabrawska-Szata, 2004; 
Ohtake, 2008). We also ignored possible increase of 
amplitudes of thermal vibrations near the surface 
(assuming that thermal displacements for Ga and As 
atoms are identical as mentioned in section 2). This 
is because we wanted to focus on the presentation of 
the main possibilities of the numerical algorithm 
given by equations (5-8). However, the use of more 
detailed models of the surface is important for de-
tailed analyses (see Mitura et al., 1998; Mitura & 
Dudarev, 2015). 
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Fig. 2. Computed rocking curves for GaAs (001) for different 
coverages Θ of the growing layer. 

We can observe large differences between the 
three curves shown in in figure 2. Generally the 
shapes of rocking curves for growing surface are not 
very simple for the explanation because of the su-
perposition of many diffraction effects occurring in 
the crystal. However, it is particularly important that 
there are some angular shifts of respective peaks. 
Because of such shifts, large oscillating changes in 
the specular beam intensity appear if the intensity is 
recorded in time during the deposition of new layers 
of the material. 

 

 
Fig. 3. Normalized rocking curves found computationally for 
GaAs (001) for different coverages Θ of the growing layer. 
Additional horizontal line is drawn for the value of 1 for easier 
comparisons of curves. 

Large changes aforementioned can be recog-
nized with the help of normalized rocking curves 
(see figure 3). Namely, the normalized intensity ܬ(Θ) can be determined as follows: ܬ(Θ) -is the specular beam intensi (Θ)ܫ where ,(0)ܫ/(Θ)ܫ=
ty for the coverage Θ and (0)ܫ is the specular beam 
intensity for the flat surface (i.e. for the growing 
layer coverage equal to 0). It should be added that 
we assume here that both ܫ(Θ) and	(0)ܫ refer to the 
same glancing angle. Taking a look at figure 3 one 
can recognize that for some values of the glancing 
angles the intensities of the specular beam for grow-

ing surfaces are much larger than corresponding 
intensities for the fat surface. 

 
3.2. Intensity oscillations 

 
Nowadays it is popular to monitor the prepara-

tion of nanostructures with the help of RHEED (for 
example, Sadowski et al., 2007). Moreover, if mo-
lecular beam epitaxy or pulsed laser deposition are 
used to prepare thin layers then regular oscillations 
of the intensity sometimes are observed. In detail, 
the intensity of the specularly reflected electrons can 
be recorded as a function of the time for a fixed di-
rection of the incident electron beam. If the growth 
of the material follows the layer-by-layer growth 
mode then oscillating changes appear in the intensity 
recorded. The period of such changes corresponds to 
the deposition of a monolayer of the material (Her-
man & Sitter, 1996; Ichimiya & Cohen, 2004; Peng 
et al., 2004). Observations of RHEED oscillations 
are helpful in the preparation of highly ordered 
nanolayers. However, it is not quit clear why the 
oscillations appear. As mentioned in section 1 dif-
ferent explanations have been proposed. In this work 
we assume that the oscillations are a consequence of 
periodic changes in the laterally averaged scattering 
potential at the surface (i.e., we assume that they are 
caused by changes in refraction conditions).  

We computed RHEED oscillations using the 
model described in section 2. In figure 4 three ex-
amples of runs of oscillations are shown. In fact in 
figure 4 runs of oscillations of different kind are 
displayed. One run is for oscillations with double 
minima. Two other runs is an example of a pair of 
oscillations  having opposite phases. Concerning 
oscillations with double minima they are indeed very 
interesting. For the assumed growth of GaAs (001) 
such oscillations appear in computer simulations for 
glancing angles from the range of 0-0.8º. For the 
growth of some materials such oscillations can be 
sometimes observed experimentally (for more de-
tails, see Mitura, 1999b and Ichimiya & Cohen, 
2004). However, in this paper we focus on the prob-
lem of the phase of oscillations. 

It seems to be useful if parameters of experi-
mental oscillations plotted as functions of the glanc-
ing angle are determined. Generally different param-
eters can be defined. It should possible to explain in 
detail such plots using the complete theory of 
RHEED oscillations. However, as mentioned earlier 
such theory still needs to be developed. From this 
point of view, it is important to point out that plots 
of the phase of oscillations as the functions of the 
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glancing angle seem to be especially suitable for 
testing possible theoretical approaches. 

 

 
Fig. 4. Three runs of RHEED oscillations determined computa-
tionally for different glancing angles θ (values of θ are given in 
the figure). Vertical lines are drawn to show the second period 
of oscillations. The exact times of the occurrence of oscillation 
minima in this period can be used to determine the phase of 
oscillations. 

The phase of the oscillations for a fixed glancing 
angle can be defined as the exact time of occurrence 
of the intensity minimum in the second period of 
oscillations (Zhang et al., 1987) divided by the time 
of lasting of one period of oscillations. Usually, the 
phase of experimental oscillations is not constant if 
the glancing angle of the incident beam is varied. 
However, according to the columnar approach (for 
example, Pukite et al., 1988) and to the step density 
approach (for example, Holmes et al., 1997), the 
minimum of the intensity should be observed if the 
coverage of the topmost layer is equal to 0.50. Ac-
cording to the approach in which the scattering po-
tential of the growing layer is taken to be propor-
tional to its coverage, the phase changes if diffrac-
tion conditions are varied (Peng & Whelan, 1990). A 
detailed verification is still needed for the above 
approach and actually its modification or extension 
may turn out to be necessary to get the fully quanti-
tative description of RHEED oscillations. 

