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Abstract 
 

Computational homogenization enables replacement of a heterogeneous domain by an equivalent body with effective 
material parameters. Approach that we use is based on two-scale micro/macro analysis. In the micro-scale heterogeneous 
properties are collected in so-called representative volume elements (RVE), which are small enough to satisfy separation 
scale condition, but also large enough to contain all information about material heterogeneity. In the macro-scale the ma-
terial is assumed as a homogeneous with the effective material parameters obtained during RVE analysis. The coupling 
between both scales is provided at the selected macro-level points, which are associated to independent RVE. Then, ap-
proximation of solution in the whole domain is performed. Even though such a homogenization significantly reduces the 
time of computation, the efficiency and accuracy of the analysis are still not trivial issues. In the micro-level it is required 
to guarantee accurate representation of heterogeneity and at both scales the optimal number of degrees of freedom should 
be used.  

The paper presents application of one of the most efficient numerical techniques, i.e. automatic hp-adaptive FEM 
that enables a user to obtain error-controlled results in rather short time; assessment of homogenization error, that is cru-
cial for determination of parts of the body, where homogenization cannot be used and the hp-mixed FEM discretization 
details. 
 
Key words: homogenization, representative volume element, adaptive finite element method, mixed FEM 

 
 
 

1. INTRODUCTION 

Even though numerical homogenization speeds 
up solution of real-life problems for heterogeneous 
materials the time of computation may be very large, 
especially if nonlinearity is accounted for. Therefore, 
we discuss in this paper certain numerical aspects that 
should increase efficiency of computational homoge-
nization (Feyel, 2003; Gitman, 2006; Kouznetsova et 
al., 2004) without loosing its accuracy. 

Numerical analysis is performed by the automat-
ic hp-adaptive version of FEM (Demkowicz et al., 
2002). It is well known that the method gives the 
fastest convergence for linear problems. We have 
confirmed that one may expect the same situation 

for inelastic problems (Serafin and Cecot, 2012) and 
it may be used both at the micro and macro-levels. 

Since stresses are of primary interest we decided 
to use the mixed FEM, in which stresses are approx-
imated directly, rather than by derivatives of dis-
placements. The stability of this approach is a diffi-
cult task (Arnold et al., 2007) but efficient and stable 
hp-mixed FEM is possible if appropriate weak for-
mulation and shape functions are used. 

In order to increase reliability of the results the 
error of homogenization is estimated (Cecot et al., 
2012). We propose assessment of homogenization 
error by additional analyses in selected subdomains 
with boundary conditions determined by the homog-
enized solution. Residuum of the differential equa-
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tion for heterogeneous body may also be used as 
another criterion for detection of subdomains with 
large discrepancy between the exact and homoge-
nized solutions. 

2. ADAPTIVE FINITE ELEMENT METHOD 

In this paper automatic hp-adaptive finite ele-
ment method, proposed by Demkowicz et al. (2002), 
is used for numerical analysis. Its main adventage is 
exponential convergence, superior to h and p adapta-
tion techniques, where only algebraic convergence 
may be obtained. 

This automatic mesh adaptation was successfully 
used for various linear problems. Its key point is an 
appropriate strategy of anisotropic h, p or hp mesh 
refinement. The strategy proposed by Demkowicz et 
al. (2002) is based on the interpolation error esti-
mate, which is a good upper bound of the best ap-
proximation error that in turn, for coercive problems 
by the Cea's lemma, is the upper bound for the actual 
approximation error. The aforementioned interpola-
tion error is estimated making use of a fine mesh 
solution (ܝ୦/ଶ,୮ାଵ), denoted here for the sake of 
brevity by ܝ that serves as a substitute for the exact 
solution. Such an ''exact'' solution is interpolated 
locally by the possible new hp-refined meshes. The 
difference between ܝ and its interpolant approxi-
mates the interpolation error and the optimal aniso-
tropic mesh refinement is determined in such a way 
that the reduction of the interpolation error per num-
ber of additional degrees of freedom is maximal. It 
means that for the coarse mesh the optimal (h, p or 
hp) refinement is determined by maximizing the 
following expression  ω ൌ หିܝ∏ ౞౦ܝ หౄభమ ିหିܝ∏ ౞౦,౤౛౭ܝ หౄభమ୒బି୒ి       and  

 ωሺM୦୮,୭୮୲ሻ ൌ max୑౞౦,౤౛౭ ωሺM୦୮,୬ୣ୵ሻ  (1) 

with additional assumption that the mesh is one-
irregular, where M୦୮,୬ୣ୵, M୦୮,୭୮୲	denote arbitrary 
and the optimal new meshes, respectively; ∏ ୦୮ܝ , ∏ ୦୮,୬ୣ୵ܝ 	denote Hଵ projection-based interpolants 
on the current and optimal meshes, respectively; N଴, Nେ are the numbers of degrees of freedom in optimal 
and current meshes. The maximization is performed 
by search over a suitable subset of all possible hp 
refinements for every coarse mesh element. 

