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Abstract 
 

The main aim of the work is development and comparison of algorithms for mesh creation that can be further used to 
investigate material behavior under loading conditions, on the basis of digital material representation. Particular attention 
is put on development of conforming meshes for two-phase materials. Two approaches are investigated within the present 
work. The first is based on mesh refinement along particular microstructure features. The second incorporates the cellular 
automata phase transformation model into the finite element adaptation technique. Description of the two approaches and 
an example of application of the obtained meshes to analyze multiscale material behavior under plastic deformation con-
dition are presented. 
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1. INTRODUCTION 

The recently observed significant need of the au-
tomotive and aerospace industries for new metallic 
materials that can meet strict requirements regarding 
weight/property ratio is a driving force for fast de-
velopment of modern steel grades. A wide range of 
innovative steels (TRIP, TWIP, DP, Bainitic, nano-
Bainitic etc.) as well as other metallic materials like 
aluminum, magnesium, titanium or copper alloys is 
being developed in various research laboratories 
around the world (Beladi et al., 2009; Robertson et 
al., 2008; Sabirov et al., 2008; Timokhina et al., 
2007; Kuziak et al., 2011). Complex thermomechan-
ical operations are applied to obtain highly sophisti-
cated microstructures with combination of large 
grains, small grains, inclusions, precipitates, multi-

phase structures etc. These microstructure features 
and interactions between them at the micro scale 
level during manufacturing or exploitation stages 
eventually result in highly elevated material proper-
ties at the macro-scale level. Parallel to the experi-
mental research on development of these materials, 
there is a need for a robust numerical model support-
ing the mentioned investigations. However, due to 
the complex nature of these microstructures, their 
behavior should not be homogenized in the form of a 
single flow stress model, like in the conventional 
approach to numerical simulations (Pietrzyk et al., 
2004; Malinowski et al., 2004). On the contrary, to 
capture the mentioned micro scale interactions dur-
ing numerical analysis, behavior of particular micro-
structure features need to be explicitly taken into 
account.  
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One of the possible solutions, to deal with the 
explicit representation of microstructure features 
during numerical analysis, is an approach based on 
the Digital Material Representation (DMR) (Ber-
nacki et al., 2007; Madej, 2010a). This technique 
and similar ones based on the same assumptions 
(image based analysis, digital microstructures analy-
sis, virtual microstructures analysis) are intensively 
studied and developed by researchers.  

Basic features and problems of the DMR are 
reasonably well addressed in scientific literature 
(Bernacki et al., 2007; Madej, 2010a). The problem 
of meshing the representative volume element 
(RVE) representing part of the material is one of the 
most important problems scientists face. Thus, the 
objective of the present work is to briefly present the 
Authors’ recent achievements in the field of devel-
opment of the DMR approach and to apply advanced 
techniques of the mesh generation to improve the 
reliability and quality of simulations based on the 
DMR. 

2. BASIC FEATURES OF THE DMR 

The main objective of the DMR is to create the 
digital microstructure with its features (grains, sub 
grains, grain boundaries, different phases etc.) repre-
sented explicitly and not in a homogenized manner. 
The created digital representation can be used, for 
example, to investigate inhomogeneous strain evolu-
tion around particular microstructure features during 
various materials processing operations. A lot of 
research in the area of DMR was done by the groups 
at Carnegie Mellon University by Dawson (2000), 
Alcoa Technical Center (Brahme et. al., 2006, Rolett 
et al., 2004), National Institute of Standard and 
Technology (Saylor et al., 2004), CEMEF Mines-
Paristech (Bernacki et al., 2007; Bernacki et al., 
2009; Logé et al. 2008), Imperial College (Zhang et 
al., 2011), The Catholic University of Leuven 
(Delannay et. al., 2006), Warsaw University of 
Technology (Kurzydlowski, 2010), AGH University 
of Science and Technology (Madej, 2010a; Rauch & 
Madej, 2010; Gawad et. al., 2008). The literature 
review on this subject is presented in another work 
by Madej (2010a).  

