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Abstract 
 

The thermal processes proceeding in micro-domains can be described, among others, using the dual phase lag model 
(DPLM). According to the newest opinions the DPLM constitutes a very good description of the real heat transfer pro-
cesses proceeding in the micro-scale, in particular on account of extremely short duration, extreme temperature gradients 
and the very small geometrical dimensions of domain considered. The base of DPLM formulation is a generalized form of 
Fourier law in which two times τq, τT appear (the relaxation time and thermalization one, respectively). The numerical so-
lution of the problem discussed bases on the author’s version of the Control Volume Method adapted to resolve the hy-
perbolic partial differential equations. The example illustrating the method application concerns the estimation of τq and 
τT using the algorithm basing on the search method and the thin metal film subjected to the laser pulse is considered.  
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1. INTRODUCTION 

The classical form of the Fourier equation bases 
on the assumption of infinite velocity of heat propa-
gation and in the case of the macro models this as-
sumption is fully acceptable. The other approach 
should be used in the case of micro-scale heat trans-
fer modeling. It results, first of all, because of ex-
tremely short duration, extreme temperature gradi-
ents and very small geometrical dimensions of the 
domain considered and then the generalized form of 
the Fourier law should be taken into account. The 
generalized forms of the Fourier law result from the 
introduction of heat flux lag time (with respect to 
temperature gradient) called the relaxation time or 

two lag times concerning both the heat flux and the 
temperature gradient (the relaxation and thermaliza-
tion times). The first generalization leads to the gov-
erning equation called the Cattaneo-Vernotte equa-
tion (Cattaneo, 1958), while the second generaliza-
tion to the dual phase lag model (DPLM) (Chen et 
al., 2004; Zhang, 2007; Tzou, 1995; Majchrzak et 
al., 2009a, 2009b). This equation contains a second 
order time derivative and higher order mixed deriva-
tive in both time and space and constitutes a basis of 
considerations presented in this paper. Additionally, 
the boundary conditions supplementing the basic 
equation should be adequately reconstructed. 

To obtain the effective solution of the dual phase 
lag equation the numerical methods must be used. In 
this paper the control volume method is proposed. 
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According to the opinion of many experts the CVM 
constitutes the very convenient tool for solving the 
various problems from the scope of heat transfer. 
The classical version of CVM (macroscale heat con-
duction) concerns the steady and transient problems 
proceeding in the domain which is divided into con-
trol volumes of the regular shape (e.g. rectangles or 
cuboids (Szargut, 1977)). The authors of this paper 
proposed the generalization of CVM (2D problems) 
consisting in the introduction of control volumes 
corresponding to the Voronoi polygons (Ciesielski 
& Mochnacki, 2014a, 2014b). The method has been 
also successfully used for numerical modeling of 
solidification process both for the macro mod-
els(Mochnacki & Ciesielski, 2007a; Domanski et al., 
2010)and micro/macro ones (Mochnacki & Ciesiel-
ski, 2007b).Below, the authors present the numerical 
algorithm basing of the control volume method for 
the case of microscale heat transfer problems de-
scribed by DPL equation. 

The numerical algorithm and computer program 
worked out within this work is used for the solution 
of the inverse problem concerning the identification 
of relaxation and thermalization times appearing in 
the DPL equation (e.g., Majchrzak & Mochnacki, 
2014; Mochnacki & Paruch, 2013). The search 
method of the inverse problem solution used here 
consists in the division of the possible ranges of 
times τq and τT into sub-intervals, next for each pair 
(τq)i and (τT)j the direct task is solved. The quality of 
the solution obtained results from the value of func-
tional J corresponding to least squares criterion. The 
optimal values of (τq)i and (τT)j arise from the mini-
mal value of J. The method proposed is very simple, 
but allows one, among others, to observe the shape 
of J and to check that its minimum appears only at 
the one point.  