Two plots of the phase of oscillations are shown 
in figure 5. Experimental results are taken from the 
literature (Crook et al., 1989). They are compared 
with theoretical results obtained using the algorithm 
given in section 2.1. The phase is denoted ݐଷ ଶ⁄ /ܶ  
(such a special symbol introduced by Zhang et al., 
1987 is common in the use by researches dealing 
with RHEED oscillations). In our work, to determine 
the theoretical plot, the reflected beam intensities 
were first calculated for twenty values of the cover-
age Θ of the growing layer. Then, for each glancing 
angle, the coverage Θ was computationally de-

termined. Θ indicates the value of the coverage 
between 0 and 1, for which the intensity reaches the 
minimum in the period. Finally, ݐଷ ଶ⁄ ܶ⁄ = Θ୫୧୬ + 1. 

Values of ݐଷ ଶ⁄ /ܶ determined in this manner satisfy 

the condition 1 ≤ ଷݐ ଶ⁄ /ܶ ൏ 2. 
 

 
Fig. 5. A comparison of the experimental oscillation phases with 
the results of computations. The experimental data taken from 
the literature (Crook et al., 1989) are shown with diamonds. The 
solid line is for the results of the calculations assuming that the 
regular homoepitaxy starts with some time delay (equal to 0.20 
of the period). The auxiliary, dash line shown in the angular 
region of 1º-2º is for the results of the calculations where it is 
assumed that regular growth starts without any time delay. 

In fact we found it beneficial to add some small 
number to all values of the phase found theoretical-
ly. In other words it can be said that we found help-
ful to introduce the small vertical shift of the theoret-
ical plot. The theoretical plot shown in figure 5 was 
obtained after respective adding the constant equal 
to 0.2. How do we explain the need to apply this 
small shift? It seems that in experiment there are 
some disturbances of vacuum conditions at the sam-
ple surface just after starting the growth of the mate-
rial and this needs to be taken into account also in 
calculations. In a sense we assumed that a regular 
homoepitaxy started with the time delay equal to 0.2 
of the period.  

One can observe a reasonably good agreement 
between the experimental and theoretical plots of the 
phase (see figure 5). At higher glancing angles there 
exist a number of discrepancies between the plots 
shown. However, the discrepancies become smaller 
if specific arrangements of atoms at the surface are 
taken into account, i.e. if details of the surface re-
construction are included in analysis (as discussed in 
Mitura et al., 1998; Mitura & Dudarev, 2015). How-
ever, one can learn from the plots displayed in figure 
5 that even ignoring details of the reconstruction one 
should be able to carry out basic interpretations of 
experimental data for off-symmetry azimuths if 
he/she applies the  theoretical approach in which 
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changes in refraction conditions are properly de-
scribed.  

It is worth mentioning that the direct determina-
tion of the oscillations phase in some situations can 
be replaced by the Fourier method of analyzing os-
cillations runs. The direct method is easier in prac-
tice, however, the Fourier method allows one to 
remove small disturbances in the intensities (Mitura 
et al., 1998; Mitura & Dudarev, 2015). 

4. CONCLUSIONS 

It was shown in this work that periodic changes 
in the refraction conditions constitute an important 
cause for the appearance of RHEED oscillations. 
However, to get better understanding of the phe-
nomenon of oscillations, more experimental data 
should be collected and then analyzed in detail. We 
think that the algorithm for dynamical calculations 
described in this paper may turn out to be effective 
in carrying out research work of this kind. To make 
the presentation of the numerical algorithm more 
comprehensive, we assumed that the surface of 
GaAs was unreconstructed, i.e. the arrangement of 
atoms at the surface was taken to be similar like in 
the crystal bulk. However, it should be emphasized 
that for GaAs(001) the effects caused by actual 
structural ordering of atoms at the topmost layers are 
important, as discussed in Mitura and Dudarev 
(2015). In general, further investigations are re-
quired to construct the fully quantitative description 
of electron diffraction for growing surfaces. 
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OBLICZENIA NATĘŻEŃ WIĄZKI ELEKTRONÓW 

ODBITYCH ZWIERCIADLANIE OD 
WZRASTAJĄCYCH POWIERZCHNI,  

DLA ARSENKU GALU 

Streszczenie 
 
Zaprezentowano nowy, praktyczny algorytm komputerowy do 

wyznaczania natężeń wiązki zwierciadlanej dla dyfrakcji odbi-
ciowej elektronów wysokoenergetycznych (zakłada się, że pada-
jąca wiązka  elektronów nie pokrywa się z kierunkami osi syme-
trii powierzchni kryształu). Użyteczność algorytmu zademonstro-
wano w obliczeniach krzywych odbicia dla arsenku galu. Następ-
nie omówiono zagadnienie charakterystycznych oscylacji natęże-
nia wiązki odbitej zwierciadlanie, które pojawiają się, gdy wzrost 
warstw nanostrukturalnych odbywa się w sposób bardzo regular-
ny. W szczególności przeprowadzono porównanie literaturowego 
wykresu fazy oscylacji uzyskanego na podstawie pomiarów 
z wykresem sporządzonym na podstawie obliczeń. Uzyskano 
dobrą zgodność wyników eksperymentalnych i teoretycznych, 
chociaż w pracy rozważano tylko najprostszy model powierzchni 
kryształu arsenku galu. 
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