There are two major issues that have to be 
solved during creation of the numerical model on the 
basis of the DMR approach. The first is generation 
of the material microstructure with specific grain 
morphologies and properties. This is one of the most 
important algorithmic parts of systems based on the 

DMR. Such DMR is further used in numerical simu-
lations of processing or simulation of behavior under 
exploitation conditions. The more accurate the digi-
tal representation is, the more accurate the obtained 
results will be. The most commonly used methods 
are Voronoi tessellation, voxel method and serial 
sectioning, but also other methods such as cellular 
automata, sphere growth, inverse analysis or Monte 
Carlo are capable to generate polycrystalline micro-
structure. The problem of generating accurate digital 
material representations with various algorithms was 
extensively studied by one of the Authors in (Madej 
2010b, Madej et. al., 2011c) and is not addressed in 
the present work.  

The second issue that influences accuracy of the 
results obtained from simulations with DMR is the 
mesh density and its topology. Limited amount of 
research is devoted to this subject (see for example 
Bernacki et. al., 2008). This issue is investigated in 
detail within the framework of the present paper.  

As a case study, a digital material representation 
of a two phase microstructure was selected. Descrip-
tion of the approach to obtain digital representation 
of two phase microstructure was in detail described 
by Madej (2010c) and only briefly summarized in 
the present paper. Based on the obtained results dur-
ing and after phase transformation, three various 
approaches to create FE meshes are discussed, and 
examples of applying  multi-scale modeling are pre-
sented.   

3. DIGITAL MATERIAL REPRESENTATION 
OF A TWO PHASE MICROSTRUCTURE 

The problem of the digital material representa-
tion for two phase microstructures is discussed using 
steels as an example. Out of the few methods that 
can be used to create two phase microstructure, the 
Cellular Automata (CA) technique was selected in 
the present work. In this approach, the CA cell in the 
cellular automata space is described by several state 
and internal variables in order to properly describe 
the state of the material. Each cell can be in three 
different states: ferrite (α), austenite (γ) or in ferrite-
austenite (α/γ) as a cell lying in-between two phases. 
The internal variables describe, for example, how 
many ferrite phases are in a particular cell xcellferrites, 

or what are the carbon concentrations in each cell 
cconcentration. These internal variables are used in the 
developed transition rules that replicate mechanisms 
of phase transformation. The two major transition 
rules are defined to describe nucleation and growth 
of the ferrite phase. At the beginning of each time 
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step the number of nuclei is calculated. The grain 
nuclei are then generated randomly along the austen-
ite grain boundaries. When a cell is selected as 
a nucleus its state changes from austenite (γ) to fer-
rite (α). At the same time all the neighboring cells of 
the ferrite (α) cell change their state to ferrite-
austenite (α/γ). In the next time step these newly 
formed ferrite nuclei grow into the austenite phase. 
This process is controlled by a set of physically 
based equations describing for instance the velocity 
of the /  interface. When a ferrite phase grows 
according to the mentioned equations, the cells 
change their states from the austenite (γ) to ferrite 
(α) phase. When a change in the cell state occurs, the 
corresponding carbon concentration changes accord-
ing to the FeC diagram. As mentioned previously, 
details of this approach can be found in (Madej 
2010c). Examples of results obtained from the de-
veloped model during subsequent stages of the cool-
ing of low carbon steel are shown in figure 1.  

 
Fig. 1. a) microstructures obtained after subsequent cooling 
stages (black color represents progress phase transformation 
front) b) final microstructures with separated ferrite and austen-
ite grains. 

The developed phase transformation model was 
used to create a two phase representation of digital 
microstructure for subsequent mesh generation and 
numerical analysis. The prospective objective of this 
analysis can be simulation of dual phase or multi 
phase steels (AHSS - advanced high strength steels), 
which are now frequently used by the automotive 

industry. In these steels, combination of high 
strength and good workability is obtained by combi-
nation of the soft ferrite matrix with the tough is-
lands of martensite and/or bainite (Thomser et al., 
2009; Pietrzyk et al., 2010). In the present work, 
a simplifying assumption is made that at a certain 
stage of the transformation, accelerated cooling is 
applied, and remaining austenite is transformed into 
hard constituents. Thus the resulting microstructure 
is composed of soft ferrite (black areas in figure 1) 
and hard bainite or martensite. Due to the nature of 
the obtained microstructure, a significant gradients 
of solution (strain, stress etc.) are expected during 
numerical modeling. To enable accurate simulation 
of deformation of this microstructure the problem of 
appropriate mesh generation is discussed in the fol-
lowing chapters.  

