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Abstract

The thermal processes proceeding in micro-domains can be described, among others, using the dual phase lag model
(DPLM). According to the newest opinions the DPLM constitutes a very good description of the real heat transfer pro-
cesses proceeding in the micro-scale, in particular on account of extremely short duration, extreme temperature gradients
and the very small geometrical dimensions of domain considered. The base of DPLM formulation is a generalized form of
Fourier law in which two times 1, T, appear (the relaxation time and thermalization one, respectively). The numerical so-
lution of the problem discussed bases on the author’s version of the Control Volume Method adapted to resolve the hy-
perbolic partial differential equations. The example illustrating the method application concerns the estimation of t, and
17 using the algorithm basing on the search method and the thin metal film subjected to the laser pulse is considered.
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1. INTRODUCTION

The classical form of the Fourier equation bases
on the assumption of infinite velocity of heat propa-
gation and in the case of the macro models this as-
sumption is fully acceptable. The other approach
should be used in the case of micro-scale heat trans-
fer modeling. It results, first of all, because of ex-
tremely short duration, extreme temperature gradi-
ents and very small geometrical dimensions of the
domain considered and then the generalized form of
the Fourier law should be taken into account. The
generalized forms of the Fourier law result from the
introduction of heat flux lag time (with respect to
temperature gradient) called the relaxation time or
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two lag times concerning both the heat flux and the
temperature gradient (the relaxation and thermaliza-
tion times). The first generalization leads to the gov-
erning equation called the Cattaneo-Vernotte equa-
tion (Cattaneo, 1958), while the second generaliza-
tion to the dual phase lag model (DPLM) (Chen et
al., 2004; Zhang, 2007; Tzou, 1995; Majchrzak et
al., 2009a, 2009b). This equation contains a second
order time derivative and higher order mixed deriva-
tive in both time and space and constitutes a basis of
considerations presented in this paper. Additionally,
the boundary conditions supplementing the basic
equation should be adequately reconstructed.

To obtain the effective solution of the dual phase
lag equation the numerical methods must be used. In
this paper the control volume method is proposed.
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According to the opinion of many experts the CVM
constitutes the very convenient tool for solving the
various problems from the scope of heat transfer.
The classical version of CVM (macroscale heat con-
duction) concerns the steady and transient problems
proceeding in the domain which is divided into con-
trol volumes of the regular shape (e.g. rectangles or
cuboids (Szargut, 1977)). The authors of this paper
proposed the generalization of CVM (2D problems)
consisting in the introduction of control volumes
corresponding to the Voronoi polygons (Ciesielski
& Mochnacki, 2014a, 2014b). The method has been
also successfully used for numerical modeling of
solidification process both for the macro mod-
els(Mochnacki & Ciesielski, 2007a; Domanski et al.,
2010)and micro/macro ones (Mochnacki & Ciesiel-
ski, 2007b).Below, the authors present the numerical
algorithm basing of the control volume method for
the case of microscale heat transfer problems de-
scribed by DPL equation.

The numerical algorithm and computer program
worked out within this work is used for the solution
of the inverse problem concerning the identification
of relaxation and thermalization times appearing in
the DPL equation (e.g., Majchrzak & Mochnacki,
2014; Mochnacki & Paruch, 2013). The search
method of the inverse problem solution used here
consists in the division of the possible ranges of
times 1, and 17 into sub-intervals, next for each pair
(t4); and (t7); the direct task is solved. The quality of
the solution obtained results from the value of func-
tional J corresponding to least squares criterion. The
optimal values of (t,); and (t7); arise from the mini-
mal value of J. The method proposed is very simple,
but allows one, among others, to observe the shape
of J and to check that its minimum appears only at
the one point.

2. GOVERNING EQUATIONS

Let us consider the well-known diffusion equa-
tion

caT(X, 1 _
dt

where c is a volumetric specific heat, q(X, ¢) is a heat
flux vector, O(X, ¢) is a capacity of internal heat
sources, X, ¢ are the geometrical co-ordinates and
time.