2. GOVERNING EQUATIONS 

Let us consider the well-known diffusion equa-
tion 

 

( , )
( , ) ( , )

T X t
c X t Q X t

t

∂ = −∇⋅ +
∂

q
 

(1)
 

where c is a volumetric specific heat, q(X, t) is a heat 
flux vector, Q(X, t) is a capacity of internal heat 
sources, X, t are the geometrical co-ordinates and 
time. 

Assuming that the value of heat flux is deter-
mined by the Fourier law 

 ( , ) λ ( , )X t T X t= − ∇q  (2) 

where λ is ta thermal conductivity of the material,
( , )T X t∇ is a temperature gradient, one finally ob-

tains the energy equation in the form 

 
[ ]( , ) λ ( , ) ( , )

T X t
c T X t Q X t

t

∂ = ∇⋅ ∇ +
∂  

(3)
 

The equation (3) is widely and successfully ap-
plied in engineering heat conduction problems, in 
which the system has a large dimension ( ≥10−3 m) 
and the duration of the process is relatively long 
(≥10−3 s) (Chen et al., 2004; Zhang, 2007).  

To take into account the finite value of the ther-
mal wave propagation (which can be essential in the 
case of microscale heat transfer modeling) the modi-
fications of the Fourier law have been introduced. 
The first of them takes into account a lag between 
the heat flux vector and the temperature gradient  

 
( , ) λ ( , )qX t T X t+ τ = − ∇q

 
(4)

 
where τq is called the relaxation time and this as-
sumption leads to the modified energy equation 
called the Cattaneo-Vernotte one (Cattaneo, 1958).  

The next generalization of the Fourier law has 
been presented by Tzou (1995), in particular 

 
( , ) λ ( , )q TX t T X t+ τ = − ∇ + τq

 
(5)

 
where τq is, as previously, a relaxation time, while τT 

is a thermalization time. 
Using the Taylor series expansions, the follow-

ing first-order approximation of equation (5) is ob-
tained 

  
(6)

 

Introducing this formula to the equation (1) one 
has (Chen et al., 2004; Zhang, 2007; Tzou, 1995; 
Majchrzak et al., 2009a, 2009b) 

X 

 

  

  
(7)

 

( , )
( , ) τq

X t
X t

t

∂+ =
∂

q
q

( , )λ ( , ) τT

T X t
T X t

t

 ∂∇− ∇ + ∂ 

( ) ( )2

2

, ,
: q

T X t T X t
c

t t

 ∂ ∂
∈Ω + τ = ∂ ∂ 
 

( ) ( ),
, T

T X t
T X t

t

∂ ∇ ⋅ λ∇  ∇ ⋅ λ∇ + τ   ∂

( ) ( ),
, q

Q X t
Q X t

t

∂
+ + τ

∂
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Below, the axially-symmetrical task is discussed 
X = {r, z} and then the component 

( ), ,T r z t∇⋅ λ∇   corresponds to 

 

  

(8)

 

The domain considered is limited by the planes 
z = 0, z = Z and surface r = R (figure 1). 

 

 
 
Fig. 1. Cylindrical micro-domain 

Under femtosecond laser irradiation on the upper 
surface limiting the system, the energy is delivered 
into the metal and their absorption occurs. The inter-
nal heat source Q(r,z,t) generated inside of metal is 
connected with the laser action (Chen & Beraun, 
2001) 

 

  

(9)

 

where 

  

(10)

 

and rd is the characteristic radius of laser beam (rd 
determines the circular boundary that contains 63% 
of the total beam power acting on the metal surface), 
I0 is the laser intensity, Rf is the reflectivity of the 
irradiated surface, δ is the optical penetration depth, 
and β = 4ln2 and tp is the characteristic time of laser 
pulse. 