4. UNIFORM MESH GENERATION FOR 
THE DMR 

An approach to incorporate obtained digital mi-
crostructures in the commercial FE software through 
user defined subroutines has been developed by 
Madej and co-workers (Madej et al., 2009; Madej, 
2010b,c). Based on the input data from the DMR, 
regarding topology and properties, the generation of 
the uniform triangular mesh can be performed in the 
commercial FE software Forge2D. Each finite ele-
ment within this mesh verifies with the underlying 
DMR to which grain it belongs. When particular 
groups of mesh nodes are located inside separated 
grains, this means that different grains are distin-
guished. These groups of elements take properties 
from the underlying two phase digital microstruc-
ture. Additional user defined variables are intro-
duced into the FE code to transfer and store infor-
mation from the DMR into the FE solution. Details 
of this approach can be found in another work by 
Madej (2010b). Examples of FE meshes with vari-
ous densities created using commercial software on 
the basis of the two-phase digital microstructure are 
shown in figure 2.  

As mentioned, due to significant differences in 
properties of subsequent phases or various crystallo-
graphic orientations of analyzed grains, strain and 
stress gradients are expected to occur along the 
phase or grain boundaries. To properly capture this 
behavior related to grain morphology, very fine fi-
nite element meshes have to be used, which leads to 
excessive computational time. As seen in figure 2, 
the finer the FE mesh is, the better the description of 
the phase boundary shape is. With coarser meshes 
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some microstructure features can even be neglected. 
However, to reduce computational time and main-
tain high accuracy of the solution along mentioned 
phase/grain boundaries, a decision was made to use 
specific non-uniform FE meshes that are refined 
along the phase/grain boundaries. Since the func-
tionality of refinement of finite elements along 
phase/grain boundaries is not available in the com-
mercial FE codes, the Authors decided to develop an 
in-house code for finite element non-uniform mesh 
generation. Two approaches were implemented and 
tested. The first is based on the final morphology of 
the two-phase microstructure where the mesh densi-
ty is prescribed prior to mesh generation. The second 
is based on the FE adaptation applied during the 
phase transformation process. Details of both inves-
tigated solutions are described below. 

 

 
Fig. 2. FE meshes with various densities created using commer-
cial software on the basis of the two-phase digital microstruc-
ture. 

5. NONUNIFORM MESH GENERATION  

Information provided from the digital micro-
structure regarding position of the grain boundary or 
other microstructure features is an input for the mesh 
generation algorithm that has the capability to create 
FE meshes refined along particular microstructure 
elements. As mentioned earlier in the present re-
search, a digital microstructure of a two-phase mate-
rial is used as input data. The image of the micro-
structure is transferred into the 2D or 3D space of 
cells representing the morphology of each micro-
structure feature by different colors. The digital mi-
crostructures with non periodic and periodic bounda-

ry conditions can be used during the mesh genera-
tion stage.  

The developed algorithm is composed from sev-
eral subsequent steps that are briefly described be-
low.  
– The first step is focused on establishing border 

nodes, which map the boundary between the 
grains, phases or other microstructure features. 
This stage is of importance as accurate recon-
struction of the borders lead to a good quality of 
conforming meshes that exactly describe investi-
gated microstructure geometries. Density of 
nodes is controlled by the  parameter. There are 
two approaches that can be used during boundary 
reconstruction. In the first method, nodes are 
added at the corners of each cell’s wall, which is 
adjacent to the cell of another color. In th way 
nodes are added along phase boundaries. This so-
lution accurately reproduces the division of areas 
stored in the digital material representation. 
However, this high level of accuracy during bor-
der reconstruction is associated with the occur-
rence of the stepped boundary between analyzed 
features (different phases, grains etc.) as shown 
in figure 3.  

