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Abstract 
 

The stress intensity factor and electric displacement intensity factor for cracks in conducting and non-conducting pie-
zoelectric materials is investigated. Transient dynamic crack problems are analyzed. The coupled governing partial differ-
ential equations (PDE) for stresses, electric displacement field and electric current are satisfied in a local weak-form on 
small fictitious subdomains. Local integral equations are derived for a unit function as the test function on circular sub-
domains. All field quantities are approximated by the moving least-squares (MLS) scheme. The influence of the electric 
conductivity on the stress intensity and electric intensity factors is shown in numerical examples for an edge crack in a fi-
nite strip under a pure mechanical impact load with Heaviside time variation. 
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1. INTRODUCTION 

Piezoelectric materials (PE) can be either dielec-
trics or semiconductors. Up to date dielectric materi-
als are more intensively investigated than semicon-
ductors since dielectric materials are described by 
simpler governing equations. The solution of the 
boundary value problems for coupled electro-
mechanical problems requires advanced numerical 
methods due to the high mathematical complexity. 
Piezoelectric materials are brittle and they have 
a tendency to develop cracks even in manufacture 
process. Therefore, it is important to understand 
fracture of piezoelectric ceramics. Pak (1990) ob-
tained the closed-form solutions for an infinite PE 
medium under an anti-plane loading by using 
a complex variable method. Later, Park and Sun 
(1995) obtained closed-form solutions for all the 
three fracture modes associated with a crack in an 
infinite PE medium. They investigated the effects of 
the electric field on the fracture of PE ceramics. 

General computational methods like the finite ele-
ment method (FEM) (Gruebner et al., 2003; Go-
vorukha & Kamlah, 2004; Enderlein et al., 2005; 
Kuna, 2006) and the boundary element method 
(BEM) (Pan, 1999; Davi & Milazzo, 2001; Gross et 
al., 2005; Garcia-Sanchez et al., 2005, 2007) need to 
be applied for general crack analyses in PE solids. In 
recent years, meshless formulations are becoming 
popular due to their high adaptability and low costs 
in preparation of input and output data for numerical 
analyses. Even continuously varying PE material 
properties are considered in some numerical anal-
yses for non-conducting dielectric PE (Sladek et al., 
2007). 

In piezoelectric semiconductors (conducting PE) 
the induced electric field produces also the electric 
current. The interaction between mechanical fields 
and mobile charges in piezoelectric semiconductors 
is called the acoustoelectric effect (Hutson & White, 
1962; White, 1962). An acoustic wave traveling in 
a PE semiconductor can be amplified by application 
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of an initial or biasing dc electric field (Yang & 
Zhou, 2005). There are only few papers devoted to 
crack problems in piezoelectric semiconductor mate-
rials. These papers concerned only the anti-plane 
crack problem in unbounded domain with a semi-
infinite crack (Yang, 2005) or a finite crack (Hu et 
al., 2007) under stationary conditions. The Fourier 
transform technique was applied to reduce the prob-
lem to a pair of dual integral equations.  

In the present paper, we aim at analyzing the in-
plane crack problem in bounded domains under 
a mechanical and electric load. Static and transient 
boundary conditions are considered here. The mesh-
less Petrov-Galerkin (MLPG) method (Sladek et al., 
2013) is developed for the solution of the initial-
boundary value problems in conducting piezoelectric 
solids. Nodal points are introduced and spread on the 
analyzed domain and each node is surrounded by 
a small circle for simplicity, but without loss of gen-
erality. The spatial variations of the displacement, 
electric potential and electron density are approxi-
mated by the moving least-squares (MLS) scheme. 
After performing the spatial integrations, a system of 
ordinary differential equations for unknown nodal 
values is obtained. The essential boundary condi-
tions on the global boundary are satisfied by the 
collocation.  

