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Abstract 
 

The main objective of the paper is presentation of the metamodel driven optimization (MDO) strategy of thermome-
chanical industrial processes. In this approach, the model of considered industrial process is replaced by a metamodel, 
which allows obtaining a significant reduction of the simulation time. Low simulation time of the analyzed process gives 
the ability to use heuristic optimization methods, which increase the probability of finding the global optimum. The paper 
discusses the idea of metamodelling and presents results of metamodelling and optimization of a selected metal forming 
process. 
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1. INTRODUCTION 

Optimization problems encountered in various 
fields of science, require searching for new methods, 
which allows to find optimal solutions. Most of 
these methods are based on the principle of iterative 
search for the optimal solution. Selection of an ap-
propriate method depends on the considered optimi-
zation problem, in particular, on the form of opti-
mized objective function (multimodality, differenti-
ability, continuity) and the cost of objective function 
evaluation. In most real industrial problems, theas-
sumption that the objective function is unimodal is 
false. Moreover, values of the objective function are 
calculated using computer simulations based on 
time-consuming algorithms. These algorithms, in the 
case of metal forming processes, are mainly based 
on the Finite Element Method (FEM). FEM simula-
tions give proper response, however they are usually 
time consuming. This results in arisingtwo main 
obstacles which must be overcome: 
 the multimodality of the objective function, 

 long time of computer simulations which must 
be performed to compute the values of objective 
function. 
The first obstacle can be overcome by using heu-

ristic optimization methods, that search for a global 
optimum not only within a local region but also, 
over the whole domain of objective function. This 
advantageresults from the fact that most of heuristic 
methods do not operate on a single solution but on 
a whole population of solutions.On the other hand 
increasing the number of analyzedsolutions causes 
extension of the computing time, which leads toex-
ceeding of the acceptable time. This problem can be 
overcome by the use of much faster metamodel in-
stead of slow model (figure 1). Model is only used to 
generate the large enough training data set. 

The paper presents the optimization problem of 
the controlled cooling of rails, while considered 
process was metamodelled using the artificial neural 
networks. 
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Fig. 1. Metamodel driven optimization flowchart. 

2. PROCESS DESCRIPTION 

Problem of the controlled cooling of rails is 
thoroughly discusses by Kuziak et al. (2014) and 
optimization of this process is presented by Rauch et 
al. (2014). In the former paper the system for cool-
ing of rails developed at the IMŻ Gliwice is de-
scribed in detail. Briefly, the idea of the system is to 
enforce that the pearlitic transformation occurs at the 
lowest possible temperature. On the other hand, 
since the bainite is a disadvantageous component in 
rail steels, the temperature cannot be too low so that 
bainitic transformation can be avoided. The general 
requirements concerning microstructure of the rail 
are as follows: 
 purely pearlitic microstructure at the whole cross 

section of the rail, without bainite or martensite, 
 as small as possible interlamellar spacing in the 

rail head, 
 uniform distribution of hardness at the cross 

section of the rail head. 
On the basis of tests performed on Gleeble 3800 

it was shown by Kuziak and Zygmunt (2013) that 
a very good relation between strength and ductility 
for eutectoid steels was obtained after isothermal 
holding at 550ºC. The pearlite microstructure after 
holding at this temperature was composed of fine 
pearlite having interlamellar spacing around 
0.11 m and colony size of 8 m. When the pearlitic 
transformation occurs at lower temperature range, 
the structure contains, besides lamellar pearlite, un-
desirable degenerated pearlite and bainite. Increase 
in the volume fraction of those components in rail 
structure reduces its ductility. 

On the basis of these observations Kuziak et al. 
(2014) proposed a cyclic immersion hardening of the 
rail head, which enables more homogenous hardness 
to be achieved in this head, without the necessity of 

accurate control of the total time of heat treatment. 
Rauch et al. (2014) presented a specialized computer 
system integrating various external programs, opti-
mization library, metamodels and material database 
to perform optimization of industrial processes and 
cooling of rails was one of the case studies in that 
work. In the present paper the idea of development 
of metamodels for optimization is described and 
metamodel for the cooling of rails, which is used in 
the computer system for optimization, is presented. 

3. METAMODELLING 

The general idea of metamodelling relates to 
postulate that metamodel approximates the model of 
considered process. Metamodel must correctly cor-
respond to the model and the metamodel output 
value has to be evaluated with a radically lower 
computing time than using the original model. 

Metamodelling is a process of construction of an 
approximation of the analyzed model, on the basis of 
different techniques. In other words, the metamodel 
is a model of the model. The accuracy of the meta-
model is usually verified using the statistical meth-
ods. The accuracy of metamodel depends on the 
used metamodelling technique and on the number of 
the points generated by the model. Usually, the 
higher number of points gives the better metamodel 
accuracy. This paper is focused on one of the most 
common metamodelling technique, i.e. technique 
based on artificial neural network (ANN). Examples 
of successful application of artificial neural net-
works in optimization can be found in (Sztangret et 
al., 2011; Kusiak et al., 2012). Sztangret et al. (2012) 
applied metamodel to solve optimization task in the 
inverse analysis of plastometric tests. 

