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Abstract 
 

The paper presents the multi-thread multi-frontal direct solver for shared memory architectures. The solver algorithm 
consists in a sequence of tasks executing recursive forward eliminations and backward substitutions over the constructed 
elimination tree. The tasks have been grouped into the sets of independent tasks that can be executed in parallel. The 
computational problem involves two dimensional model of the linear elastivity with thermal expansion coefficient. The 
finite element method model is used to simulate the Step-and-Flash Imprint Lithography (SFIL), a modern patterning pro-
cess utilizing photopolymerization to replicate the topography of a template onto a substrate. The multi-thread multi-
frontal direct solver has been implemented and tested on NVIDIA CUDA graphic card environment, delivering O(NlogN) 
execution time and O(N1.5) memory usage. 
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1. INTRODUCTION 

In this paper we present a new multi-frontal 
solver algorithm for two dimensional finite element 
method computations dedicated to the multi-core 
architectures. The multi-frontal solver is the best 
known algorithm for solving sparse linear systems 
resulting from finite element simulations. The algo-
rithm performs the LU factorization of the system of 
linear equations. It is an extension of the frontal 
solver algorithm, proposed in Irons 1970. The 
frontal solver browses finite elements, one-by-one, 
to aggregate degrees of freedom (d.o.f.). Fully as-
sembled d.o.f. are eliminated from the single front 
matrix. The multi-frontal solver (Duff & Reid, 1983; 
Geng et al., 2006; Paszyński et al., 2010) general-
ized the idea into the case of multiple fronts. The 
solver presented in this paper is the generalization of 

the multi-thread multi-core solver developed for 
finite difference method (Obrok et al., 2010). The 
generalization concerns the application of the solver 
to the finite element method computations of a linear 
elasticity problem (Hughes, 2000) utilized to simu-
late Step-and-Flash Imprint Lithography (SFIL). The 
solver algorithm utilizes the ideas developed by 
Paszyński and Schaefer (2010) and Szymczak et al. 
(2010) for shared memory architectures. The multi-
frontal solver is state-of-the art sparse direct solver 
utilized in industry in sequential implementations 
such as e.g. BSMFM (Fialko, 2009; Fialko, 2010) as 
well as parallel implementations such as e.g. 
PARDISO (Schenk & Gartner, 2002) or MUMPS 
(Amestoy et al., 2000; Amestoy et al., 2001; 
Amestoy et al., 2006).  
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2. STEP AND FLASH IMPRINT 
LITHOGRAPHY  

Step and flash imprint lithography (SFIL) is 
a patterning process utilizing photopolymerization to 
replicate the topography of a template onto a sub-
strate (Bailey et al., 2002; Colburn et al., 2001, 
Burns et al., 2004). The SFIL process can be de-
scribed in the following six steps, as it is illustrated 
in figure 1. 
1) dispense. The SFIL process employs a template / 

substrate alignment scheme to bring a rigid tem-
plate and substrate into parallelism, trapping the 
etch barrier in the relief structure of the tem-
plate, 

2) imprint. The gap is closed until the force that 
ensures a thin base layer is reached, 

3) exposure. The template is then illuminated 
through the backside to cure etch barrier, 

4) separate. The template is withdrawn, leaving 
low-aspect ratio, high resolution features in the 
etch barrier, 

5) breakthrough etch. The residual etch barrier 
(base layer) is etched away with a short halogen 
plasma etch, 

6) transfer etch. The pattern is transferred into the 
transfer layer with an anisotropic oxygen reac-
tive ion etch, creating high-aspect ratio, high 
resolution features in the organic transfer layer. 

 

 
Fig. 1. Step-and-Flash Imprint Lithography Process. 

The major processing steps of SFIL include: de-
positing a low viscosity, silicon containing, photo-
curable etch barrier on to a substrate; bringing the 
template into contact with the etch barrier; curing 
the etch barrier solution through UV exposure; re-
leasing the template, while leaving high-resolution 
features behind; a short, halogen break-through etch; 
and finally an anisotropic oxygen reactive ion etch 
to yield high aspect ratio, high resolution features. 

