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Abstract

In this paper we present an application of graph grammar for modelling a three dimensional hp adaptive finite el-
ement method for multi-physics simulations. The graph grammar model involves the process of generation of the
mesh with tetrahedral finite elements, the process of mesh adaptation by means of h refinement as well as interfacing
with the multi-frontal solver algorithm by translating the finite elements into a sequence of frontal matrices, being an
input for the multi-frontal solver algorithm. The paper is concluded with numerical results concerning an advanced
multi-physics problems, the propagation of an acoustic waves over the model of the human head.
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1. INTRODUCTION

1. INTRODUCTION

The paper presents an application of graph
grammar modeling for a three dimensional simula-
tions of multi-physics problems by means of the
finite element method (Hughes 2000). Such a simu-
lation consists of three dimensional mesh generation
followed by the execution of the multi-frontal direct
solver (Amestoy et al. 2000, Amestoy et al. 2001,
Paszynski et al. 2010a). In addition, we include ei-
ther h or p refinement procedure of the computation-
al mesh in order to increase the accuracy of the solu-
tion (Demkowicz et al. 2007, Paszynski & Dem-
kowicz 2006). The mesh generation, mesh refine-
ments and translation of the mesh into a sequence of
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matrices for the multi-frontal solver algorithm exe-
cution are expressed by graph grammar productions
(Paszynski & Paszynska 2008, Paszynski 2009a,
Paszynska et al. 2008, Paszynska et al. 2009,
Paszynska et al. 2012a, Paszynska et al. 2012b). The
mesh generation algorithm is expressed by a se-
quence of graph grammar productions, where each
graph grammar production generates a new single
finite element and connects the element to the face
of an already existing element. The computational
mesh is assumed to contain tetrahedral as well as
prism elements, thus, we distinguish several graph
grammar productions for generating a new tetrahe-
dral or prism element and adding the newly created
element to a face of some other element that can be
either tetrahderal or prism element. The mesh h re-
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finement algorithm consists of breaking tetrahedral
and prism elements. Each tetrahedral element is
broken into four smaller tetrahedral elements and
two piramid elements. The prism element is broken
into eight smaller tetrahedral elements. The mesh
generation and refinement is followed by the execu-
tion of the multi-frontal direct solver algorithm. The
input for the multi-frontal solver is a sequence of
element matrices with rows and columns associated
with finite element vertices, edges, faces and interi-
ors. We also introduce graph grammar productions
for transferring the computational mesh into a se-
quence of element frontal matrices for the solver
execution (Paszynski et al. 2010b, Paszynski et. al.
2011). The paper is concluded with numerical re-
sults presenting the generation of a computational
mesh and solution procedure for the problem of
acoustics of the human head.

2. ACOUSTIC OF THE HUMAN HEAD

We focus here on numerical simulations of the
acoustics of human head, modeled as concentric
spheres with a hole drilled with internal ear model
inserted. The tissue, skull and some parts of the in-
ternal ear are modeled as linear elasticity, while air
and parts of the internal ear filled with fluid are
modeled by linear acoustics (Demkowicz et al.
2011). We seek for elastic velocity ueu, +V and

pressure scalar field p e p, +V such that
bee(W.V)+ b, (p,v)=L(v), YveV (1)

beo(0.9)+b,,(p.q)=1,(q). VgeV 2)

bee(u7v): _[Q (Eijkl Uk Vij — Ps ®’u; v, )dx 3)

bulp.v)= [ pv,ds 4)
bulusg)==o? p; [ u,qds 5)
baa(p,Q)=an(Vp-Vq—k2pq)dx (6)
L)=[, pucvids (M)
L(g)=0 ©)

i, =0, ppeH'(Q,) is a finite energy lift of pres-
sure prescribed on T, , where Q, part is occupied
by an acoustical fluid, Q, part is occupied by a line-

ar elastic medium, T, is the interface separating the

two sub-domains, Iy, is the Dirichlet boundary of

the acoustic part. The spaces of test functions are
defined as

V:{veHl(Qa):trV:OonFDe } (10)
V:{qul(Qa):trqzoonFDa } 11

Here p, is the density of the fluid, p, is the
density of the solid, Eyy = (5,8, + 38,5, )+ 28,5,

is the tensor of elasticities, @ is the circular fre-
quency, ¢ denotes the sound speed, k=w/c is the
acoustic wave number and p,,. is the incident wave

impinging from the top p,.=e %" e=(~1,0,0).