 

 
Fig. 2. Artificial neuron. 

ANN is an information processing system com-
posed of a given number of artificial neurons. Each 
neuron has a number of inputs ݔଵ, . . . ,  . All inputsݔ
values are multiplied by a synaptic weight coeffi-
cients ݓand the sum is calculated (figure 2). The 
weight parameters allow changing the influence of 
the inputs on the neurons output. Additional constant 
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value named bias is also added. Next, the calculated 
sum becomesthe argument of the activation function.  

Whereas the activation function is selected in the 
first step of the design of the neuron, the weights 
coefficients and bias undergo variation during train-
ing process. The aim of the training process is to 
estimate the values of these parameters that enable 
trained neuron to predict the proper value, the clos-
est to the model output. Supervised training process 
requires the training data set composed with pairs ሺܺ, ܻሻ, where ܺ ൌ ,ଵܠ ,ଶܠ . . . ,   is the set of inputܠ
vectors ܠ ൌ ሺݔଵ, ,ଶݔ . . . , -ሻ, and ܻ is a set of correݔ
sponding model outputs. The difference between the 
proper values ݕ and related values of neuron output 
is minimized with respect to weights ݓ and the bias 
value during the training stage. 

Metamodelling capabilities of a single neuron 
are limited, therefore, neural networks which are 
combination of several neurons are usedin practice. 
Thus, artificial neural network is composed of the 
defined number of neurons interconnected in a spe-
cific way. The most commonlyused network in met-
amodelling is MLP (Multi Layer Perceptron) feed-
forward network. Topology of MLP network is pre-
sented in figure 3. Neurons are collected into layers 
(input, one or two hidden and output layers). The 
number of neurons in input layer is equal to the 
number of metamodel inputs. There is usually one 
neuron in output layer. The number of hidden layers 
and the number of neurons are defined on thebasis 
ofresearcher’s experience. More detailed description 
of MLP network can be found in Tadeusiewicz 
(1993), Bishop (1995), Haykin (1999).  
 

 
Fig. 3. MLP feedforward network. 

MLP is a static network, which means that the 
output is calculated directly from the input through 
feedforward connections. Static network is not able 
to learn dynamic relations which may be present in 
the model. In dynamic network, the output depends 

not only on the current input to the network, but also 
on the current and formerinputs and outputs.It can be 
achieved by introduction of feedback and delay ele-
ments. It is expected that application of the dynamic 
neural network as metamodel of the industrial pro-
cess should improve quality of the optimization, 
therefore, a brief description of this network is given 
below. 

The relation between input and output is de-
scribed by the formula: ݕሺ݇ሻ ൌ ݂൫ݔሺ݇ሻ, ሺ݇ݔ െ 1ሻ,… , ሺ݇ݔ െ ሺ݇ݕ															,ሻ െ 1ሻ,… , ሺ݇ݕ െ  ሻ൯ (1)ݍ

where: ݍ,	- the number of formerinputs and outputs 
which influence the current output value. 

The nonlinear autoregressive network with ex-
ogenous inputs (NARX) is a recurrent dynamic net-
work, with delays elements and feedback connec-
tions enclosing several layers of the network. The 
topology of NARX network is presented in figure 4. 
The "D" blocks represent unitary delay. 

The training of NARX network is similar to 
training of MLP network, but training data set con-
sists of values of discrete input and output signal.  

In order to verify the possibility of application of 
NARX network in metamodelling of dynamical 
system a following test was performed. Simple time-
variant SISO (Single Input, Single Output) system 
given by equation (2) was used as the model. 

 ቊݑሺ݇  1ሻ ൌ ሺ݇ሻ൯ݕ൫ܣ ∙ ሺ݇ሻݑ  ܤ ∙ ሺ݇ሻݕሺ݇ሻݔ ൌ ܥ ∙ ሺ݇ሻݑ  ܦ ∙ ሺ݇ሻݔ   (2) 

where: ݑሺ݇ሻ, ,ሺ݇ሻݔ ሺ݇ሻݕ ∈ Թ- state, input and output 
vectors, respectivelyܣ, ,ܤ ,ܥ  state, input, output -ܦ
and feedforward matrices, respectively 

Value of state matrix ܣ varies during the simula-
tion as the output value is changing. Training signal 
was generated by the model built using 
MATLAB/Simulink software. Figure 5 shows the 
scheme of the model described by equation (2). 

The generated training signal is shown in figure 
6. It consists of 50 step responses.  