Thus, the algorithm of adaptation approach starts 
with the solution of the problem on the current 
(coarse) mesh (ܝ୦/ଶ,୮ାଵ). Then, the refinement in 

both h and p is performed and the optimal mesh is 
selected by maximization of the function ω defined 
by equation (1). For large problems computation of 
the fine mesh solution may be time-consuming. 
However, only partially convergent solution ob-
tained by e.g. a fast two-grid solver may be used to 
guide the optimal hp-refinement. 

In this paper convergence of hp adaptation strat-
egy for elastic-plastic problems is examined for two-
scale modeling and some modifications of the algo-
rithm are proposed. According to literature (Barthold 
et al., 1998; Cecot, 2007; Gallimard, 1996), inelastic 
deformations should be accounted for in a special 
way in a-posteriori error estimates in order to obtain 
appropriate stress approximation accuracy. Addi-
tional h-refinement is proposed along elastic-plastic 
interface, which is a place of lower solution regulari-
ty. Such an algorithm is called here modified (auto-
matic) hp-refinement. 

 

  
Fig. 1. RVE. Boundary conditions, elastic and plastic zones. No-
penetration boundary conditions were assumed on the left and 
bottom sides. Zero and constant loading (220 MPa) were ap-
plied at the top and right edges. 

Table 1. Material parameters. 

Material parameters inclusion matrix 

Young modulus (GPa) 300 100 

Poisson ratio 0.3 0.3 

Yield strength (MPa) 300 200 

Hardening coefficient (GPa) 30 10 

 
To verify the efficiency of automatic hp-adaptive 

FEM for inelastic problems RVE with cylinder-like 
inclusion was analyzed. A quarter of the domain was 
considered (figure 1). Both materials underwent 
elastic-plastic deformations. More precisely plane 
strain problem with the Mises yield condition, nor-
mality rule with kinematic hardening and boundary 
conditions, specified in figure 1, are considered. 
Material parameters are collected in table 1. After 
additional h-refinements of elements, which con-
tained both elastic and plastic parts, elastic-plastic 
zone was successfully detected. Comparison of 
meshes obtained by original and modified hp 



 INFORMATYKA W TECHNOLOGII MATERIAŁÓW 

 – 215 – 

C
O

M
P
U

TE
R
 M

E
T
H

O
D

S
 I
N

 M
A

T
E
R
IA

L
S
 S

C
IE

N
C

E
 

 

algorithm is shown in figure 2. Convergence 
history is presented in figure 3. On the basis of 
this and other, not presented here, examples 
one may conclude that the original automatic 
hp algorithm works well for inelastic prob-
lems, even though elastic-plastic interface is 
not detected in accurate way. 

 
 

   
  NDOF = 21048    NDOF = 54052 

Fig. 2. RVE. Mesh after 40 steps of original and 20 steps of modi-
fied hp-refinements (grey scale indicates order of approximation). 

 
Fig. 3. RVE. Convergence of error norm. 

3. MIXED FINITE ELEMENT METHOD 

Mixed method enables independent approxima-
tion of at least two fields. Such approximation of 
stresses is useful in multiscale computations, where 
homogenization is based on evaluation of stress in 
the micro-scale. However, stable mixed finite ele-
ments for solid mechanics are very difficult to con-
struct. They have to provide symmetry of stress ten-
sor and continuity of only traction across interele-
ment boundaries, rather than all the stress compo-
nents. One may use a modified Hellinger-Reissner 
principle, in which stress tensor symmetry is en-
forced in a weak way (Arnold et al., 2007; Qiu & 
Demkowicz, 2009). 

The problem has the following form: find ો ∈ H୲ሺdiv, Ω,Mሻ, ܝ ∈ LଶሺΩ, Vሻ and ܘ ∈ LଶሺΩ, Kሻ 
such that: 

 
 
 
 

∀ૌ ∈ H଴ሺdiv, Ω,Mሻ, ∀ܞ ∈ LଶሺΩ, Vሻ, ∀ܙ ∈ LଶሺΩ, Kሻ 
 
where M is the space of second order, but not neces-
sary symmetric tensors, K is the space of skew-
symmetric tensors.  

