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Abstract 
 

Modern Graphic Processing Units (GPU) provide in combination with a very fast Video Random Access Memory 
(VRAM) very high computational procedure, outrunning the conventional combination of a Central Processing Unit 
(CPU) and Random Access Memory (RAM) in terms of parallel computing and calculation. Within this work a concept 
for parallel application of the CPU/GPU is presented which combines the approach for processing and managing of large 
amounts of data. The computer algebra system (CAS) Wolfram Mathematica is used for numerical calculation of a large 
Finite Difference Model (FDM). The CUDA-link feature of Mathematica was used to achieve a parallel working envi-
ronment with a parallelized computation on available CPUs with a parallelization of calculations of Nvidia GPUs at the 
same time. An advanced desktop computer system was setup to use a high-end desktop CPU in combination with four 
TITAN GK110 Kepler GPUs from Nvidia. It will be shown, that the calculation time can be reduced by using shared-
memory and an optimization of the used block and/or register size to minimize data communication between GPU and 
VRAM. Results for diffusion, stress field and deformation field for a deformation sample will be shown, which is numer-
ically calculated from crystal plasticity, with over four million of FDM elements being calculated by each of the four used 
graphic cards. It will be clearly shown, that the overall calculation time is strongly depending on the storage time for the 
amount of data, both for the final result and as for the intermediate results for the different numerical increments. Never-
theless, a promising application of parallel computing for research in the field of materials science is presented and inves-
tigated, showing the possibilities for new approaches and/or more detailed calculations in a reasonable time. 
 
Key words: GPU computation, numerical simulation, memory management, GeForce GTX TITAN, crystal plasticity 

 

 
 

1. INTRODUCTION 

Nowadays, many phenomena are described nu-
merically. The data generated assist when designing 
technology, when estimating the safety of compo-
nents or enable improved understanding of physical 
effects such as diffusion or heat transfer. The meth-
ods that have been predominantly used up until now 
are the Finite Difference Method (FDM) and the 
Finite Element Method (FEM). Both are different in 
the mathematical description. The FEM gives good 
calculation accuracy and speed with a lower number 
of elements. As shown in figure 1 schematically 
FDM 1 and 2 (with a low and high number of nodes) 

demonstrate lower calculation accuracy than FEM. 
The only opportunity for improving accuracy is to 
further refine the node density on FDM. However, 
this means a longer calculation time, more calcula-
tion steps and a greater quantity of data to transfer. 
However, one advantage of FDM is the simple ap-
plication of individual physical phenomena. 

Simple parallelisation of calculations in FDM 
yields potential for acceleration. Use of GPU archi-
tecture allows for additional acceleration. A faster 
Video RAM as well as a shared memory installed in 
the graphics processor and corresponding storage 
management are not always fully utilised. Commer-
cial programs use either combination 1 or 2 (figure 
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2) due to the original source code. All combinations 
differ from each other not just in construction, but 
also in terms of calculation speed. This is strongly 
dependent on the data transfer paths. Modification of 
the source code makes it possible to apply combina-
tions 3, 4 or 5 into FDM, where combinations 4 and 
5 are the fastest possible variants. Variants 3, 4, and 
5 can, due to the special GPU architecture, calculate 
several sections of the parent lattice at once, other-
wise known as blocks, in a special process (Tariq, 
2011), see figure 3.  

 

 
Fig. 1. Schematic illustration of results in accordance with 
different calculation methods.  

These are defined, per block, by block size, 
shared memory and registry size. Within the block, 
the executed processes have the capacity to com-
municate with each other via the shared memory 
(Woolley, 2013). The processes also have direct 
access to the parent lattice that is fed into the global 
memory and finds space in the video RAM. 

 

Fig. 3. Parent lattice and block (data structure). 

A comparison of speeds of different types of 
memory can be seen in table 1. The fastest L1 cache 
and shared memory should be used the most accord-
ing to the table, as the transfer speed of these is larg-
er by several factors. When a few of a block’s pro-

 

 

 

            

Combination 1 
RAM- Processing-RAM 

Combination 2 
RAM- Processing-RAM  

Combination 3 
RAM-VRAM-Processing-VRAM-RAM 

Combination 4 
VRAM-Processing-VRAM 

Combination 5 
VRAM-S. Memory-Processing-VRAM

Fig. 2. Schematic illustration of data transfer in the computer with the use of different processing units. 
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cesses access the same memory address then it is 
better to first store these in the shared memory and 
then allow these to be called up from the processes 
at higher speed (Sanders & Kandrot, 2010). When 
calculating with classic CPU a large proportion of 
the calculation time is used for storing data to the 
data carrier (HDD or SSD). Despite saving on sever-
al hard drives (via Raid) this problem has still not 
been solved. The only method appears to be writing 
the data to the hard drive in the background parallel 
to the calculation. However, this requires a great 
deal of RAM for intermediate storage of the data. 
Complete storage of data from 4 Titan graphics pro-
cessors (6GB video RAM) requires RAM capacity 
of 48 GB, which can be implemented in most sys-
tems. 