 

 
Fig. 3. Nodes are located at the corners of each cell’s wall 
between two microstructure features.  

 
To avoid this behavior, a second method of bor-
der reconstruction can be used. In this approach 
nodes are created in the middle of the walls di-
viding cells assigned to various features. This 
method allows the creation of a border based also 
on lines at an angle of 45 degrees. However, 
matching elements based on the DMR image re-
quires additional corrections due to some misa-
lignment as shown in figure 4. As a consequence, 
during elimination of the presented sharp ele-
ments, a smoothing of the boundary is visible.  
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Fig. 4. Nodes are located in the middle of the walls dividing 
cells between two microstructure features. 

 
 The second step involves generation of nodes in 

the interior of investigated features. By assigning 
the appropriate position to each nodal point 
a precise control of the density of elements is ob-
tained. To control the size of finite elements in 
the area of the feature boundaries and in the inte-
rior of those features, a simple algorithm is intro-
duced that controls the density of nodes located 
in the areas of interest. Each nodal point is addi-
tionally described by a defined radius r. If anoth-
er node is found within the radius r, the location 
is rejected, otherwise a new node is created. Dif-
ferent values of r are defined for nodes close to 
the feature boundary or close to the center of the 
feature. In this way, a specific node distribution 
along the feature boundary is obtained.  

 Finally, based on the available nodal points the 
Delaunay triangulation algorithm is applied to 
create non-uniform meshes. The Delaunay trian-
gulation algorithm was chosen because it allows 
discretization only on the basis of available input 
nodes. Additionally, in the algorithm the process 
of adding subsequent nodes to the mesh is based 
on the reconstruction of the local area of meshes 
associated with the added vertex. These proper-
ties make this method an efficient tool for intro-
ducing changes in density of the elements at eve-
ry stage of the discretization process.  
The common algorithm for triangulation starts by 
forming the super triangle enclosing all the points 
from set V that have to be triangulated. Then, in-
crementally, a process of inserting the points p 
into the set V is performed. After every insertion 
step a search is made to find the triangles whose 
circumcircles enclose p. Identified triangles are 
then deleted from the set. As a result, an insertion 
polygon containing p is created. Edges between 
the vertices of the insertion polygon and p are in-

serted and form the new triangulation. After all 
the points are inserted, the Delaunay triangulation 
is created.  

 After the Delaunay triangulation, algorithms 
responsible for improvement of the mesh quality 
are applied. The criterion for improvement of the 
elements is determined by the value of the small-
est angle in the element . The basic algorithm is 
based on the modified weighted Laplace smooth-
ing approach (figure 5). The position of subse-
quent nodes is calculated as: 

 

(1)

 
where: {S1,…,Sn}, n – set and number of neigh-
bors of the point Pj, respectively, wi – weight as-
signed to point Si¸ v1, v2 – coefficient, N – num-
ber of points.  

 

 
Fig. 5. Modified weighted Laplace smoothing algorithm.  

After the smoothing algorithm, the mesh still 
may contain degenerated elements elongated in 
one direction. In this case a series of additional 
nodal points is added to the investigated space, 
and the mesh generation algorithm is performed 
again. Another technique is to use the finite ele-
ment edge swapping algorithm. Several iterations 
have to be applied to obtain satisfactory quality 
of the mesh.  

 The last stage of the mesh generation algorithm is 
to assign obtained finite elements to particular 
grains. An iterative grain assignment algorithm is 
implemented into the DMRmesh code. Details of 
this algorithm can be found in another work by 
Madej and co-workers (2011a,b).  
 
As a result, a final conforming mesh dedicated to 

numerical simulation that exactly replicates grain 
geometry is generated (figure 6). In this case, a mesh 
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is created for a two-phase microstructure that is ob-
tained after the end of phase transformation. Thus 
the algorithm is based on a final digital material 
representation revealing the position of the phase 
boundary in 2D space. As mentioned previously, the 
level of accuracy in the description of the phase 
boundary depends on proper selection of mesh pa-
rameters, namely: density of points along the phase 
boundary  and minimal finite element internal an-
gle . These parameters are set up prior to mesh 
generation and remains the same along the entire 
interface. The FE mesh presented in figure 6 was 
created with  = 0.5,  = 30o and precisely describes 
the shape of the phase boundary without any simpli-
fications, but it is also characterized by a large 
amount of finite elements. Examples of meshes cre-
ated with various sets of parameters (,) are pre-
sented in figure 7 and 8. As shown, the correctness 
of the description of the microstructure features in-
creases with an increasing amount of finite elements. 
Influence of the mesh density on the obtained solu-
tion will be addressed in the following chapter. In 
this approach, evolution of phase transformation 
does not influence the morphology of the FE mesh.  