The example of a tensor shape function that ena-
bles obtaining continuous tractions at every point of 
element interfaces may have the following form 

 σx= ቈ x,ξy,η y,ξy,η
-x,ξx,η -y,ξx,η

቉ /detJ (3) 

where ξ and η denote coordinates of master element, x and y are coordinates of physical element, J stands 
for Jacobi matrix of transformation between those 
elements. 

One may also use formula obtained by Piola 
transformation that gives the following stress shape 
function possessing the same properties 

 	σx= ቂx,ξ y,ξ
0 0 ቃ /detJ (4) 

The main difference between both formulas is in 
definition of degrees of freedom (traction in nor-
mal/tangent or x/y directions). Comparison of trac-
tion components continuity of approximation by 
equations (3) and (4) is shown in figure 4. 

The RVE with square-like inclusion in plane 
strain state was considered as a benchmark for the 
proposed mixed approximation. A quarter of the 
domain was taken into account (figure 5) with ap-
propriate boundary conditions. Deformations were 
only in elastic range. In this example inclusion was 
much weaker than the matrix (Young modulus: 
0.002GPa and 200GPa, respectively; Poisson ratio 
for both materials: 0.3). Simulation of tension was 
performed and this way effective material parame-
ters were computed. Convergence of effective 
Young modulus obtained by classical FEM (dis-
placement formulation) and mixed method (dis-
placement-stress formulation) is compared in figure 
6. One may observe, that if we use both methods 
with small number of degrees of freedom we are 

ەۖۖ
۔ۖۖ
නۓۖۖ τ:C-1σ dΩ	൅න divτ.u	 dΩ	൅න τ.p 	dΩ	ൌ න τn.ܝෝ 	ds∂ΩΩΩΩන v.divσ	dΩ	Ω ൌ െ න v.b	dΩΩන q.σ	dΩ	ൌ0Ω

(2)
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able to evaluate effective value with a good accuracy 
as an average of both solutions. 

 

 
Fig. 5. RVE. Boundary conditions. No-penetration boundary 
conditions were assumed on the left and bottom sides. Zero and 
constant loading were applied at the top and right edges. 

4. MODELING ERROR ESTIMATION 

Replacement of a heterogeneous body by a ho-
mogenized one with effective material parameters 
introduces an error, related to incomplete infor-
mation about the microstructure. Thus, it may hap-
pen that the homogenization should not be used for 
certain part of the domain. A global explicit estimate 
using the homogenized (coarse) elasticity tensor and 
the actual fine-scale elasticity tensor was proposed 
by Zohdi et al. (1996). However, it is not able to 
capture local error. A scale adaptation strategy de-
veloped by Temizer and Wriggers (2011) was used 
to account for loss of accuracy for the finite defor-

mation analysis of macrostructures. In that method 
the adaptation zones that correspond to regions with 
high strain-gradients, are identified based on a post-

processing step on the homoge-
nized solution. Subsequently, for 
critical zones, exact microstructur-
al representation is introduced, 
without intermediate models. 

Here, other possibilities of 
modeling error estimation are pre-
sented, since this issue is essential 
for reliability of the results. One is 
based on the solution of heteroge-
neous problem in selected subdo-
mains with boundary conditions 
assumed on the basis of homoge-
nized solution. Such an error esti-

mate consists of a few steps: 
1) compute the homogenized solution u0 in domain Ω, 
2) select a part of the body, where the error should 

be estimated and consider heterogeneous mate-
rial in this subdomain, 

3) solve the boundary value problem for cut-off 
heterogeneous subdomain A with boundary con-

ditions resulted from homogenized solution; ob-
tain the solution uI and consider it in a smaller 
truncated part of the selected heterogeneous do-
main ۰, 

4) estimate the error between solution uI and ho-
mogenized one u0 in subdomain ۰. 
Another possibility is based on residuum, by 

analogy to the explicit residual error indicator for 
FEM solution (Babuska & Miller, 1987; Babuska & 
Rheinboldt, 1978). The proposed algorithm of ho-
mogenization error estimation may be stated in the 
following way: 
1) compute effective material parameters for ho-

mogenized domain, 

Fig. 4. Traction components continuity. The arrows along the common edge denote trac-
tions evaluated for stress fields of adjacent elements along this edge. 