For more details we refer to (Demkowicz et al.
2011).

3. GRAPH GRAMMAR PRODUCTIONS FOR
MESH GENERATION

The generation of the computational mesh is ex-
pressed as a sequence of graph grammar produc-
tions. This is illustrated in figure 1, where we start
from a graph with a single node attributed by S label,
and execute (Pinittet) graph grammar production, to
generate the structure of the first element. This is
followed by executing the sequence of graph gram-
mar productions (Paddtet2) replacing a face of one
of previously generated element by a newly generat-
ed neighbor. After executing a sequence of eight
productions we get the most simple representation of
the ball shape domain, approximated with tetrahe-
dral elements. In the real computation we generate
a ball shape mesh with 19,288 finite elements, and
we artificially drill an ear canal with cochlea in order
to simulate an internal ear, see figure 2.

4. GRAPH GRAMMAR PRODUCTIONS FOR
MESH ADAPTATION

In order to increase the accuracy of the numeri-
cal solution the computational mesh is ofthen refined
in the areas with low accuracy, either by performing
h refinement or p refinement. In our case the / re-
finement represents breaking of tetrahedral finite
element into smaller elements. This is illustrated in
figure 3. As a result we obtain four new tetrahedral
elements and two new pyramid elements.

The process of mesh refinement is represented
by a sequence of graph grammar productions pre-
sented in figures 4,5 and 6. The procedure starts with
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Fig. 1. Sequence of graph grammar productions for generation of the mesh.
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Fig. 3. Breaking of tetrahedral element into 4 tetrahedral ele-
ment and 2 pyramid elements.

Fig. 4. Graph grammar production (breakedge) breaking of an
edge into two new edges and one vertex.

Fig. 2. Left panel: Ball shape domain, Right panel: cross section
of the domain with an internal ear and cochlea. Additionally, the graph grammar production
generates the connectivity information. If an element
is neighboring some other already broken elements,
the corresponding face located between two broken
elements is also broken. This is done by executing
the graph grammar production (breakface) present-
ed in figure 5. The production generates face nodes

for three newly generated faces as well as edge

breaking element interior, which is done by execut-
ing graph grammar production (breakint) presented
in figure 6. The production generates interior nodes
for four new tetrahedral and two new pyramids, as
well as face and edge nodes for faces located on the
interfaces between newly generated elements.

Fig. 5. Graph grammar production (breakface) breaking of a face node into three interior nodes, three edge nodes, and a central node.
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nodes and one vertex. Finally, if there are common
edges shared between already broken elements, the
edges are also broken by executing graph grammar
production (breakedge) presented in Figure 4.

gorithm we refer to (Paszynski et al. 2010b,
Paszynski et. al. 2011). An input for the multi-
frontal solver algorithm is a sequence of frontal ma-
trices with rows and columns labeled by global iden-
tifiers of mesh nodes. The identifiers can be generat-

Fig. 6. Graph grammar production (breakint) breaking of a tetrahedral interior into two interior nodes of pyramid elements, three interi-

or nodes of three tetrahedral elements, as well as several interior face nodes, edge nodes.
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Fig. 7. Graph grammar production (generate) transferring a sub-graph of the graph representation of the mesh into a frontal matrix.

5. GRAPH GRAMMAR PRODUCTIONS
INTERFACING WITH MULTI-FRONTAL
SOLVER ALGORITHM

The computational mesh, possibly refined with
some / adaptations is transformed into a sequence of
frontal matrices for the multi-frontal solver algo-
rithm. For the details of the multi-frontal solver al-

ed by global browse of the computational mesh and
assigning labels to nodes. The process of generation
of the frontal matrix is based on the discretization of
the variational formulation, and the details can be
found in (Demowicz et al. 2007, Demkowicz et al.
2011). From the point of view of the graph grammar,
each sub-graph of the graph representation of the
mesh, representing a single finite element is trans-
ferred into a frontal matrix. This is illustrated in
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figure 7, where a sub-graph associated with a single
element is transferred into an element matrix, with
rows and columns representing interior, face, edge
and vertex nodes. This is actually the only place
where the multi-physics computations influence the
graph grammar model. In other words, the size and
the sparsity pattern of the element frontal matrix
depends on the multi-physics equations used.