 

 
Fig. 6. Final morphology of the FE mesh after the end of phase 
transformation. 

The obtained meshes are then used as input for 
the multi scale finite element modeling of material 
behavior subjected to multi scale tension simulation.  

The presented approach is extremely efficient 
with the only limitation being that the mesh density 
remains the same along every microstructure feature. 
To create an FE mesh that can additionally adjust 
a level of refinement in particular locations, another 
technique was used in the present work.  

 

 
Fig. 7. Morphology of the FE mesh after the end of phase trans-
formation for increasing  = 1,2,3,4 and constant  

 
Fig. 8. Morphology of the FE mesh after the end of phase trans-
formation for constant  = 1 and decreasing 


6. LOCAL MESH REFINEMENT AND 
ADAPTATION 

As mentioned above, the main aim of this part of 
the research is to enable creation of FE meshes with 
different mesh density at phase boundaries. The 
approach presented above takes into account only 
geometrical properties of modeled materials. Anoth-
er possibility is to consider the properties of numeri-
cal solutions as well. Mesh adaptivity can be used 
for this purpose, where elements of an original, ini-
tial mesh are subsequently divided based on some 
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refinement indicators. Mesh adaptivity has an ad-
vantage in that indicators for mesh refinement can 
be based on some error estimates, as well as on ge-
ometrical features.  

In the present work the sample is subject to load-
ing in the elastic regime while phase transformation 
proceeds. At the same time, mesh adaptation is per-
formed leading to final morphology of the FE mesh. 
Details of this approach are described below.  

The conventional adaptive finite element method 
is considered in the analyzed case. The combination 
of the FE and CA methods in the form of the concur-
rent CAFE (cellular automata finite element) model 
is applied. The information about progress in phase 
transformation is transferred from the CA to the FE 
at every calculation step. In this way, detailed in-
formation on the influence of the evolving phase 
boundary on inhomogeneous deformation is ob-
tained. Based on the error estimation, performed 
according to the classical Zienkiewicz-Zhu super-
convergent patch recovery method (Zienkiewicz & 
Zhu, 1992), mesh adaptation is realized. The mini-
mum level of refinement of each FE element is de-
scribed by the  parameter. In the present imple-
mentation the division of the global mesh to the 
patches of elements is applied and, for each patch, 
the recovered stress tensor * is obtained for its 
central node through L2 projection. Then calculation 
of the Zienkiewicz-Zhu error estimator is based on 
the standard equation: 

 he   **
 (2) 

where: h  - standard stress tensor computed using 
derivatives of shape functions. The error indicator 
for each finite element is calculated as the energy 
norm: 

 


  deDee T *1*
  (3) 

where: D  – the elasticity matrix with material con-
stants. In the case of multi-phase microstructures, 
different material properties are assigned to subse-
quent phases.  

The whole procedure is applied to numerical 
calculations of phase transformation during loading 
in the elastic regime according to the scheme pre-
sented in figure 9. The investigated evolution of the 
ferrite phase during deformation is presented in Fig-
ure 1.  
 

 
Fig. 9. Schematic illustration of the boundary conditions during 
FE calculations. 

The FE adaptation procedure is performed after 
every CA time step, when information about the 
progress of the growing ferrite phase into the sur-
rounding material is obtained, as schematically pre-
sented in figure 10 (the meshes in figure 10 are just 
examples and do not correspond to the actual mesh-
es used in the numerical experiments).  