Table 1. Reading and writing speeds of different memory types 
(Woolley, 2013). 

 Used in Combination: 

Unit Memory 
Type: 

Mem. 
Speed 

1 2 3 4 5 

CPU 

SSD  
(reference) 

550 
MB/s      

RAM 
18 

GB/s      

GPU 

Video RAM 
(Titan GTX) 

288 
GB/s      

L1 - Cache 
~2.5 
TB/s      

Shared 
Memory 

~2.5 
TB/s      

 

In order to determine the influence of calculation 
concepts (figure 2) on calculation time, a simple 
equation (1 was applied with different methods and 
with different data quantities (Grid Size) in Mathe-
matica®:  

௜ݕ  ൌ ඨ൬ቀሺ௔೔ା௕೔ሻଶ ൅ 2ቁ ∗ 10 ൅ 3൰ଷ ൅ 10, (1) 

where ݕ௜, a௜ and b௜ tables are with a specified size. 
For compiling Mathematica® uses a C compiler from 
Microsoft Visual Studio® for combinations 1 and 2 
and a NVCC compiler for combinations 3 and 4. 
Calculation procedure 5 could not be verified in this 
example as the use of shared memory is not advan-
tageous in this calculation. The measured, absolute 
times for the simple calculation can be found in fig-
ure 4. It can be clearly seen that a reduction in calcu-
lation time is expected due to the use of rapid data 
transfer. Combination 5 should be even faster, as the 

data transfer from video RAM to GPU is accelerated 
via shared memory. This combination is used in 
further calculations. 

 
Fig. 4. Calculation times for different combinations of data 
processing depending on data size. 

2. OPTIMISATION POTENTIAL WITH GPU 
- COMPLEX CALCULATIONS 

An algorithm is used for calculating complex 
physical phenomena in which the Finite Difference 
Method is used in accordance with Wilkins (1999) 
and Patankar (1980). The whole concept was newly 
programmed using combination 5, the fastest availa-
ble one. When working on the compilation of sub-
routines, various block sizes and registry sizes were 
tested to gain the fastest possible acceleration. To 
test the efficiency the function (Wilkins, 1999) used 
for calculating the acceleration vectors was selected 
as an example in this case. It was surprisingly estab-
lished that the compilation with the largest possible 
number of blocks (the largest number of threads 
running simultaneously) did not yield the shortest 
calculation times. It goes without saying that atten-
tion was paid to the highest level of occupancy for 
the GPU (the CUDA Occupancy Calculator was 
used). It must be pointed out that the data transfer 
from VRAM and the number of threads are the main 
influential factors. Dependency of the calculation 
time on the theoretical block size can be seen in 
figure 5. The theoretical block size can be found 
from the third root of the number of processes in the 
block. Various lengths, widths and depths of the 
block are considered and the fastest variant is taken 
for a theoretical length. Compilation with small 
block sizes, as expected, resulted in longer calcula-
tion times. The best compilation in this case is a 
block size of 4x4x4 and a registry size of 160. The 
fastest variant requires just 0.058 seconds to calcu-
late the new acceleration vectors for 1 000 000 ele-
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ments. The slowest example needed 0.174 seconds, 
which was three times the calculation time. 

 

 

 
Fig. 7. Comparison of calculation times depending on the num-
ber of elements before and after optimisation. 

Further calculations were also carried out such 
as the stress state, diffusion or heat transport which 
were also transferred in their entirety to the GPU 
without large data volumes via PCIe 3.0 Bus. The 
CPU is responsible for issuing commands and stor-

ing data on the hard drive. Controlling of graphic 
cards (calculation) and saving data takes place sim-
ultaneously. 4 graphic Geforce cards Titan GTX 
were used in the test, each with a Kepler processor 
architecture and 6 GB of storage capacity. 8 pro-
cesses were also carried out in the CPU simultane-
ously: 4 for controlling GPUs and 4 for saving the 
data. The schematic illustration of the process for 
two processes running simultaneously can be seen in 
figure 6. 