The action of laser beam is taken into account by 
the internal heat source Q(r,z,t) introduction, while 
the dimensions Z and R are large enough that on the 
appropriate boundaries the adiabatic conditions can 
be assumed. So 

 
( ) ( ) 0,,:, =Γ∈ ∞ tzrqzr b . (11) 

It should be pointed out that the DPLM requires 
the transformation of boundary conditions which 
appear in the typical macro heat conduction models  

 

  

(12)

 

and in the case considered one has 

 

  

(13)

 

The initial conditions (the initial temperature of do-
main and the initial heating rate) are also given 

( ) ( )
0

0

, ,
0 : , ,0 , 0

t

T r z t
t T r z T

t
=

∂
= = =

∂
 

(14)

 

where T0 is the constant initial temperature. 

3. CONTROL VOLUME METHOD  

At the stage of numerical computations the con-
trol volume method (CVM) is used. The choice of 
the method is not accidental, because the CVM con-
stitutes a very effective tool for numerical modeling 
of heat transfer processes. To our knowledge, the 
method has not been used so far for numerical simu-
lation of microscale heat transfer problems basing on 
the DPL equation. 

At the beginning of the method application the 
domain considered is divided into small cells (con-

 
( ) ( ), ,1

, ,
T r z t

T r z t r
r r r

∂ ∂∇⋅ λ∇ = λ +     ∂ ∂ 
 ( ), ,T r z t

z z

∂ ∂ λ ∂ ∂ 

 

( )
2

0 2

1
, , exp expf

p d

R z r
Q r z t I

t r

−  β  = − −  π δ δ   
 2

2
exp p

p

t t

t

  −  −β       

 ( ) ( ) ( )r z tI r I z I t=

 

( ) ( )
2

02

1
exp , exp ,f

r z
d

Rr z
I r I z I

r

−   = − = −   δ δ  

( )
2

2
exp p

t
pp

t t
I t

tt

  −β  = −β   π   

 
( ) ( ) ( ) =

∂
∂τ+Γ∈

t

tzrq
tzrqzr b

qb

,,
,,:,

( ) ( )[ ]








∂

∇⋅∂τ+∇⋅λ−
t

tzrT
tzrT T

,,
,,

n
n

 
( ) ( ), : , ,r z T r z t


∈Γ − λ ⋅∇ +


n

( ), ,
0T

T r z t

t

∂ ⋅∇  τ =
∂ 

n



C
O

M
P
U

TE
R
 M

E
T
H

O
D

S
 I
N

 M
A

T
E
R
IA

L
S
 S

C
IE

N
C

E
 

INFORMATYKA W TECHNOLOGII MATERIAŁÓW 

– 356 – 

 

trol volumes) – in the case discussed the shape of 
control volumes is regular one (the rings of rectan-
gular section), but the more complex discretization 
(e.g. the Voronoi polygons) can be also taken into 
account (Ciesielski & Mochnacki, 2014a, 2014b). 
The solution of transient problems requires the time 
grid introduction, too. 

The CVM algorithm allows one to find the tran-
sient temperature field at the set of nodes corre-
sponding to the central points of control volumes. 
The thermal capacities are concentrated at the nodes 
representing elements, while the thermal resistances 
are concentrated on the sectors joining the nodes. 

The nodal temperatures can be found on the ba-
sis of energy balances for the successive volumes. 
The energy balances corresponding to heat exchange 
between the analyzed control volume and adjoining 
control volumes results from the integration of ener-
gy equation with respect to volume and time. In 
figure 2 the domain discretization, while in figure 3 
the selected internal and boundary control volumes 
are shown. 

 
Fig. 2. The discretization of domain 

At the stage of numerical modeling the values of 
the successive volumes ΔVi,j and the values of sur-
faces limiting ΔVi,j must be known, and they can be 
found on the basis of the simple geometrical consid-
erations. 