The mesh is subsequently refined and de-refined 
along the moving phase boundary, and the material 
coefficients are changed due to the information ob-
tained from the CA. Change in material properties 
due to phase transformation influences the numerical 
solution. The elements in the mesh are divided if the 
error in the element is greater than the average error 
multiplied by an adaptation parameter r. As men-
tioned, at the same time elements can be clustered if 

 
Fig. 10. Schematic illustration of the concurrent cellular automata – finite element model.  
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the total error in all descendant elements is smaller 
than the average error multiplied by an adaptation 
parameter d. There is also a limit on the size of an 
element through which the division is carried. So the 
element refinement is performed only to the defined 
level of accuracy. With this approach, it is possible 
to precisely control the adaptation coefficients in 
order to obtain the optimum proportion between the 
accuracy and the calculation time. In the present 
work only information on obtained stress distribu-
tion is taken into account during mesh adaptation. 
As a result detailed information on morphology of 
the FE mesh in subsequent phase transformation 
steps can be obtained as seen in figure 11. Figure 11 
clearly shows the correlation between refinement/de-
refinement of the FE mesh and evolving ferrite 
phase during transformation. As a result, a specific 
FE mesh refined along the phase boundaries is ob-
tained as seen in figure 12. Due to the fact that adap-
tation is sensitive to the calculated stress gradient 
during loading, the level of refinement along various 
microstructure features is different (see figure 12). 
Density of the grid at grain boundaries and on the 
limits of the area where the force was applied, is 
evidence of the existence of the higher stresses and 
hence the higher value of an error. This is a major 
advantage of the method since a good quality mesh 
for further numerical simulation of plastic defor-
mation is obtained. Another advantage of adaptation 

is the possibility of almost unlimited division of the 
mesh in elements, in which the solution gradient is 
greater, with simultaneous clustering of elements in 
which an error is significantly smaller. Additionally, 
information on the position of the phase boundaries 
can be supplied to the mesh refinement procedure. In 
this way even better accuracy of the interface recon-
struction can be obtained.  

 

 
Fig. 12. Final morphology of the FE mesh after the end of phase 
transformation.  

Again, a lot of attention has to be put on proper 
selection of the  parameter, as the increasing size 
of the minimum level of refinement can result in an 
inaccurate description of the phase boundary as seen 
in figure 13.  

 
Fig. 11. Subsequent stages of FE adaptation during phase transformation. 
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The FE meshes, obtained with the two latter 
techniques, are input data for further multiscale 
analysis of material behavior during plastic defor-
mation.  

7. MULTISCALE MODELING ON THE 
BASIS OF THE DMR 

The obtained FE meshes presented in figures 6-
8, 12, and 13 are used during the multiscale investi-
gation of two-phase microstructure behavior under 

large plastic deformation. Calcu-
lations were performed using the 
commercial Abaqus FE soft-
ware.  The solution is based on 
the isotropic hardening model 
combined with the Levy-Mises 
flow rule. An isotropic model can 
be explained as an expansion of 
the yield surface without any 
change in the position of its cen-
tre in the defined stress space.  

A typical laboratory tensile 
test for investigating material 
behavior under loading condi-
tions was selected for the investi-
gation. The displacement bounda-

ry conditions were applied to obtain 10% of defor-
mation as seen in figure 14a. To properly capture 
both macro and micro scale deformation conditions, 
a concurrent multiscale model was created. The 
main idea of this model is based on the assumption 
that macro scale material behavior is modeled as 
a global model, with a relatively coarse finite ele-
ment mesh, which assures acceptable computational 
time. At the same time, a region in this global mesh 
is selected, and a finite element mesh created on the 
basis of the digital material representation is at-

Fig. 13. Final morphology of the FE mesh after the end of phase transformation for 
increasing  = 0.02 and 0.015. 

 

Fig. 14. Equivalent strain distribution obtained during a tensile test at the a) macro scale and b) micro scale with mesh created by non-
uniform generation, c) micro scale with mesh obtained through adaptation. 
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tached to represent material behavior at the micro 
scale. The displacement field calculated at the macro 
scale level is used at every time step as a boundary 
condition for the micro scale solution. As a result, 
the FE model provides general information concern-
ing strain, stress, etc. at the macro scale level as well 
as detailed information about microstructure behav-
ior at the micro scale level. Details on this approach 
regarding a flow stress model for macro as well as 
micro scale are presented elsewhere by Madej 
(2010a,b). 