After optimisation calculation times were estab-
lished to be 15% shorter. The calculation times (fig-
ure 7) were established for the complete procedure 
within figure 6 with storage of data on HDD. The 
maximum size of the lattice is approx. 12 000 000 
elements per graphics card. The times were noticea-
bly shorter after optimisation in all lattice sizes. 

3. APPLICATION OF GPU CALCULATIONS 
IN MATERIAL SCIENCE 

In the calculation system the mathematical de-
scription of diffusion depending on chemical analy-
sis (Mujahid & Bhadeshia, 1992), of heat transfer 
(Patankar, 1980), of stresses, strains and flows 
(Wilkins, 1999) was also implemented. The algo-
rithm is structured for universal use and changing 
the source codes is possible without problems and 
without help from third parties. The calculations 
should help make the complex micro-structure de-
velopment in the material easier to understand. The 
interpretation of the results of the numerical simula-
tion is an additional support for the experimental 
investigations and aids clarification of the results 
that cannot be directly explained. Local conditions 
such as the chemical analysis, stress state or temper-
ature provide the necessary information for model-

Fig. 5. Calculation time for 1,000,000 elements for movement in 
3D. 

Fig. 6. Calculation algorithm of the new program and resources used. 
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ling the energy contributions when converting or 
recrystallizing.  

 
2.1. Example 1 

 
In a 1920x1080 grid with a cell size of 0.25 μm2, 

defined as austenite with a carbon content of 0.0224 
at. %, the new phase was denoted as ferrite (in the 
form of ellipses 960 μm long and 20 μm high: as 
shown in figure 8). Calculation of diffusion and the 
stress state then takes place in two dimensions. The 
initial condition is stated as being without tension 
with a homogeneous chemical composition (C 0.5%, 
Si 2%, Mn 3%) and a temperature of 350°C.  

 

Fig. 8. Distribution of plates of over-saturated ferrite in austen-
ite. 

Carbon diffuses to the phase boundary due to 
lower solubility in the defined over-saturated ferrite 
area. Surplus carbon can then be absorbed by the 
austenite there. Suppressing the carbides build-up in 
the steel promotes the transport of carbon in ferrite 
and austenite. In the austenite areas located close to 
the ferrite plates, a pronounced enrichment of carbon 
is observed due to the lower diffusion speed in aus-
tenite and the carbon concentration reaches 0.0326 
at. %, figure 9. 

 

 

Fig. 9. Carbon distribution of concentration after 350 min.  

The resulting differences in the density of fer-
rite/austenite cause residual stresses to occur and 
even after 0.5 s an inhomogeneous stress field is 
caused in the simulated material. This stress field 

can be seen in both austenite and ferrite. The elastic 
distortion of the lattice can be used for further mod-
elling stress-induced conversion figure 10. 

 

 

Fig. 10. Stress field in accordance with von Mises after 0.5 s. 

3.2. Example 2 
 
A random generator is often necessary for mod-

elling phenomena which take place in material. With 
the aid of CUDA, these can run very efficiently. In 
principle a seed is generated for every block and 
then made available for every process via conver-
sion. The efficiency of such a generator is intro-
duced here. Each process in the calculation carries 
out 18 random draws of a natural number from 0 to 
999999. No shared memory is used here so that no 
additional calculations are carried out. Small, yet 
relevant differences in calculation times are estab-
lished depending on block size with this approach. 
The largest possible grid size is 7003, which is lim-
ited by the 6 GB of the video RAM. The measured 
times for the calculation can be found in figure 11. 

 

Fig. 11. Necessary time for generating random numbers for 
different lattice sizes. 

3.3. Example 3 
 
The calculation used in example 1 can also map 

more complicated 3D systems. This includes the 
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forming simulation with texture-dependent yield 
stress, which is shown in equation 2 as a model. The 
yield stress is modelled via two equations and 
brought together via a parameter	ߛ. The cosine of the 
smallest angle between the direction of the greatest 
shear stress and the sliding direction serves as this 
parameter ߛ here 
 

 

 ܻ ൌ ்ܻ ∙ ߛ ൅ ்ܻ ∙ ሺ1 െ  ;ሻߛ
 ்ܻ ൌ 0.35 ∙ ሺ1 ൅ 4 ∗ ߳௘ሻ଴,ଷହ ∙  (2) ;݌

 ௌܻ ൌ 0.31 ∙ ሺ1 ൅ 4 ∗ ߳௘ሻ଴,ଷ ∙  ;݌
݌  ൌ 1 ൅ 3 ∙ ܲ ∙ √ܸయ ; 