Photopolymerization, however, is often accom-
panied by densification. The interaction potential 
between photopolymer precursors undergoing free 

radical polymerization changes from van der Waals’ 
to covalent. The average distance between molecules 
decreases and causes volumetric contraction. Densi-
fication of the SFIL photopolymer (the etch barrier) 
may affect both the cross sectional shape of the fea-
ture and the placement of relief patterns. The exem-
plary shrinkage of the feature measured after remov-
ing the template is presented in figure 2.  

 

 
Fig. 2. Shrinkage of the feature after removal of the template 
(picture obtained from Prof. Grant C. Wilson from The Univer-
sity of Texas in Austin). 

3. LINEAR ELASTICITY WITH THERMAL 
EXPANSION COEFFICIENT 

The linear elasticity model with thermal expan-
sion coefficient (Hughes, 2000) is used to verify the 
material response of polymerized networks in cured 
etch-barrier layers that are formed during the third 
step of the SFIL process. 

 
Strong formulation 

Given   Rxgxg iDi i
 0: , , kl  and 0

ij , 

find Rui :  the displacement vector field such 
that  

 0, jij in   (1)  

 ii gu  in 
iD  (2) 

where ij  is the stress tensor, defined in terms of the 

generalized Hooke’s law  

   0
ijklklijklij c    (3)  

ijklc  elastic coefficients (known for a given materi-

al), 0
ij  initial stress. 0

ij  initial strain,  temperature,  

kl  thermal expansion coefficients, ij  is the 
strain tensor, defined to be  jiu , , the symmetric 
part of the displacement gradients 




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   2
,,

,
ijji

jiij
uu

u


  (4)  

where iu  displacement vector, jiu ,  displacement 
gradients.  

 
Weak formulation 

The weak formulation is obtained by multiplying 
(1) by test functions ii Vw   and integrating by parts 
over  .  

 0,  


dnwdw jijiijji   (5) 

Since ij  is symmetric tensor, then   ijjiijji ww  ,,   

(compare Hughes, 2000), and 0iw  on  , we get 

   0, 


dw ijji   (6) 

Finally, we substitute (3) into (6) and get  

     


dwdcwducw ijjiklijkljilkijklji
0

,),(,),(   

  (7)  

since  jiij u , . 
 

Abstract index-free notation 
For implementation issues, the most convenient 

is the following form:  
Find Vu  such that  

      wΣwΑuw,a  for all Vw  (8) 

where: 

        


duDεwεuw,a T  (9) 

      


dDαwεwΑ T  (10) 

      


d0TσwεwΣ  (11) 

Here 

  



















1,22,1

2,2

1,1

uu
u
u

uε ,  



















1,22,1

2,2

1,1

ww
w
w

wε  (12) 

 

















12

22

11

2



α  (13) 

where we have assumed the symmetry of 2112   , 
thus 122112 2  , 

 

















0
12

0
22

0
11





0σ  (14)  

and 

 

















332313

232212

131211

DDD
DDD
DDD

D  (15) 

and the coefficients of IJD  are related to coefficients 
of ijklc  as ilustrated in table 1.  

 

Table 1. Coefficients of ijklIJ cD  tensor 

I / J i / k j / l 

1 1 1 

3 1 2 

3 2 1 

2 2 2 

4. MULTI-FRONTAL MULTI-TASKS 
DIRECT SOLVER  

The multi-frontal multi-tasks direct solver starts 
with creation of the elimination tree, presented on 
the top panel in figure 3. The exemplary four finite 
element computational domain is partitioned into 
vertical slices subdomains. The unknowns called the 
degrees of freedom (d.o.f.) – the horizontal and ver-
tical components of the displacement vector field – 
are related with finite element vertices. The two 
subdomains local matrices are created.  

In the presented example there are two frontal 
matrices, the first one related to the first slice of the 
mesh, the second one related to the second slice of 
the mesh. Both frontal matrices are constructed in 
concurrent. Actually we distinguish the creation of 
particular rows of the frontal matrices. We can name 
the tasks responsible for constructing of the frontal 
matrices as  