Assuming that the value of heat flux is deter-
mined by the Fourier law

_Vq(Xo t)+Q(X’t) (1)

q(X,t)=—-AVT(X,1) (2)

where A is ta thermal conductivity of the material,
VT (X,t)is a temperature gradient, one finally ob-

tains the energy equation in the form

caT(X, t):v
ot

The equation (3) is widely and successfully ap-
plied in engineering heat conduction problems, in
which the system has a large dimension ( =107 m)
and the duration of the process is relatively long
(>107s) (Chen et al., 2004; Zhang, 2007).

To take into account the finite value of the ther-
mal wave propagation (which can be essential in the
case of microscale heat transfer modeling) the modi-
fications of the Fourier law have been introduced.
The first of them takes into account a lag between
the heat flux vector and the temperature gradient

q(X,t+71,)=-AVT(X,1) 4)

where 1, is called the relaxation time and this as-
sumption leads to the modified energy equation
called the Cattaneo-Vernotte one (Cattaneo, 1958).

The next generalization of the Fourier law has
been presented by Tzou (1995), in particular

q(X,1+7,)=-AVI(X,1+7,) (5)

where 1, 1s, as previously, a relaxation time, while 17
is a thermalization time.

Using the Taylor series expansions, the follow-
ing first-order approximation of equation (5) is ob-
tained

[AZWWT(X, )]+ 0(X,0)  (3)

0q(X,t
q(X, l‘)+»rq¥:

— {V T(X, 1)+1, W} (6)

Introducing this formula to the equation (1) one
has (Chen et al., 2004; Zhang, 2007; Tzou, 1995;
Majchrzak et al., 2009a, 2009b)

e a. {BT(X,t) N azT(X,t)}:

ot Kirye
IV-[AVT(X,1)]
at

V- [AVT(X,1)]+1,

00(X,t)

+0(X,1)+7, o

(7
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Below, the axially-symmetrical task is discussed
X=A{rz} and then the component

v I:}‘VT(’”aZat)] corresponds to
V-[?LVT(}’,Z’)}):I :li{MM}L

i{kaT(r,z,t)} ®

The domain considered is limited by the planes
z=0,z=Zand surface r = R (figure 1).

profile of
laser beam

Fig. 1. Cylindrical micro-domain

Under femtosecond laser irradiation on the upper
surface limiting the system, the energy is delivered
into the metal and their absorption occurs. The inter-
nal heat source Q(r,zt) generated inside of metal is
connected with the laser action (Chen & Beraun,
2001)

B1-R, z r
Q(r,z,t):\/; tpsf I,exp —5 | SXP —rd—z
2

=1,(r)1.(2)1,(7) )

and 7, is the characteristic radius of laser beam (ry,
determines the circular boundary that contains 63%
of the total beam power acting on the metal surface),
I, is the laser intensity, R, is the reflectivity of the
irradiated surface, 9 is the optical penetration depth,
and 3 = 4In2 and ¢, is the characteristic time of laser
pulse.

The action of laser beam is taken into account by
the internal heat source Q(r,z¢) introduction, while
the dimensions Z and R are large enough that on the
appropriate boundaries the adiabatic conditions can
be assumed. So

(r,z)eT.: qb(r,z,t)z 0. (11)

It should be pointed out that the DPLM requires
the transformation of boundary conditions which
appear in the typical macro heat conduction models

(’”,Z)E T qb(r,z,t)+ﬂcqwz
_k{n'VT(V,Z,lHTT a[n-ngl’,Z,t)]} (12)

and in the case considered one has

(r,z)el: —hl:n-VT(r,z,t)+

=0 (13)

a[n-VT(r,z,t)]
r ot

The initial conditions (the initial temperature of do-
main and the initial heating rate) are also given

9T (r,z,1)

t=0: T(r,z,0)=T,,
(VZ ) 0 at

=0 (14

t=0

where Ty is the constant initial temperature.

3. CONTROL VOLUME METHOD

At the stage of numerical computations the con-
trol volume method (CVM) is used. The choice of
the method is not accidental, because the CVM con-
stitutes a very effective tool for numerical modeling
of heat transfer processes. To our knowledge, the
method has not been used so far for numerical simu-
lation of microscale heat transfer problems basing on
the DPL equation.