2.  LOCAL INTEGRAL EQUATIONS AND 
NUMERICAL SOLUTION 

Consider a homogeneous piezoelectric semicon-
ductor with electron density M0 in the unloaded state 
and vanishing initial electric field E0. The quasi-
static approximation can be supposed for electro-
magnetic fields, since the frequency of external 
loadings is assumed to be significantly lower than 
the characteristic frequency of the electromagnetic 
fields. Then, the governing equations within the 
linear theory are given by the balance of momentum, 
Gauss’s law and conservation of the electric charge 
(Hutson & White, 1962) 

, ( , ) ( , )ij j iuσ τ ρ τ=x x
,   , ( , ) ( , )i iD qMτ τ=x x

,           

 ,( , ) 0i iqM Jτ + =x  , (1)
 

where iu , ijσ , Di, and q are the acceleration of elas-

tic displacements, stress tensor, electric displace-
ment field, and electric charge of electron, respec-
tively. The electron density and electric current are 
denoted by M and Ji, respectively. Symbol ρ is used 
for the mass density.  

The constitutive equations are given as (Hutson 
& White, 1962; White, 1962)  

( , ) ( , ) ( , )ij ijkl kl kij kc e Eσ τ ε τ τ= −x x x ,  

( , ) ( , ) ( , )j jkl kl jk kD e h Eτ ε τ τ= +x x x ,  

0 ,( , ) ( ) ( , ) ( , )i ij j ij jJ qM E qd Mτ μ τ τ= −x x x x , (2) 

where cijkl, eijk, hij, μij and dij are the elastic, piezoe-
lectric, dielectric, electron mobility and carrier diffu-
sion material coefficients, respectively.  

The strain tensor εij and the electric field vector 
Ej are related to the displacements ui and the electric 
potential ϕ by 

  ( ), , ,

1
,

2ij i j j i j ju u Eε φ= + = −  . (3) 

According to the meshless local Petrov-Galerkin 
(MLPG) method, we construct a weak-form of (1) 
over the local subdomains Ωs around each node xi 

inside the global domain Ω (Sladek et al., 2013). The 
subdomains are distributed in the analyzed domain. 
The local subdomains could be of any geometrical 
shape and size. For the sake of simplicity, the local 
subdomains are taken here to be of a circular shape. 
For this case, the evaluation of domain-integrals is 
quite easy. The local weak form of the governing 
equations (1) can be written as 

*
, ( , ) ( , ) ( ) 0

s

ij j i iku u dσ τ ρ τ
Ω

 − Ω =  x x x , (4) 

where * ( )iku x is a test function and sΩ ⊂ Ω .  

Applying the Gauss divergence theorem to the 
first integral and choosing the Heaviside step func-

tion as the test function * ( )iku x  in each subdomain 

 

* at
( )

0 at
ik s

ik
s

u
δ ∈Ω

=  ∉Ω

x
x

x
 

the local weak-form (4) is converted into the follow-
ing local boundary-domain integral equations 

( , ) ( , )
s su s

i i

L

t d u dτ ρ τ
+Γ Ω

Γ − Ω = x x

 

( , )
st

it dτ
Γ

− Γ x ,   (5)

 

where the boundary of the local subdomain s∂Ω con-

sists of three parts s s st suL∂Ω = ∪Γ ∪Γ  (Sladek et 

al., 2013). Here, Ls is the local boundary that is total-
ly inside the global domain, Γst is the part of the 
local boundary which coincides with the global trac-
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tion boundary, i.e., st s tΓ = ∂Ω ∩ Γ , and suΓ  is the 

part of the local boundary that coincides with the 

global displacement boundary, i.e., su s uΓ = ∂Ω ∩Γ . 

Similar definitions are valid also for other fields and 
related integration parts. 

The local integral equation (5) is valid for both 
the homogeneous and nonhomogeneous solids. 
Nonhomogeneous material properties are included in 
equation (5) through the elastic and piezoelectric 
coefficients involved in the traction components 

 , ,( , ) ( , ) ( , ) ( )i ijkl k l kij k jt c u e nτ τ φ τ = + x x x x . 