்ܻ  - flow stress model from tensile test, ௦ܻ - flow 
stress model from torsion test, ߳௘ - effective strain, ܲ  - pressure, ܸ - relative volume, ߛ - equal to co-
sines of angle between direction maximum shear 
stress and nearest slip direction.The parallel length 
of the model probes was 18 mm, the width was 10 
mm and the thickness was 1 mm. 4,000,000 volumes 

were used. The nodes at the beginning and end of 
the length were fixed in direction y and z and pulled 
in direction x with a speed of 1 m/s. 

Depending on the grain, texture-dependent lines 
were shown via the stress field described in accord-
ance with von Mises, along which incremental de-
formation took place. Depending on the grain, which 
had a random orientation, the lines were developed 
differently. In the final step the directions of the 

 

 

 

Fig. 12. Results of simulation, stress field in accordance with von Mises: in the elastic area at the beginning of the rupturing process 
(a), in the plastic area during the rupturing attempt (b), in the plastic area at the end of the rupturing attempt (c). 
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grains rotate to the same shear direction and form a 
necking in an angle of approximately 45 degrees to 
the x-axis figure 12. 

4. SUMMARY 

With continued developments in graphics pro-
cessors it is expected that the potential in the algo-
rithms shown in this publication will continue to 
grow. The algorithms used are based on the Finite 
Differences Method and are only limited by the size 
of the available video RAM. The principles of FDM 
are adhered to and the calculation algorithm was 
newly developed for the graphics processors. Stor-
age of the calculation in the graphics card only be-
comes advantageous if transportation of the data via 
PCIe BUS is minimised. In complex functions, the 
use of shared memory speeds up calculations. For 
this purpose, the compilation of sub-routines using 
shared memory with different block sizes should be 
tested. New models of yield stress give the option of 
taking dependency of shear stress and texture into 
account, which can be used to describe the damage 
mechanisms. 
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OPTYMALIZACJA I ZASTOSOWANIE OBLICZEŃ 

NA PROCESORACH GPU W INŻYNIERII 
MATERIAŁOWEJ 

Streszczenie 
 
Nowoczesne procesory graficzne (GPU) w połączeniu z bar-

dzo szybką pamięcią typu VRAM stanowią wysoko wydajne 
obliczeniowo narzędzie, które w aspekcie obliczeń równoległych 
wyprzedza znacznie konwencjonalną centralną jednostkę oblicze-
niową (CPU) z pamięcią RAM. W pracy przedstawiona została 
koncepcja aplikacji wykonującej obliczenia równoległe na proce-
sorach CPU/GPU, która może przetwarzać i zarządzać dużą ilo-
ścią danych. Wykorzystano środowisko obliczeniowe CAS Wol-
fram Mathematica do rozwiązywania dużych modeli metodą 
różnic skończonych (FDM) oraz funkcjonalność Mathematici 
CUDA-link do równoczesnego zrównoleglenia obliczeń na proce-
sorach CPU i Nvidia GPU. Na tej podstawie opracowano zaawan-
sowany system komputerowy pozwalający na obliczenia na pro-
cesorze CPU w połączeniu z czterema procesorami TITAN 
GK110 Kepler GPU firmy Nvidia. Pokazano, że czas obliczeń 
został zredukowany przy wykorzystaniu pamięci dzielonej i op-
tymalizacji bloku lub rozmiaru rejestru, w celu minimalizacji 
przesyłu danych pomiędzy GPU i VRAM. Przedstawiono wyniki 
dla dyfuzji, pola naprężeń i pola odkształceń dla odkształconej, 
przykładowej próbki, otrzymane z modelu plastyczności kryształu 
z ponad czterema milionami elementów FDM, dla których obli-
czenia wykonywano na czterech kartach graficznych. Przeprowa-
dzone obliczenia jasno pokazały, że całkowity czas obliczeń jest 
silnie zależny od czasu dostępu do pamięci dla danych, zarówno 
w aspekcie otrzymania wyników końcowych, jak i wyników 
pośrednich dla różnych kroków czasowych. Niemniej jednak 
w pracy przedstawiono obiecujące wyniki badań nad zastosowa-
niem obliczeń równoległych w dziedzinie inżynierii materiałowej, 
pokazując możliwości wykorzystania nowych metod i bardziej 
dokładnych obliczeń w akceptowalnym czasie. 
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