 {(AR1)k, (AR2)k, (AR3)k, (AR4)k, (AR5)k,  
 (AR6)k, (AR7)k, (AR8)k } (16) 

since there are 8 rows in each frontal matrix. Notice 
that d.o.f. related to external vertices are fully as-
sembled, and the d.o.f. related to the common edge 
are not fully assembled yet. In other words, the rows 
of the frontal matrices associated with subdomain 
external vertices are fully summed up, and these 
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rows can be eliminated by subtracting from the re-
maining rows. On the other hand, the rows of the 
frontal matrices associated with subdomain common 
edge are not fully summed up, only half of the row 
contribution is assembled into a single frontal ma-
trix. These rows cannot be eliminated yet, but we 
can subtract the fully assembled rows from 
them.This procedure is presented in figure 3. In the 
first frontal matrix we subtract rows associated to 
external vertices (0,0), (0,1) and (0,2) from the rows 
associated to the common edge (1,0), (1,1) and (1,2). 
In the second frontal matrix we subtract rows asso-
ciated to the external vertices (2,0), (2,1) and (2,2) 
from the rows associated to the common edge (1,0), 
(1,1) and (1,2). Notice that these subtractions can be 
performed in concurrent. We denote the tasks of 
rows subtraction by 

 {(ER2-1)k, (ER3-1)k, (ER4-1)k, (ER5-1)k, (ER6-1)k,  
 (ER3-2)k, (ER4-2)k, (ER5-2)k, (ER6-2)k,  
  (ER4-3)k, (ER5-3)k, (ER6-3)k } (17) 

 
where k = 1,2 denote the frontal matrix index. 

In the next step of the algorithm, the right bot-
tom parts of both frontal matrices are merged to-
gether. These parts resulting from the partial forward 
eliminations correspond to so-called Schur comple-
ments. The parts are merged together into a single 
interface frontal matrix associated with the common 
edge vertices (1,0), (1,1) and (1,2). All these rows 
are fully assembled now, and we can perform the 
full elimination of these rows. In other words we 
execute the following row subtracting tasks 

 {(ER2-1)3, (ER3-1)3, (ER3-2)3} (18) 

 

Fig. 3. Elimination tree and the summary of the solver algorithm. 
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Finally, the solution to the common edge prob-
lem is obtained by performing backward substitution 
over the interface matrix. The solution is also uti-
lized to perform the backward substitutions over the 
two frontal matrices. The solution from the common 
edge is copied to the bottom part of the right hand 
side of both systems, the right bottom parts of both 
frontal matrices are set to the identity matrix, and 
backward substitutions are executed. The backward 
substitutions can be expressed by the following tasks 

{(BS3)3, (BS2)3, (BS1)3, (BS6)k, (BS5)k, (BS4)k, 
 (BS3)k, (BS2)k, (BS1)k} (19) 

Having all the operations expressed as basic un-
dividable tasks, we can find the dependency relation 
between tasks, so the tasks can be grouped into sets 
of independent tasks that can be executed fully in 
parallel. The two tasks are dependent if the second 
one must be executed after the first one. The de-
pendency relation between the aggregation and elim-
ination tasks is the following: 

 {(ARi)k D (ERm-n)k} (20) 

where k = 1,2, I = 1,...,8 and m = 2,...,6 and n = 
1,2,3. 

The dependency relation between the elimina-
tion tasks is the following: 

(ER2-1)k D (ER3-2)k, (ER3-1)k D (ER3-2)k, (ER2-1)k  
D (ER4-2)k, (ER4-1)k D (ER4-2)k, (ER2-1)k D (ER5-2)k, 
(ER5-1)k D (ER5-2)k, (ER2-1)k D (ER6-2)k, (ER6-1)k  
D (ER6-2)k, (ER3-2)k D (ER4-3)k, (ER4-2)k D (ER4-3)k, 
(ER3-2)k D (ER5-3)k, (ER5-2)k D (ER5-3)k, (ER3-2)k  
D (ER6-3)k, (ER6-2)k D (ER6-3)k, (ER4-3)k D (A),  
(ER5-3)k D (A), (ER6-3)k D (A), (A) D (ER2-1)3,  
(A) D (ER3-1)3, (ER2-1)3 D (ER3-2)3,  

(ER3-1)3 D (ER3-2)3  (21) 

And the dependency relation between the back-
ward substitution tasks is the following: 

(ER3-2)3 D (BS3)3, (BS3)3 D (BS2)3, (BS2)3 D (BS1)3, 

(BS1)3 D (BS6)k, (BS6)k D (BS5)k, (BS5)k D (BS4)k, 

(BS4)k D (BS3)k, (BS3)k D (BS2)k, (BS2)k D (BS1)k  

  (22) 

Following Diekert and Rozenberg (1995), using 
the dependency relation we can automatically 
schedule tasks into the sets of independent tasks that 
can be executed in parallel: 