So, the energy equation (7) should be integrated 
over the control volume Ωi,j 

( ) ( )

( ) ( )

( ) ( )

,

,

,

2

2

, , , ,

, ,
, ,

, ,
, ,

i j

i j

i j

q

T

q

T r z t T r z t
c d

t t

T r z t
T r z t d

t

Q r z t
Q r z t d

t

Ω

Ω

Ω

 ∂ ∂
+ τ Ω ∂ ∂ 

 ∂ ∇ ⋅ λ∇  = ∇ ⋅ λ∇ + τ Ω    ∂ 
∂ 

+ + τ Ω ∂ 






  (15) 

The numerical approximation of the left-hand side of 
equation (7) can be accepted in the form 

  (16) 

where Ti,j = T(ri,zj,t), and ci,j = c(Ti,j) is an integral 
mean of thermal capacity in the volume Ωi,j. The 
source term in equation (7) is treated in a similar way 
 

 ( ) ( )
,

2

2

, , , ,

i j

q

T r z t T r z t
c d

t tΩ

 ∂ ∂
+ τ Ω ∂ ∂ 



( ) ( )2

, 2

, ,

2
, ,

, ,2

, , , ,

d d

d d

i j i j

i j q

r r z z r r z z

i j i j
i j q i j

T r z t T r z t
c

t t

T T
c V

t t

= = = =

 ∂ ∂ ≅ + τ
 ∂ ∂
 
 

= + τ Δ  
 

 
Fig. 3. The internal and boundary control volumes 
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(17)

 

where Qi,j = Q(ri,zj,t). 
Applying the divergence theorem to the term de-

termining heat conduction (right hand side of (7)) 
between the volume Ωi,j bounded by the surfaces 
∆Ai,j and its neighbourhoods one obtains 

( ) ( )

( ) ( )

( ) ( )

,

,

,

, ,
, ,

, ,
, ,

, ,
, ,

i j

i j

i j

T

T

T

A

T r z t
T r z t d

t

T r z t
T r z t d

t

T r z t
T r z t dA

t

Ω

Ω

 ∂ ∇⋅ λ∇  ∇⋅ λ∇ + τ Ω    ∂ 

∂∇ 
= ∇⋅λ ∇ + τ Ω ∂ 

 ∂∇ 
= ⋅λ ∇ + τ   ∂  





 n

  (18) 

and next this term can be written in the form  

 

 

  

 
  (19) 

where (qk)i,j can be approximated by the following 

finite differences (including also the cases of the 
appropriate boundary conditions (13) on the bounda-
ry surfaces) 

( ) ( ) , 1 , , 1 ,
1 ,

1 ,

d
if 0

d

0 if 0

i j i j i j i j
Ti j

i j

T T T T
j

q z t z

j

− −  − −  
λ + τ >   = Δ Δ   

 =
  (20) 

( ) ( ) 1, , 1, ,
2 ,

2 ,

d
if 

d

0 if 

i j i j i j i j
T ri j

i j

r

T T T T
i n

q r t r

i n

+ +  − −  
λ + τ <   = Δ Δ   

 =
  (21) 

( ) ( ) , 1 , , 1 ,
3 ,

3 ,

d
if 

d

0 if 

i j i j i j i j
T zi j

i j

z

T T T T
j n

q z t z

j n

+ +  − −  
λ + τ <   = Δ Δ   

 =
  (22) 

( ) ( ) 1, , 1, ,
4 ,

4 ,

d
if 0

d

0 if 0

i j i j i j i j
Ti j

i j

T T T T
i

q r t r

i

− −  − −  
λ + τ >   = Δ Δ   

 =
  (23) 

and (λk)i,j are the harmonic mean thermal conductivi-

ty between two central points of adjoining control 
volumes. 

After substitution of all discrete terms into equa-
tion (16) one obtains  

  

(24)

 

The second stage of CVM is the integration of 
equation (24) with respect to time. The same effect 
can be obtained introducing the approximation of 
time derivatives occurring in (24) by the appropriate 
finite differences. The energy balance written in the 
convention of ‘explicit’ scheme (for the transition 

ff tt →−1 , f = 2,...,F) takes the form 

 

 
  (25) 

and 

( ) ( )
1 1 1 2 1 2

1 , 1 , , 1 , 1 , ,
1 1 ,

1 ,

1
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f f f f f f
f i j i j i j i j i j i j

f Ti j
i j

T T T T T T
j
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   − − −
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

=

  (26) 

or (after the transformations) 
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In a similar way, one obtains 
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  (31) 

The acceptation of the ‘directional’ thermal con-
ductivities as the harmonic means of the nodal val-
ues causes that in the formulas (30) determining heat 
fluxes q the thermal resistances between the neigh-
bouring nodes appear (Ciesielski & Mochnacki, 
2007a). After the transformations, equation (25) can 
be written in the final form as 

 

  

  

(32)

 

where
 
( ) ( ) ,, ,

/k k i ji j i j
A VΦ = Δ Δ .