The local integral equation corresponding to the 
second governing equation in (1) has the following 
form 

( , ) ( , ) ( , )
s sp s sqL

Q d qM d Q dτ τ τ
+Γ Ω Γ

Γ − Ω = − Γ  x x x

 
  (6) 

where 

, ,( , ) ( , ) ( ) ( , ) ( , )j j jkl k l jk k jQ D n e u h nτ τ τ φ τ = = − x x x x x . 

Finally, the local integral equation correspond-
ing to the last governing equation in (1) has the form 

( , ) ( , ) ( , )
s sa s sbL

S d qM d S dτ τ τ
+Γ Ω Γ

Γ + Ω = − Γ  x x x

 
  (7) 

where the electric current flux is given by 

 

 
.
 

In the present paper the trial functions are ap-
proximated by the moving least squares (MLS) 
method on a number of nodes spread over the influ-
ence domain. According to the MLS (Sladek et al., 
2013) method, the approximation of physical fields 
f(x,τ) (mechanical displacements, the electric poten-
tial and electron density) over a number of randomly 

located nodes { }ax , a = 1,2,…n, is given by 

 ( , ) ( ) ( , )Tτ τ=f x π x a x ,  (8) 

where 1 2( ) ( ), ( ),..., ( )T mπ π π =  π x x x x  is a 

complete monomial basis of order m; and a(x,τ) is a 
vector containing the coefficients aj(x,τ), j = 

1,2,…,m and 1 3( , )x x≡x . The coefficient vector 

a(x,τ) is determined by minimizing a weighted dis-
crete L2-norm defined as 

 

2

1

ˆ( ) ( ) ( ) ( , ) ( )
n

a T a a

a

J w τ τ
=

 = − x x π x a x f , 

where n is the number of nodes used for the approx-
imation. It is determined by the weight function 
wa(x) associated with the node a. The stationarity 
of J with respect to a(x,τ) leads to the following 
linear relation between a(x,τ) and 

1ˆ ˆ ˆ( ) ( ),..., ( )
T

nτ τ τ =  f f f  

 
ˆ( ) ( , ) ( ) ( ) 0τ τ− =A x a x B x f , (9) 

where  

1

( ) ( ) ( ) ( )
n

a a T a

a

w
=

=A x x π x π x ,
 

1 1 2 2( ) ( ) ( ), ( ) ( ),...., ( ) ( )n nw w w =  B x x π x x π x x π x . 

The solution of equation (9) for ( , )sa x and the 

subsequent substitution into equation (8) lead to the 
following expression  

 1

ˆ( , ) ( ) ( )
n

h a a

a

Nτ τ
=

==u x x u ,
 

 1

ˆ( , ) ( ) ( )
n

h a a

a

Nφ τ φ τ
=

=x x ,
 

 1

ˆ( , ) ( ) ( )
n

h a a

a

M N Mτ τ
=

=x x , (10) 

where the nodal values, ( )1 3ˆ ˆ ˆ( ) ( ), ( )
Ta a au uτ τ τ=u , 

ˆ ( )aφ τ , and ˆ ( )aM τ , are fictitious parameters for the 

displacements, electric potential and electron densi-
ty, respectively, and  

 
1( ) ( ) ( ) ( )T T −=N x π x A x B x , 

Na(x) is the shape function associated with the 
node a. A 4th-order spline-type weight function is 
applied in the present work 

2 3 4

1 6 8 3 , 0
( )

0,

a a a
a a

a a a a

a a

d d d
d r

w r r r

d r

      
− + − ≤ ≤      =       

 ≥

x

 

where a ad = −x x  and ar  is the size of the sup-

port domain.  