[(AR1)1(AR2)1(AR3)1(AR4)1(AR5)1(AR6)1(AR7)1 

(AR8)1(AR1)2(AR2)2(AR3)2(AR4)2(AR5)2(AR6)2 

(AR7)1(AR8)2] 

[(ER2-1)1(ER3-1)1(ER4-1)1(ER5-1)1(ER6-1)1(ER2-1)2 

(ER3-1)2(ER4-1)2(ER5-1)2(ER6-1)2] 
[(ER3-2)1(ER4-2)1(ER5-2)1(ER6-2)1(ER3-2)2(ER4-2)2 

(ER5-2)2(ER6-2)2] 
[(ER4-3)1(ER5-3)1(ER6-3)1(ER4-3)2(ER5-3)2(ER6-3)2] 
[(A)] [(ER2-1)3(ER3-1)3] [(ER 3-2)3] 
[(BS3)3] [(BS2)3] [(BS1)3] [(BS6)1 (BS6)2] [(BS5)1 
(BS5)2] [(BS4)1 (BS4)2] 
[(BS3)1 (BS3)2] [(BS2)1 (BS2)2] [(BS1)1 (BS1)2]  (23) 

The groups are denoted by square brackets and 
are called the Foata Normal Form (Diekert & Ro-
zenberg, 1995). The procedure can be recursively 
generalized into square shape subdomains with more 
finite elements. In this case, the subdomain frontal 
matrices will be associated with vertical slices, the 
fully assembled d.o.f. that can be eliminated are 
located inside the slices, and the interface problem 
will be solved recursively by merging partially as-
sembled rows and eliminating currently fully assem-
bled rows. 

Having the solver algorithm expressed as se-
quence of sets of independent tasks, the algorithm 
can be mapped into shared memory architecture. 
The general idea is the following. All tasks from 
a set of tasks can be executed in concurrent. In other 
words, we can execute all tasks from the first set at 
the same time, followed by the global barrier, and 
then we can execute all tasks from the second set at 
the same time, and so on. Tasks work on global 
memory, so no communication between tasks is 
necessary. The synchronization is restriced to global 
barriers executed after each set of tasks. NVIDIA 
CUDA architecture consists in several computing 
nodes, with multiple cores. In order to be able to 
execute many tasks in concurrent over the same 
node, the tasks must be identical but they may work 
on different input data. In our Foata Normal Form 
each set of tasks actually consists of the identical 
tasks (either agregations or subtractions of rows or 
backward substitution) so this condition is fullfilled. 
The tasks work on frontal matrices stored in GPU 
global memory, in a linear fashion – all levels of the 
elimination tree from leaf nodes up to the root are 
constructed in the global memory dynamically level 
by level.  

5. NUMERICAL RESULTS 

We conclude the paper with numerical results 
concerning the computations of the linear elasticity 
with thermal expansion coefficient for the Step-and-
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Flash Imprint Lithography, performed by the multi-
thread multi-frontal direct solver. 

The graphics for the numerical results presented 
in figure 4 have been obtained by using fortran hp2d 
code (Demkowicz, 2007), and the scalability of the 
solver over the GPU shared memory architecture has 
been presented in figure 5. The time measured corre-
sponds to the total execution time of the solver for 
given number of degrees of freedom.  

The solver has been executed on PC with Intel 
Core 2 Duo E8400 processor and Nvidia GeForce 
275 GTX graphics card with 240 processing cores 
and with 896 MB of memory.  

The solver scheduled the tasks according to the 
Foata Normal Form presented in section Multi-
thread mulit-frontal direct solver algorithm. 

The computational cost of the two dimensional 
solver can be estimated in the following way. The 
solver constructs the binary elimination tree with 
depth log N. The leaves in the elimination tree con-
tains the systems with 3N0.5 d.o.f. and we eliminate 
N0.5 d.o.f. by performing concurrent subtractions of 
rows. The computational cost of this operation is 
3N0.5N0.5 = O(N). Since the depth of the elimination 
tree is logN the total computational cost is 
O(NlogN). Summing up the two dimensional solver 
delivers O(NlogN) execution time. 
 

 

 
Fig. 4. The horizontal and vertical components of the resulting 
displacement vector field. 