 
On the basis of the initial conditions (14), the 

following implementations are used 0 1
, , 0i j i jT T T= = . 

In order to determine the stability condition of 
the explicit differential scheme, the coefficient at 

1
,
f

i jT −  in equation (32) must be positive. Hence, this 

condition has the following form 

 

  (33) 

for each node (i,j) at every moment of time tf, or in 
this form 
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  (35) 

From inequality (34) one can determine the 
proper time step Δt 
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max max
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2 2
T q T
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where 
( )

( )1
max ,

, ,
max f

i j
i j f

W W −= . 

4. RESULTS 

4.1. The direct problem solution 
 
Numerical simulation of a thermal process sub-

jected to the short-pulse laser heating has been done 
for the cylindrical domain with dimensions Z = 
100·10-9 [m], R = 100·10-9 [m]. Thermophysical 
parameters of material (chromium) are equal to λ = 
93 [W/(mK)], c = 3.2148·106 [J/(m3K)], τq = 
0.136·10-12 [s], τT = 7.86·10-12 [s] (Tang & Araki, 
1999). The parameters of the Gaussian laser pulse 
are following: rd = 50·10-9 [m], I0 = 13.7 [W/m2], Rf 
= 0.93, δ = 15.3·10-12 [m], tp = 100·10-15 [s]. The 
initial temperature of the metal is T0 = 20 [oC]. The 
mesh steps used in this example: Δz = 10-9 [m], Δr = 
10-9 [m] and the time step Δt = 10-16 [s]. 
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In figure 4 the temperature histories at the se-
lected points of the domain are shown. Also in this 
figure the course of the average temperature Tavg of 
the whole domain is presented. One can see that the 
value of Tavg increases by ΔT = 0.731324 [oC] after 
one laser pulse. Figure 5 presents the courses of 
isotherms for the selected three moments of time: 
0.2 [ps], 0.4 [ps] and 2 [ps]. 

 

 

Fig. 4. Heating curves at the selected points and average tem-
perature of domain 

4.2. The inverse problem solution 
 
The aim of considerations is the estimation of 

parameters τq and τT using the algorithm basing 
on the search method, at the same time the numeri-
cal solution of the task previously discussed is treat-
ed as the results of measurements necessary to solve 
the identification problem. 

The search method of the inverse problem solu-
tion used here consists in the division of the possible 
ranges of times τq ∈  [τqmin, τqmax] and τT ∈  [τTmin, 
τTmax] into sub-intervals Δτq = (τqmax - τqmin)/nq, ΔτT = 
(τTmax – τTmin)/nT  and next for each pair (τq)i =τqmin + 
i·Δτq and (τT)i = τTmin + j·ΔτT, for i = 0,…,nq and 
j = 0,…,nT, the direct task is solved. The quality of 
the solution obtained results from the value of func-
tional J corresponding to least squares criterion 

 

  
(37)

 
where M is a number of sensors, F is a number of 

times steps, ,q T
Tτ τ  is the calculated temperature 

 

 

 

 
Fig. 5. Courses of isotherms in cross-section of domain for 
different moments of time 

corresponding to assumed values of lag times, Td is 
the ‘measured’ temperature. The optimal values of 
(τq)i and (τT)j arises from the minimal value of J. 