At the beginning of the method application the
domain considered is divided into small cells (con-
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trol volumes) — in the case discussed the shape of
control volumes is regular one (the rings of rectan-
gular section), but the more complex discretization
(e.g. the Voronoi polygons) can be also taken into
account (Ciesielski & Mochnacki, 2014a, 2014b).
The solution of transient problems requires the time
grid introduction, too.

The CVM algorithm allows one to find the tran-
sient temperature field at the set of nodes corre-
sponding to the central points of control volumes.
The thermal capacities are concentrated at the nodes
representing elements, while the thermal resistances
are concentrated on the sectors joining the nodes.

The nodal temperatures can be found on the ba-
sis of energy balances for the successive volumes.
The energy balances corresponding to heat exchange
between the analyzed control volume and adjoining
control volumes results from the integration of ener-
gy equation with respect to volume and time. In
figure 2 the domain discretization, while in figure 3
the selected internal and boundary control volumes

At the stage of numerical modeling the values of
the successive volumes AV;; and the values of sur-
faces limiting AV;; must be known, and they can be
found on the ba51s of the simple geometrical consid-
erations.

So, the energy equation (7) should be integrated
over the control volume €2;;

2
J~C BT(r,z,t)_i_T 9°T(r,z,t) 4O
ot “9r

J BV{KVT(r,z,t)]
J’{ (AT (r,z,0)]+7, oy ]dQ

+j[ (r,z0)+ gggﬁiQdQ

(15)

The numerical approximation of the left-hand side of
equation (7) can be accepted in the form

_[ C(BT(r,z,t)+17 azT(r,z,t)]dQ

2
are show?; g, ot 9 ot
S [0.0) (1L0) | 20 | B0 | GO (1,00
2
Toyap [ep e | | | = 9T(r,z1) 41 O T(r,z1)
s at r=r;,z=z; ! atz r=n,z=z;
(0,2 (1,.2) (2,.2) (2,.2) . (n,,2) a7 d2
=c | —*++1, AV,
©03) (13) | @3) | 3.3) (1.3 d dt
[ ] L[] [ ] [ ]
(16)
. . . L) where T;; = T(r,z,t), and ¢;; = ¢(T;)) is an integral
mean of thermal capacity in the volume €;;. The
. source term in equation (7) is treated in a similar way
(O,m) (1n) | 2n) | By (n,,1)

Fig. 2. The discretization of domain

I(i,j-l)
(Aél)/’/ (n);,

o

3‘ AV (i-l.,o) (Il4)1'0(A1‘i1)i,o 1(111),-,0 (n, =1,o (i+1,0)
(-1 N(ma) @))  |m),Gt1,)) o [GO)
_—7 ‘2 Ar AI/IO “\AA
7 Ar [~ (AAsio 4 f (AAy);o
a4y, [ "| @4, Ay, ¥
(Afg),-,, ) o (1)

®(i,j+1)
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Fig. 3. The internal and boundary control volumes
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Q'[ [Q(r,z,t)+‘cq%

a0,
(QJ+E leAKJ (17)

dQ =

where Q;; = O(7,,z;,1).

Applying the divergence theorem to the term de-
termining heat conduction (right hand side of (7))
between the volume Q;; bounded by the surfaces
AA;; and its neighbourhoods one obtains

BV[?»VT(r,z,t)] JdQ

I (V-[kVT(r,z,t)}+‘cT y

Q; ;

= I V%(VT(r,z,t)PCTMJdQ
Q

g ot
= I[n.K[VT(an)+rT§EZ%£?E£lJJdA
g a8)

and next this term can be written in the form

j/ Ln.x(vr(r,z,z)w WDCM

:i _[ (nk)i,j'(kk)i,j(VT(r’Z’t)‘k—l-

] u,

VT (r,z,t)
' ot

(19)
where (g4),; can be approximated by the following
finite differences (including also the cases of the

appropriate boundary conditions (13) on the bounda-
ry surfaces)

I,.,-T . . -T.
(A). M“‘TTEEM] ifj >0
(% )i,‘/‘ = " Az d Az
0 ifj=0
(20)

T, -T. T, .-T.
o (B, () 1y
(g, )l_’j = / Ar dr Ar

0 ifi=n,
(21
T ., —-T. T ..-T .
B (7\,3)1. et AsN—R +’I:Ti Ll h) ifj<n,
(2:),, = o/ Az dr Az
0 ifj=n
(22)
T, —T . T, —-T.
( ) (7\'4),-/{ H)—JA = +TT%(—’LJAF = )J ifi>0
q4 ij = N r
0 ifi=0
(23)

and (), are the harmonic mean thermal conductivi-

ty between two central points of adjoining control
volumes.