The network composed of 4 layers (1, 10, 3 and 
1 neurons respectively) has been tested. The sigmoid 
function was chosen as the activation function of 
input and hidden layers and linearactivation function 
in the output layer. The number of delays was equal 
to 5 for input signal and 3 for feedback signal.  
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Fig. 4. NARX network (to avoid illegibility not all weights areshownin the figure). 

 

Fig. 5. Dynamic system built in MATLAB/Simulink. 

 

Fig. 6. Training signal for NARX network. 
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After training, test was performed using different 
signals, generated using the same scheme. The error 
was calculated usingfollowing equation: 
ߝ  ൌ ଵ∑ หݕ െ ேேหୀଵݕ   (3) 

where: ݊- the number of signal samples. 

The calculated error was equal to 0.0056. Figure 
7 presents input test signal as well as proper output 
and ANN's output. 

4. OPTIMIZATION OF CONTROLLED 
COOLING OF RAILS BASED ON 
METAMODELS 

Generally, models of the controlled cooling of 
rails built on the basis of Finite Element analysis are 
computationally time consuming, so their applica-
tion in the optimization iterative procedures is prac-
tically impossible. Therefore, the metamodelling 
approach was tested in the present work.  

Three MLP networks were used to build meta-
model, which predicts properties of rail after cooling 
process. These properties are: hardness of the rail 
head (ܤܪ), volume fraction of bainite (ܨ) and inter-
lameller spacing (ܵ). Input vector was composed of 
four variables: heat transfer coefficient (݄ܿݐ) and 
three parameters of cooling sequence (time of first 
immersion (ݐଵ), time of the air cooling (ݐ) and 
time of second immersion (ݐଶ)). Gathereddata set of 
2000 records was divided into training set (80% of 
records) and testing set (20% of records). The accu-
racy of metamodels was evaluated using the follow-
ing equation: 

ߝ  ൌ ඨଵ∑ ൬ ௬ି௬ಲಿಿ୫ୟ୶ሼ௬ሽି୫୧୬	ሼ௬ሽ൰ଶୀଵ ∙ 100%  (4) 

where: ݕ- the required value and ݕேே- the value 
predicted by ANN. 

Data for training the neutral network were gen-
erated by the model of accelerated cooling of rails. 
Detailed description of this model is given in (Pie-

trzyk & Kuziak, 2012). In this 
model equations describing 
microstructure and properties of 
eutectoid steels were imple-
mented in the finite element 
program, which calculates tem-
perature distribution in the rail. 

Obtained accuracy as well 
as ANN's topology are present-
ed in table 1. The objective of 
the optimization was to obtain 
as low as possible inhomogenei-
ty of the hardness (∆ܤܪ), vol-
ume fraction of bainite ܨ and 
interlamellar spacing ܵ. Inho-
mogeneity of the hardness was 
defined as: 

ܤܪ∆  ൌ ට∑ ଵ ቀுିுೌೡுೌೡ ቁଶ൨ୀଵ   (5) 

where: ݉ - the number of the Gauss integration 
points at the cross section of the rail head, ܤܪ௩ - 
average hardness at the cross section of the rail head. 

Optimization of the cooling of rails process was 
performed based on the described metamodel. Parti-
cle swarm optimization (PSO) method was used. 
This method is based on the behavior of populations 
of individuals. Particles traverse the decision space 
by following the particle representing the best solu-
tion found so far, while remembering the best posi-
tion at which they have been so far. Each particle is 
described by two vectors: position x and velocity v. 
New velocity vector is evaluatedin each iteration. It 
leads to the change of the position of the particle. 
The velocity vector changes according to the follow-
ing relationship: 

ሺ௧ାଵሻܞ  ൌ ሺ௧ሻܞݓ  ܿଵݎଵ ቀܘ െ ሺ௧ሻቁܠ  

 ܿଶݎଶ ቀܘ െ  ሺ௧ሻቁ  (6)ܠ

where xi
(t) and vi

(t) are the position and velocity of 
the i-th particle in the t-th iteration, respectively, pg 
defines the best position found so far by the swarm, 
pi is the best solution found so far by the i-th parti-
cle; w is defined as the inertia coefficient, c1 and c2 
are acceleration coefficients (called also training 
coefficients), r1 and r2 are random numbers from the 

 

Fig. 7. Test signal for NARX network. 
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[0,1] interval of the uniform distribution. The new 
particle’s position is defined as follows: 

ሺ௧ାଵሻܠ  ൌ ሺ௧ሻܠ   ሺ௧ାଵሻ  (7)ܞ

 

Table 1. Error values and topologies of the networks. 