It was assumed that Td (r,z,t) is the known tem-
perature at the selected positions of sensors (here: the 
numerical solution for parameters τq = 0.136·10-12 [s], 
τT = 7.86·10-12 [s]). The possible ranges of times: 
τq ∈ [0.1·10-12, 0.2·10-12] [s], τT ∈ [7·10-12, 9·10-12] 
[s] and the number sensors: M = 1 placed at the point 
(r = 0, z = 0) have been taken into account. The cal-
culations were performed for the range of computa-
tional time t∈ [0, 10-12] [s]. The results are presented 
in Figure 6. 

It should be pointed out that the numerical solu-
tion Td simulating the measurements and the solu-

tions corresponding to ,q T
Tτ τ  have been obtained 
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using the different CVM meshes. In accordance with 
the accepted recommendations for the tasks of this 
type, the approach proposed assures the more relia-
ble validation of the algorithm concerning the in-
verse problem solution. 

 

 
Fig. 6. Solution of inverse problem - values of functional J 

5. FINAL REMARKS 

The dual phase lag model is being increasingly 
used for mathematical description of microscale 
heat transfer. To obtain the effective solution of 
different problems from this scope the numeri-
cal methods must be used, of course. In this 
paper the algorithm basing on the control vol-
ume method is discussed. The version presented 
allows one to take into account the temperature-
dependent thermophysical parameters of mate-
rial (volumetric specific heat and thermal con-
ductivity) although the example shown in the 
chapter 4 relates to the constant values of these 
parameters. The final form of CVM equations is 
not complicated and simple at the stage of com-
puter program preparation. It is also possible to 
generalize the basic algorithm by the introduc-
tion of numerical procedures simulating the 
melting, evaporation and finally the ablation of 
material. In this paper the Neumann boundary 
condition (laser pulse) is taken into account as 
an internal heat source. For the strongly scatter-
ing material the laser heating is considered in 
this way, while the irradiated surface is thermal-
ly insulated. For highly absorbed materials the 

laser heating is approximated as the Neumann 
boundary condition (Afrin et al., 2012). In such a 
case the application of the method proposed is also 
quite simple. The algorithm of the inverse problem 
solution is very simple one and it requires more 
computations (solutions of direct tasks) than, for 
example, the gradient methods (Kurpisz & Nowak, 
1995) or evolutionary algorithms (Mochnacki & 
Paruch, 2013). On the other hand, however, using 
the approach proposed one obtains the information 
about the course of functional J in the whole as-
sumed interval of arguments τq and τT.  
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PRZEPŁYW CIEPŁA W MIKROSKALI. ALGORYTM 
OPARTY NA METODZIE BILANSÓW 

ELEMENTARNYCH I IDENTYFIKACJA CZASÓW 
RELAKSACJI I TERMALIZACJI ZA POMOCĄ 

METODY PRZESZUKIWANIA  

Streszczenie 
 
Procesy cieplne zachodzące w mikro-obszarach mogą być 

opisane między innymi za pomocą modelu matematycznego 
z dwoma czasami opóźnień (DPLM). Według najnowszych 
opinii, model DPLM stanowi bardzo dobry opis rzeczywistych 
procesów przepływu ciepła w mikroskali, w szczególności ze 
względu na ekstremalnie krótki czas ich trwania, ekstremalne 
gradienty temperatury i bardzo małe wymiary geometryczne 
rozważanego obszaru. Podstawą formułowania DPLM jest 
uogólnienie prawa Fouriera, w którym występują dwa czasy 
opóźnień τq, τT (odpowiednio – czas relaksacji i termalizacji). 
Numeryczne rozwiązanie omówionego zagadnienia opiera się 
na autorskiej wersji Metody Bilansów Elementarnych dostoso-
wanej do rozwiązywania hiperbolicznych równań różniczko-
wych cząstkowych. Przykład ilustrujący zastosowanie metody 
dotyczy oszacowania czasów τq i τT za pomocą algorytmu opar-
tego na metodzie przeszukiwania, oraz rozpatrywana jest cienka 
folia metalowa poddawana działaniu impulsu laserowego.  
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