As an example, the equivalent strain distribution 
obtained both at the macro and micro scales for the 
two most accurate FE meshes (figure 6 and 12) is 
presented in figure 14.  
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Fig. 15. Influence of number of finite elements on accuracy of 
the numerical solution. Meshes were obtained by a) increase of 
the  and  parameters, b) decrease of the  parameter.  

Similar calculations were performed for all in-
vestigated meshes to highlight that increasing accu-
racy of the phase boundary description to some ex-

tent influences also the accuracy of the FE solution 
during multi scale simulation. Various combinations 
of mesh generator parameters ( or ) significantly 
influence the number of FE elements. However, 
a clear threshold value in the number of elements 
can be identified, where influence of the mesh be-
comes less pronounced (see figure 16). The problem 
of minimization of mesh generation time will be 
addressed in future research.  

8. CONCLUSIONS 

Both presented approaches for generating FE 
meshes for multiscale modeling have their ad-
vantages and disadvantages. The first method based 
on non-uniform mesh generation works well when 
there is only one mesh required for the simulation 
procedure. In such a case, the mesh dedicated to 
a given geometry of the problem is created with 
optimal computational cost. The drawback of the 
method is the relatively long time required to adapt 
the particular morphology. Expensive procedures of 
remeshing combined with mesh improvement algo-
rithms have to be applied. Additionally the same 
level of refinement is maintained along various mi-
crostructure features and has to be specified prior to 
mesh generation. 

The second method, based on refinements and 
de-refinements, offers flexibility and speed in chang-
ing the mesh. It can be used for creating a single 
mesh for a simulation; however, in such a case not 
all of its potential is exploited. Nevertheless, even 
such a simple problem as the one presented in the 
paper reveals some of its advantages. One of the 
most important advantages is the possibility to refine 
and de-refine finite elements based on solution error 
estimates, which provides a desired FE mesh on the 
basis of physically motivated mechanisms. In this 
way a dedicated mesh refined in specific areas can 
be obtained for further multi scale calculations. Ad-
ditionally, FE meshes after subsequent phase trans-
formation stages are also available, which expands 
the possibility to perform numerical analysis of ma-
terial behavior under deformation. However, it 
should be stated, that further research in this area is 
required to support fast development of the digital 
material representation approaches.  
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OPRACOWANIE ALGORYTMÓW DO TWORZENIA 
SIATEK ELEMENTÓW SKOŃCZONYCH NA BAZIE 
TRIANGULACJI DELAUNAYA I ADAPTACYJNEJ 

METODY ELEMENTÓW SKOŃCZONYCH 
SKORELOWANEJ Z METODĄ AUTOMATÓW 

KOMÓRKOWYCH 

Streszczenie 
 
Głównym celem pracy jest opracowanie i porównanie algo-

rytmów generowania siatek, elementów skończonych, które 
można wykorzystać do badania zachowania materiału w warun-
kach odkształcenia z wykorzystanie idei cyfrowej reprezentacji 
materiału. W pracy szczególna uwaga została położona na od-
wzorowanie stopniem zagęszczenia elementów morfologii 
materiałów dwufazowych. W tym celu wykorzystano dwa różne 
algorytmy. Pierwszy oparty jest na utworzeniu siatki poprzez 
triangulacje Delaunay przy jednoczesnym jej zagęszczeniu 
wzdłuż poszczególnych elementów mikrostruktury. Drugi 
obejmuje wykorzystanie modelu przemiany fazowej opracowa-
nego na bazie metody automatów komórkowych i sprzęgnięcie 
go z algorytmami adaptacji siatki podczas rozwiązania MES 
zagadnienia liniowej sprężystości. Opis w/w algorytmów oraz 
przykład zastosowania uzyskanych siatek do wieloskalowej 
analizy zachowania się mikrostruktury w warunkach odkształ-
cenia plastycznego jest zamieszczony w ramach niniejszej pra-
cy. 
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