 
After displacement of all particles to their new 

positions, they are subjected to an assessment and 
the swarm leader is selected. Coefficients values 
affect the swarm behaviour. The value of the inertia 
coefficient is usually selected from the [0,1] interval. 
A higher value is favourable for the global searching 
of the solution space, and a lower value for the local 
searching. Usually, the value is constant throughout 
the entire optimization process. However, it also 
may vary. Then, at the beginning, a high value is 
assumed, enabling global searching, and while ap-
proaching to the maximum that is sought, it gradual-
ly decreases. Acceleration coefficients are usually 
equal and selected from the [0,2] interval. The val-
ues are selected with the assumptions of the maxi-
mum particle velocities. The stop criterion is defined 
as the maximum number of iterations or the satisfac-
tory value of the solution. 

The goal of optimization was the determination 
of the values of heat transfer coefficient and parame-
ters of cooling sequence ensuring the minimal values 
of the hardness inhomogeneity in the rail head, vol-
ume fraction of bainite and interlameller spacing. 
The objective function was given by the equation: 

 Φ ൌ ට∆ܤܪ  ଶܨ  100ܵଶ  (8) 

The following block constraints were imposed 
on decision variables: 
 heat transfer coefficient (in the optimization it 

was understood as a decrease or increase of the 
heat transfer coefficient with respect to its basic 
value for the polymer solution) ݄ܿݐ ∈ሾെ500, 500ሿW mଶKൗ  

 parameters of cooling sequence ݐଵ, ,ݐ ଶݐ ∈ሾ1, 60ሿs 
Minimum value of the objective function was 

found for ݄ܿݐ ൌ െ389.6W mଶKൗ , ଵݐ ൌ 56.3s, ݐ ൌ

60s, ଶݐ ൌ 60s. These optimal process parameters 
result in the following rail head properties ∆ܤܪ ൌ0.126, ܾܨ ൌ 0.028, ܵ ൌ 0.132	μm.  

 
 

5. CONCLUSIONS 

The use of metamodel driven optimization ap-
proach to the problem of reduction of optimization 
procedure computing time of complex industrial 
problem was discussed in the paper. The idea of 
metamodelling was presented as well as results of 
application of this approach to optimization of con-
trolled cooling of rails (cooling by two immersions). 
Comparison of the obtained optimal process parame-
ters with these presented in Rauch et al. (2014) con-
firms that the accuracy of created metamodel was 
sufficient for optimization purposes. However, 
the obtained optimal values of rail head properties 
are not acceptable from the practical point of  
view (practical requirements are: ܾܨ ൏ 0.02;			ܵ ൏ 0.12	μm). It could be overcome by increasing 
the number of immersions and/or changing of the 
constraints.  

Another way to solve that problem can be fore-
seen in the use of the dynamic neural network 
(NARX) in metamodelling of the rail cooling pro-
cess.Application of the dynamic neural network 
gives the opportunity to model the variation of the 
temperature on a rail surface in function of time 
(during immersion and/or air cooling). Such model 
gives better prediction of the relationship between 
the temperature on the surface of the rail head and 
the evolution of considered parameters (∆ܨ ,ܤܪ 
and ܵ). Thus, it can be used in more precise optimi-
zation of their values. It can be expected, that the 
curve of the evolution of the temperature of the rail 
surface during immersion has a shape similar to that 
presented in figure 7. Optimization of the variation 
of the temperature on a rail surface can be seen as 
a first step in optimization of the cooling process. 
The second one would be a searchof a cooling tech-
nology following the optimal waveform of the tem-
perature evolution. However, elaboration of the dy-

Property of the rail ANN's topology Activation function Error 1-7-10-4 ܤܪ sigmoid;log-sigmoid;radial;linear 8.5379% ܨ 4-15-1 sigmoid;log-sigmoid;linear 9.5067% ܵ 4-2-12-1 sigmoid; sigmoid; log-sigmoid; linear 7.5214% 
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namic metamodel of the cooling of rails requires 
further research (measurements of the temperature 
evolution in function of time), which will be the goal 
of Authors future research. 
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OPTYMALIZACJA TERMOMECHANICZNYCH 

PROCESÓW PRZEMYSŁOWYCH WSPOMAGANA 
METAMODELOWANIEM 

Streszczenie 
 
Głównym celem artykułu jest przedstawienie strategii opartej 

na metamodelu w zastosowaniu do optymalizacji termomecha-
nicznych procesów przetwórstwa metali. Przedstawione podejście 
polega na zastąpieniu modelu rozważanego procesu poprzez 
metamodel, co pozwala na osiągnięcie znaczącej redukcji czasu 
obliczeń. Pomijalnie niski czas obliczeń umożliwia zastosowanie 
heurystycznych metod optymalizacji, które zwiększają prawdopo-
dobieństwo znalezienia optimum globalnego. W artykule przed-
stawiono ideę metamodelowania oraz wyniki optymalizacji wy-
branego procesu przemysłowego. 
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