After substitution of all discrete terms into equa-
tion (16) one obtains

a7, 47T, 4
Ci,j( dt’j +Tq dtZ)jJAI/i,j:;(qk)i,j(AAk)i,j-i_

%jAVM 24)

The second stage of CVM is the integration of
equation (24) with respect to time. The same effect
can be obtained introducing the approximation of
time derivatives occurring in (24) by the appropriate
finite differences. The energy balance written in the
convention of ‘explicit’ scheme (for the transition

=il ,f=2,...,F) takes the form

! /-1
fl[ZJ_ZJ

Cij

T/ 2T/ +T/7
A g —— AU ) (g
At ! (Ar)’ "

d - sz _Qif‘i1
Z(Qk )Zjl (AAk ),‘,j +(Qz{j +Tq J—/]AV:J

k=1 A
(25)

and

- T/?IiT/fl THfo’z THfT/q
( )ffl (;\-l);/l[ x,/—lAz i +T7-Alz( x./flAt ij-1 _ Tij v ij ]J 1fj>0
4).,; = ’
0 ifj=0

(26)

or (after the transformations)
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A
B (1+T’]T“ +lpsey (1 —]Tf'lf—TT/ 2 ifj>0
(@), =1 Az At At AT A

0 ifj=0
(27)

In a similar way, one obtains

A)
o ( ~), l+ T’ -1 Tr 77/ -2 1+TT Tfll T T+/| ifi<n
(qz),;, = Ar At At ToAar Y )

0 ifi=n,
(28)
A
gy cLe (u )T” sy (” )T“ Tprs| itj<n,
(@), =1 A At At At A )
0 ifj=n,
(29)
A
o ( 4)f/ [1+ ijl T/ Zr +[1+ IJle‘—T—’I:’Z ifi>0
(40),, =1 ar At At Ar) YA
0 ifi=0
(30)
where
Sy /-1 iy s
(h) " = 20N (h) " = 20N
Vi xf 1+7“zf111, 21 Xf 1+7L,f+11] ’
f-13 -1 =y
( )fl 2\ 7\.”+1 ( )fl 2\, 7";1]
3 3 = l /-1 ) 4 i f- 1 f-1
b 7\. +7\‘11+1 " 7\' +}\'llj
(1)

The acceptation of the ‘directional’ thermal con-
ductivities as the harmonic means of the nodal val-
ues causes that in the formulas (30) determining heat
fluxes ¢ the thermal resistances between the neigh-
bouring nodes appear (Ciesielski & Mochnacki,
2007a). After the transformations, equation (25) can
be written in the final form as

T/ = At+21, oY o

VoA, Y Atk Y

4
S

i,j

+ 7
(Q % @

where (@) =(A4,), /AV,.

On the basis of the initial conditions (14), the
following implementations are used Zoj = ]}fj =T,.

(At+r )

In order to determine the stability condition of
the explicit differential scheme, the coefficient at

Tf;._l in equation (32) must be positive. Hence, this

L

condition has the following form

({+%))

[(q)l )f,j {(7"1 )zf,_l ifj>0.|-—(q)2 )"J {(;“2){/'1

Az o ifj=0 A" |0 ifi=n

At+21, (Ar)’
+
At+t, (Ar+t,)c/)

ifi<n,

+(q)3)i,j (7\’3),fj_1 ifj<nz+
Az o itji=n, A |0 ifi=0

(33)