Fig. 6. Effective Young modulus. 
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2) solve homogenized problem with effective 
properties to obtain u0, 

3) compute residuum R of equilibrium equation ܀ ൌ divો଴ ൅  for heterogeneous body in each ܆
macro-scale finite element, where ܆ denotes 
body forces, ો଴ stands for stress tensor (in fact, ܀ is a distribution; its norm, which we are inter-
ested in, may be bounded by the norms of regu-
lar part of ܀ and jumps of the first derivatives of 
the solution), 

4) compute jumps of tractions at interfaces of finite 
elements (۸ܑ܍ ൌ ାܑܜ െ ିܑܜ  on ∂߱௞) and material 
components (۸ܑܕ ൌ ୫ܑଵܜ െ ୫ܑଶ on ∂߱௠ܜ ⊂ ∂߱௞), 
where ∂߱௞ denotes common edge of adjacent 
elements and ∂߱௠ stands for material (m1, m2) 
interfaces, 

5) wherever ηRൌh‖R‖0൅h1/2‖Je‖0൅h1/2‖Jm‖0 is 
large, homogenization should not be used. 
The L-shaped domain in plane strain state was 

considered to perform numerical tests. The metal 
matrix was reinforced by cylinder-like inclusions, 
distributed uniformly. Assumed boundary condi-
tions, as well as material distribution, are shown in 
figure 7.  
 

  
 

Fig. 7. L-shaped domain. Boundary conditions and material 
distribution. 

A part of the domain (reentrant corner of L-
shaped domain – figure 8) was selected and estima-
tion by subdomain solutions was used. Estimated 
error for displacements is as follows ‖uെ u0‖0,B‖u0‖0,B

ൎ 0,13% 

The residual modeling error estimate was also 
used for this example. Residuum in each macro-
element of homogenized body was calculated and 
error indicators were evaluated. Assumed admissible 
error enables selection of subdomains, which should 
not be homogenized (figure 9). Automatic hp re-
finements enables obtaining a mesh that captures all 
the details of heterogeneity in selected subdomains. 

   
Fig. 8. L-shaped domain. Boundary displacements for cut-off 
heterogeneous domain A resulted from homogenized solution. 

 

 
Fig. 9. L-shaped domain with homogeneous and heterogeneous 
subdomains. New material distribution after excluding, on the 
basis of residual error estimate, two subdomains from homoge-
nization and appropriate FE mesh (gray scale indicates order of 
approximation). 

5. CONCLUSIONS 

The paper presents application of two efficient 
numerical techniques, i.e. automatic hp mesh adapta-
tion and mixed approximation for inelastic two-scale 
analysis. Prospects of both approaches were posi-
tively verified by solution of selected numerical 
examples. In order to obtain reliable results the error 
introduced by homogenization was estimated giving 
information about quality of the results. Numerical 
improvements of computational homogenization, 
presented in this paper, will be used in further appli-
cations of the approach in modeling of elastic-plastic 
composites 
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NUMERYCZNE ASPEKTY HOMOGENIZACJI 

OBLICZENIOWEJ 

Streszczenie 
 
Homogenizacja komputerowa pozwala na zastąpienie mate-

riału niejednorodnego przez ośrodek jednorodny z efektywnymi 
parametrami materiałowymi. Podejście to bazuje na analizie 
w dwóch skalach – mikro i makro. W skali mikro rozważa się 
materiał niejednorodny w tzw. reprezentatywnym elemencie 
objętościowym (RVE), który jest na tyle mały, żeby zapewnić 
separację skal, równocześnie na tyle duży, aby informacje 
o wszystkich niejednorodnościach zostały w nim zawarte. 
W skali makro zakłada się materiał jednorodny z efektywnymi 
parametrami materiałowymi otrzymanymi z analizy RVE. 
Transfer informacji między skalami dokonywany jest w wybra-
nych punktach skali makro, powiązanymi z niezależnymi RVE. 
Następnie dokonywana jest aproksymacja rozwiązania w skali 
makro. W ten sposób redukowany jest czas obliczeń, jednak 
należy zagwarantować poprawność uzyskanych wyników. 
W skali mikro niezbędne jest dokładne odzwierciedlenie mikro-
struktury, a w obu skalach optymalnej liczby stopni swobody.  

W pracy zastosowano dwie efektywne techniki numeryczne, 
t.j. hp-adaptacyjną wersję metody elementów skończonych, 
która pozwala na uzyskanie wiarygodnych wyników w stosun-
kowo krótkim czasie oraz sformułowanie wielopolowe pozwala-
jące uzyskać możliwie dokładną aproksymację naprężeń, będą-
cych głównym celem obliczeń. W publikacji zawarto również 
możliwości oszacowania błędu homogenizacji, niezbędnego do 
wyznaczenia obszarów, w których homogenizacja nie powinna 
być stosowana ze względu na zbyt duży błąd. 
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