The limitation of the solver is the capacity of the 
graphic card memory. This is because the entire 
elimination tree with all generated frontal matrices 
must be kept in GPU memory until the backward 
substitution stage. Thus the memory usage of the 
solver is equal to the amount of memory required to 
store the entire binary elimination tree, with number 
of nodes equal to the number of elements. The nodes 
of the elimination tree contain the frontal matrices 
with O(N0.5) degrees of freedom. The size of each 
matrix is O((N0.5)2) = O(N). The number of leaves in 
elimination tree is O(N0.5). The tree is binary, thus 
the total number of nodes is 2N0.5 = O(N0.5). Thus the 
memory usage of the solver is O(N1.5). The maxi-
mum problem that could be solved on the presented 
graphic card with 896 MB of memory was N = 216 = 
65536 degrees of freedom. 

 
Fig. 5. The scalability of the solver algorithm. 

The computing time of the proposed solver is 
compared against the state of the art MUMPS solver 
executed on CPU. The MUMPS solver results are 
summarized in table 2. The comparison implies that 
for 10000 degrees of freedom the GPU solver deliv-
ers solution within 0.1 second, while the MUMPS 
solver delivers solution within 0.2 second. For 
65536 degrees of freedom the GPU solver delivers 
solution within 2 seconds, which is of the same or-
der as the MUMPS solver solution time.  

Table 2. Computing time for the 2D MUMPS solver. 

Grid size in one 
 dimension 

Number of degrees  
of freedom Time [s] 

100 10000 0.220 

200 40000 0.904 

300 90000 2.048 

400 160000 4.060 

500 250000 6.592 
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The execution times are of the same order, how-
ever our solver is parallel, and we compare against 
sequential MUMPS. The reasons while our parallel 
solver is not faster than sequential MUMPS solver 
are the following. First, the MUMPS solver is highly 
optimized and uses optimized BLAS libraries, such 
as LAPACK and BLAS while our solver uses home 
made matrix operation routines (no numerical alge-
bra libraries for GPU are used). Second, the CPU 
utilized for MUMPS solver is Intel Core 2 Duo 
E8400 with 3GHz clock, while processing cores on 
GPU have 650 MHz clock, so the GPU processing 
cores are 5 times slower than CPU, and CPU is dual 
core.  

6. CONCLUSIONS 

In this paper the multi-thread multi-frontal direct 
solver for shared memory architecture was present-
ed. The solver was dedicated to the two dimensional 
computations of the linear elasticity with thermal 
expansion coefficient by means of the finite element 
method. The solver was expressed as a sequence of 
tasks involving row subtractions for recursive for-
ward elimination pattern, followed by recursive 
backward substitutions. The tasks were scheduled 
according to the obtained Foata Normal Form, rep-
resenting sets of independent tasks that can be exe-
cuted in concurrent. The solver delivers O(NlogN) 
execution time and O(N1.5) memory usage. 
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WIELOWĄTKOWY SOLVER WIELO-FRONTALNY 

WYKONUJĄCY SYMULACJE METODĄ ELEMENTÓW 
SKOŃCZONYCH PROCESU NANOLITOGRAFII PRZEZ 

NAŚWIETLANIE I WYCISKANIE 

Streszczenie 
 
W artykule zaprezentowano wielowątkowy solver wielo-

frontalny dla architektur o pamięci współdzielonej. Algorytm 
solvera przedstawiony został w postaci sekwencji tasków wyko-
nujących rekurencyjnie częściowe eliminację oraz podstawiania 
wstecz w oparciu o skonstruowane drzewo eliminacji. Taski 
pogrupowane zostały w grupy niezależnych tasków wykonywa-
nych współbieżnie. Algorytm solvera przetestowany został na 
dwuwymiarowym problemie liniowej sprężystości ze współ-
czynnnikiem rozszerzalności cieplnej. Przeprowadzono obliczenia 
za pomocą metody elementów skończonych procesu nanolitogra-
fii poprzez naświetalnie i wyciskanie, stanowiącej nowoczesną 
technologię produkcji układów scalonych wykorzystującą zjawi-
sko fotopolimeryzacji. Algorytm solvera został zaimplemento-
wany i przetestowany w środowisku karty graficznej NVIDIA 
CUDA, osiągając czas wykonania rzędu O(NlogN) oraz zużycie 
pamięci rzędu O(N1.5). 
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