(@), {(M)fjl ifi>0]>

for each node (i,j) at every moment of time 7, or in
this form

At+2T - At (At 4T, )W/ 20 (34)

where
o L (@), |(n) ifj>o+(CI>2),.,j (7»2)-:;l ifi<n,
Yool Az o ifji=0 A o ifi=n

(@), () ifj<nz+(fb4)l_,j (A,) ifi>0

0 ifj=n, A |0 ifi=0

(35)

From inequality (34) one can determine the
proper time step At

1+ -1 +8r w
At c O \/ max ) max T_T

(36)

4. RESULTS
4.1. The direct problem solution

Numerical simulation of a thermal process sub-
jected to the short-pulse laser heating has been done
for the cylindrical domain with dimensions Z =
100-10° [m], R = 100-10° [m]. Thermophysical
parameters of material (chromium) are equal to A =
93 [W/(mK)], ¢ = 3.214810° [J/(m’K)], =
0.136-10™" [s], t7 = 7.86:10™"* [s] (Tang & Araki,
1999). The parameters of the Gaussian laser pulse
are following: r, = 50-10” [m], I, = 13.7 [W/m?], Ry
=0.93, 8 = 153:10" [m], £, = 100-10"" [s]. The
initial temperature of the metal is 7y = 20 [°C]. The
mesh steps used in this example: Az = 10” [m], Ar =
10” [m] and the time step At = 10" [s].
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In figure 4 the temperature histories at the se-
lected points of the domain are shown. Also in this
figure the course of the average temperature 7,,, of
the whole domain is presented. One can see that the
value of T, increases by AT = 0.731324 [°C] after
one laser pulse. Figure 5 presents the courses of
isotherms for the selected three moments of time:
0.2 [ps], 0.4 [ps] and 2 [ps].

/’\\<P1(0 nm, Onm)
sz(Zf nm, 0 nm
\

w
o
N

T(r,zf) [°C]

N
o

A P (0nm, 25 nm)
24 <

// NP3(5C nm, 0 nm
22

Yo
20 4

00 01 02 03 04 05 06 07 08 09 1019 20

1 [ps]

Fig. 4. Heating curves at the selected points and average tem-
perature of domain

4.2. The inverse problem solution

The aim of considerations is the estimation of
parameters T, and T7 using the algorithm basing
on the search method, at the same time the numeri-
cal solution of the task previously discussed is treat-
ed as the results of measurements necessary to solve
the identification problem.

The search method of the inverse problem solu-
tion used here consists in the division of the possible
ranges of times T, € [Tymin, Tymax] ANd T7 €  [Trimin,
Trmax] 10tO sub-intervals Aty = (Tymax = Tymin)/Hg ATy =
(T7max — Trmin)/nr and next for each pair (t,); =Tymin +
i‘At, and (t7); = Trmin + j Aty for i=0,...,n, and
j=0,...,np, the direct task is solved. The quality of
the solution obtained results from the value of func-
tional J corresponding to least squares criterion

1 M F
I(tpt) =T 2 (T, (ot )=

m=1l f=1

T, (rm,zm,tf))2 (37)

where M is a number of sensors, £’ is a number of

times steps, T,

+ . is the calculated temperature
q> T

r
0O 10 20 30 40 50 60 70 80 90 100

0
z 26 /
1072
Y
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50
60
70
80

90
time: 0.2 ps

100 =
0 1 20 30 40 50 60 70 80 90 100

§==

20 | 2
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50t 2 -
60 087
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20

time: 0.4 ps
100 R

r
0 10 20 30 40 50 60 70 80 90 100

o

30
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50

60

70

80

90

time: 2 ps

100

Fig. 5. Courses of isotherms in cross-section of domain for
different moments of time

corresponding to assumed values of lag times, 7} is
the ‘measured’ temperature. The optimal values of
(t,)i and (t7); arises from the minimal value of J.

It was assumed that T, (r,z,f) is the known tem-
perature at the selected positions of sensors (here: the
numerical solution for parameters 1, = 0.136- 107 [s],
T = 7.86:10™" [s]). The possible ranges of times:
1,€ [0.1:10"% 0.2:10™] [s], tre [7-1077, 9-10™]
[s] and the number sensors: M = 1 placed at the point
(r =0, z = 0) have been taken into account. The cal-
culations were performed for the range of computa-
tional time re [0, 10™%] [s]. The results are presented
in Figure 6.