(X

;‘?A

Fig. 8. Real part of the pressure in the domain with zoom to the
cochlea part

6. NUMERICAL RESULTS

We conclude the presentation with some numer-
ical results obtained for the propagation of the
acoustic waves with the simplified model of the
human head with cochlea. The cochlea, presented in
figure 2 has been connected with the skull by grow-
ing manually an additional bone elements between
the skull and the cochlea. In this model, the domain
consists of four concentric spheres, with a hole. The
most inner sphere is filled with an elastic material
with data corresponding to human brain. The first
layer is also elastic with constants corresponding to
human skull. The graph grammar is a model of data
structure transformations executed by the computa-

tional code. The process of mesh generation and
embedding of the cochlea is controlled by routines
setting the order of execution of graph grammar
productions. We have solved the computational
problem where we assumed that the interior of the
human head is filled with water. The results are pre-
sented in figures 8, with zoom at the cochlea part.
For more details on the numerical formulation and
more numerical results we refer to (Demkowicz et
al. 2011). The entire process of the computation can
be expressed as a sequence of graph grammar pro-
ductions, starting with productions responsible for
the mesh generation, adaptation and interfacing with
the solver:
(Pinittet)-(Paddtet2)™-(Pbreakinterior)"-
(Pbreakface)’-(Pbreakedge)’-(Pgenerate)”

7. CONCLUSIONS AND FUTURE WORK

In this paper we discussed a graph grammar
model for advanced computational process, namely
the three dimensional adaptive finite element meth-
od for the multi-physics problems. Expressing of the
computational problem by graph grammar produc-
tions has a sequence of advantages. First of all, we
can understand graph grammar productions as basic
undividable tasks. Next, for a given computational
problem, we can plot a graph of dependencies repre-
senting the partial order of execution of graph
grammar productions. We can color the graph, and
based on the colors we can schedule the tasks to
shared memory parallel machine, in order to obtain
best possible parallel implementation of the compu-
tational problem. It has been already done for two
dimensional grids (Paszyfnski & Schaefer 2009,
Paszynski 2009a, Paszynski 2009b) Another ad-
vantage of the graph grammar based representation
of the adaptive procedure, is the possibility of con-
structing Petri nets controlling the order of execution
of graph grammar production. Once we do that, we
can utilize computer science tools applicable for
Petri nets, such as plotting reachability graphs, au-
tomatic detecting of deadlock of mesh adaptation
procedure, and checking the correctness of the paral-
lel algorithms. This has been already done for two
dimensional grids (Szymczak et al 2011)
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GRAMATYKA GRAFOWA DLA ADAPTACYJNEJ
METODY ELEMENTOW SKONCZONYCH DO
SYMULACJI TROJWYMIAROWYCH PROBLEMOW
WIELO-FIZYCZNYCH

Streszczenie

W artykule tym przedstawiamy gramatyke grafowa do mo-
delowania adaptacyjnej metody elementéw skonczonych stuza-
cej do wykonywania trojwymiarowych symulacji problemow
wielo-fizycznych. W szczegdlnosci model gramatyki grafowej
obejmuje proces generacji siatki obliczeniowej zbudowanej
z elementdw czworo$ciennych, proces zaggszczania siatki obli-
czeniowej za pomoca mechanizmu h adaptacji, a takze interfejs
do solwera wielo-frontalnego uzyskany poprzez generowanie
ciggu macierzy frontalnych dla poszczegdlnych elementow
skonczonych. Artykut podsumowuja przyktadowe wyniki symu-
lacji dotyczace zagadnienia propagacji fal akustycznych na
modelu glowy ludzkie;j.
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