 ( , ) ( , ) ( )j jS J nτ τ= =x x x

0 , ,( , ) ( , )kj k jk k jqM qd M nμ φ τ τ − − x x
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Then, the traction vector ti(x,τ) at a boundary 

point s∈∂Ωx  is approximated in terms of the nodal 

displacements ˆ ( )a τu  and electric potentials ˆ ( )aφ τ
as 

 

 
,  (11)

 

where the matrices C(x), L(x) represent elastic con-
stants and piezoelectric coefficients, respectively, 
the matrix ( )xN  is related to the normal vector n(x) 

on s∂Ω  by 

 

1 3

3 1

0
( )

0

n n

n n

 
=  
 

xN
, 

and finally, the matrices aB  and aP  represent the 
gradients of the shape functions as 

,1

,3

,3 ,1

0

( ) 0

a

a a

a a

N

N

N N

 
 =  
  

B x ,      
 

,1

,3

( )
a

a
a

N

N

 
=  
 

P x
.
 

Symbols 1( )n x and 3( )n x are components of the 

normal vector n(x) to the boundary s∂Ω  at the 

Gaussian point x in plane 1 3x x− . 

Similarly one can write 

 

 
,  (12)

 

where the matrices G(x) and H(x) represent piezoe-
lectric and dielectric coefficients and 

 
[ ]1 1 3( ) n n=N x . 

 

Finally, the electric current flux S(x,τ) is approx-
imated by 

 

 
, (13)

 

with the matrices A(x), F(x) denoting electron mo-
bility and carrier diffusion parameters. 

Substituting the traction approximation (11), 
electric charge (12) and electric current (13) into the 
local integral equations (5)-(7) one obtains a system 
of ordinary differential equations for nodal quanti-
ties 

 

  

 

  

 

 

 (14)

 

 

      

1

ˆ( ) ( ) ( , )
s sq

n
a a

a

qN d M Q dτ τ
= Ω Γ

 
− Ω = − Γ  

 
  x x , 

  (15) 

 

 

 
1

ˆ( ) ( ) ( , )
s sb

n
a a

a

qN d M S dτ τ
= Ω Γ

 
+ Ω = − Γ  

 
  x x

  . 

  (16) 

Above given system of ordinary differential 
equations is solved numerically by the Houbolt 
method. 

 

1

ˆ( , ) ( ) ( ) ( ) ( )
n

h a a

a

τ τ
=

= +t x x C x B x uN

1

ˆ( ) ( ) ( ) ( )
n

a a

a

φ τ
=
x L x P xN

 
1

1

ˆ( , ) ( ) ( ) ( ) ( )
n

h a a

a

Q τ τ
=

= −x N x G x B x u

1
1

ˆ( ) ( ) ( ) ( )
n

a a

a

φ τ
=
N x H x P x

 
1 0

1

ˆ( , ) ( ) ( ) ( ) ( )
n

h a a

a

S qMτ φ τ
=

= − −x N x A x P x

1
1

ˆ( ) ( ) ( ) ( )
n

a a

a

q M τ
=
N x F x P x

1

ˆ( ) ( ) ( ) ( )
s st

n
a a

a L

d τ
= +Γ

 
 Γ −   

  x C x B x uN

ˆ( ) ( )
s

a aN dρ τ
Ω

 
− Ω +     

 x u

 
1

ˆ( ) ( ) ( ) ( )
s st

n
a a

a L

d τ
= +Γ

 
 Γ −   

  x C x B x uN

ˆ( ) ( )
s

a aN dρ τ
Ω

 
Ω +     

 x u

1

ˆ( ) ( ) ( ) ( )
s st

n
a a

a L

d φ τ
= +Γ

 
+ Γ =  

 
  x L x P xN

( , )
st

dτ
Γ

− Γ t x

1
1

ˆ( ) ( ) ( ) ( )
s sq

n
a a

a L

d τ
= +Γ

 
 Γ −
 
 

  N x G x B x u

1
1

ˆ( ) ( ) ( ) ( )
s sq

n
a a

a L

d φ τ
= +Γ

 
 Γ −
 
 