It should be pointed out that the numerical solu-
tion T, simulating the measurements and the solu-

tions corresponding to 7, . have been obtained
»
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using the different CVM meshes. In accordance with
the accepted recommendations for the tasks of this
type, the approach proposed assures the more relia-
ble validation of the algorithm concerning the in-
verse problem solution.

9-+ T— 1 L TR
ot - — .
\2) ~ — — —~—
T.. oN ~ -
T A = >
0-00% B — ~
8.5 ) _
o R
o ~
Q.Q'L/ _— -
o - - -
8 -7
N ,
R SN
/ ¢ 090‘373.0 g Q,Qh /
/ ~ g ) 09@
\ ~ — - o®
75 - 0T A
— : 0\6
S _ ) o2
_— - o
7 — T T T
0.1 0.12 0.14 0.16 T 0.18 0.2

Fig. 6. Solution of inverse problem - values of functional J

5. FINAL REMARKS

The dual phase lag model is being increasingly
used for mathematical description of microscale
heat transfer. To obtain the effective solution of
different problems from this scope the numeri-
cal methods must be used, of course. In this
paper the algorithm basing on the control vol-
ume method is discussed. The version presented
allows one to take into account the temperature-
dependent thermophysical parameters of mate-
rial (volumetric specific heat and thermal con-
ductivity) although the example shown in the
chapter 4 relates to the constant values of these
parameters. The final form of CVM equations is
not complicated and simple at the stage of com-
puter program preparation. It is also possible to
generalize the basic algorithm by the introduc-
tion of numerical procedures simulating the
melting, evaporation and finally the ablation of
material. In this paper the Neumann boundary
condition (laser pulse) is taken into account as
an internal heat source. For the strongly scatter-
ing material the laser heating is considered in
this way, while the irradiated surface is thermal-
ly insulated. For highly absorbed materials the

laser heating is approximated as the Neumann
boundary condition (Afrin et al., 2012). In such a
case the application of the method proposed is also
quite simple. The algorithm of the inverse problem
solution is very simple one and it requires more
computations (solutions of direct tasks) than, for
example, the gradient methods (Kurpisz & Nowak,
1995) or evolutionary algorithms (Mochnacki &
Paruch, 2013). On the other hand, however, using
the approach proposed one obtains the information
about the course of functional J in the whole as-
sumed interval of arguments T, and Tr.
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PRZEPLYW CIEPLA W MIKROSKALI. ALGORYTM
OPARTY NA METODZIE BILANSOW
ELEMENTARNYCH I IDENTYFIKACJA CZASOW
RELAKSACJI I TERMALIZACJI ZA POMOCA
METODY PRZESZUKIWANIA

Streszczenie

Procesy cieplne zachodzace w mikro-obszarach moga by¢
opisane migdzy innymi za pomocg modelu matematycznego
zdwoma czasami opdznien (DPLM). Wedlug najnowszych
opinii, model DPLM stanowi bardzo dobry opis rzeczywistych
proceséw przeptywu ciepta w mikroskali, w szczegdlnosci ze
wzgledu na ekstremalnie krotki czas ich trwania, ekstremalne
gradienty temperatury i bardzo mate wymiary geometryczne
rozwazanego obszaru. Podstawa formulowania DPLM jest
uogolnienie prawa Fouriera, w ktorym wystepuja dwa czasy
op6znief t,, 17 (odpowiednio — czas relaksacji i termalizacji).
Numeryczne rozwigzanie omowionego zagadnienia opiera si¢
na autorskiej wersji Metody Bilanséw Elementarnych dostoso-
wanej do rozwigzywania hiperbolicznych réwnan rézniczko-
wych czastkowych. Przyktad ilustrujacy zastosowanie metody
dotyczy oszacowania czasOw T, i Ty za pomocg algorytmu opar-
tego na metodzie przeszukiwania, oraz rozpatrywana jest cienka
folia metalowa poddawana dziataniu impulsu laserowego.
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