  N x H x P x

1 0
1

ˆ( ) ( ) ( ) ( )
s sb

n
a a

a L

qM d φ τ
= +Γ

 
− Γ −  

 
  N x A x P x

1
1

ˆ ˆ( ) ( ) ( ) ( ) ( )
s sb

n
a a a

a L

q d Mφ τ τ
= +Γ

 
− Γ +  

 
  N x F x P x
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The stress intensity factors (SIF) and electric 
displacement intensity factor (EDIF) KN are comput-
ed numerically from the asymptotic expansion of 
displacements and electric potential at the crack tip 
vicinity 

 

4

1

2
( , ) ( )N

i N i
N

r
u r K dθ θ

π =

= 
  , 

 

4

1

2
( , ) ( )N

N
N

r
r Kφ θ ν θ

π =

= 
  
,  (17)

 

where ( )N
id θ  and ( )Nν θ  are dependent on mate-

rial properties and they are given by Park and Sun 
(1995). 

3.  NUMERICAL EXAMPLES 

An edge crack in a finite strip is analyzed in the 
first example. Due to the symmetry with respect to 
x1 only a half of the specimen is modelled with the 
boundary conditions and discretization nodes being 
shown schematically in figure1. The geometry pa-
rameters are specified as: a = 0.5 m, a/w = 0.4 and 
h/w = 1.2. The material properties correspond to 
aluminum nitride (AlN) (Auld, 1973). 

Electrically impermeable boundary conditions 
are assumed on crack faces. The strip is subjected to 
a pure mechanical load with Heaviside time varia-
tion and the intensity σ0 = 1 Pa. 

 
Fig. 1. Edge crack in a finite homogeneous strip.  

We have used 930 nodes equidistantly distribut-
ed for the MLS approximation of physical fields. 
The static stress intensity factor for the considered 
load and geometry is equal to KI

stat = 2.642 Pam1/2. 
The time evolution of the normalized SIF for the 
cracked strip under an impact pure mechanical load 
is presented in figure 2 and the normalized electrical 

displacement factor ΛKD/KI
stat in figure 3, where  Λ 

= e33/h33. While the electrical displacement intensity 
factor for a pure static mechanical load is zero, the 
EDIF is not in the dynamic case with a finite veloci-
ty of elastic wave propagation for a pure mechanical 
load. 

 

Fig. 2. Normalized stress intensity factor for the edge crack in a 
strip under a pure mechanical load.  

One can observe that the initial electron density 
has a vanishing influence on the SIF. However, the 
EDIF is strongly dependent on the initial electron 
density. In the conducting PE the EDIF is enlarged 
with respect to that in non-conducting PE under 
a pure mechanical load. Accuracy of numerical re-
sults for non-conducting PE solids was tested in 
earlier published work (Sladek et al. 2007). 

 
Fig. 3. Normalized electrical displacement intensity factor for 
the edge crack in a strip under a pure mechanical load. 
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ANALIZA PROCESU PĘKANIA W PRZEWODZĄCYCH 

I NIEPRZEWODZĄCYCH MATERIAŁACH 
PIEZOELEKTRYCZNYCH 

Streszczenie 
 
W pracy badano współczynnik intensywności naprężeń 

i współczynnik intensywności przemieszczeń elektrycznych dla 
pękania w przewodzących i nieprzewodzących materiałach piezo-
elektrycznych. Analizowano problemy zmiennego, dynamicznego 
pękania. Sprzężone równania różniczkowe cząstkowe dla naprę-
żeń, pola przemieszczeń elektrycznych i prądu elektrycznego 
zostały spełnione poprzez wprowadzenie słabej formy w małych, 
urojonych podobszarach. Lokalne równania całkowe zostały 
definiowane dla funkcji jednostkowej będącej funkcją testową 
w podobszarach. Wszystkie wielkości opisujące pole były aprok-
symowane z wykorzystaniem ruchomej metody najmniejszych 
kwadratów. Wpływ przewodności elektrycznej na intensywność 
naprężenia i współczynnik intensywności elektrycznej został 
pokazany w przykładach numerycznych pękania krawędzi 
w paśmie, które zostało poddane czystemu obciążeniu mecha-
nicznemu będącemu funkcją czasu Heaviside’a. 
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