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Abstract

In this paper we present a new parallel algorithm of the self-adaptive hp Finite Element Method (Ap-FEM) with
shared data structures. The algorithm generates in a fully automatic mode (without any user interaction) a sequence of
meshes delivering exponential convergence of the prescribed quantity of interest with respect to the mesh size (number of
degrees of freedom). The sequence of meshes is generated from the prescribed initial mesh, by performing /# (breaking
elements into smaller elements), p (adjusting polynomial orders of approximation) or /p (both) refinements on selected
finite elements. The new parallel implementation utilizes a computational mesh shared between multiple processors. All
computational algorithms, including automatic /p adaptivity and the solver, work fully in parallel. We present details of
the parallel self-adaptive hp-FEM algorithm with shared computational domain, as well as its efficiency measurements.
The presentation is enriched by numerical results of the 3D DC borehole resistivity measurement simulations.

Key words: parallel computing, #p-FEM, borehole resistivity measurement simulations

1. INTRODUCTION

The self-adaptive Ap Finite Element Method (/p-
FEM) for two and three dimensional elliptic and
Maxwell problems were designed and implemented
by the group of Leszek Demkowicz (Demkowicz
2006; Demkowicz et. al. 2007). The codes generate
a sequence of 4p meshes providing exponential con-
vergence of the numerical solution with respect to
the mesh size. The parallel version of the two and
three dimensional algorithms have been designed
and implemented based on the distributed domain
decomposition paradigm, illustrated on the left panel
in figure 1 (Paszynski et. al. 2006; Paszynski &
Demkowicz 2006). The main disadvantage of the
distributed domain decomposition based parallel
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code was the huge complexity of the mesh transfor-
mation algorithms executed over the computational
mesh stored in distributed manner. In particular,
there exists the following mesh regularity rules: (1)
the one irregularity rule, imposing that a finite ele-
ment cannot be broken for the second time without
first breaking larger adjacent elements, and (2) the
minimum rule, which guarantees that the order of
approximation over a face must be equal to the cor-
responding orders of approximation from adjacent
element interiors, and the order of approximation
over an edge must be equal to corresponding orders
of approximation from adjacent faces. The main
technical difficulty was to maintain these mesh regu-
larity rules over the computational mesh partitioned
into sub-domains, e.g. a refinement performed over
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one sub-domain may require a sequence of addi-
tional refinements over adjacent elements, possibly
located at adjacent sub-domains. A partial solution
to the problem was the introduction of the ghost
elements, in order to simplify mesh reconciliation
algorithms (Demkowicz et. al. 2007; Paszynski &
Demkowicz 2006). However the introduction of the
ghost elements increased the communication cost,
especially after many refinements, since a layer of
initial mesh elements, possibly broken into many
smaller elements, must be exchange between adja-
cent sub-domains. In this paper we propose an alter-
native parallelization technique, based on the shared
domain decomposition paradigm, illustrated on the
right panel in figure 1. The entire data structure with
the computational mesh is stored on every processor.
However, the computations performed over the
mesh are shared between processors. It is done by
assigning so-called processor owners to particular
mesh elements, and executing computations over
these elements by assigned processors. This is usu-
ally performed by sharing the algorithm’s loops by
many processors, followed by mpi allreduce
call merging results. We will present how the self-
adaptive Ap-FEM algorithm can be parallelized in
this way.

Shared
Domain Decomposition

Distributed
Domain
Decomposition

Fig. 1. The shared domain decomposition as opposed to the
distributed domain.

2. THE DATA STRUCTURE SUPPORTING
MESH REFINEMENTS

In this section we present a data structure sup-
porting mesh refinements. The regular initial mesh is
generated as consisting of many element objects,
with each element having four vertex objects,
four edge node objects, and one interior node.
These relations are presented by using the Unified
Modeling Language (UML) diagrams (Booch et. al.
1994). The node object type varies between

‘medg’ for an element edge and ‘mdlqg’ for and
element interior. However, the element objects
are created only for the initial mesh, and mesh re-
finements are obtained by creating new node and
vertex objects, and adding them as sons of bro-
ken edge and interior node objects. This is illus-
trated in figure 2. An element is broken in two steps.

node
solution_d.o f. vertex

geometry_d.o.f. element coordinates
processor_owners | processor_owner [~ solution_d.o.f.
type Processor_owners

order_of_approximation

Fig. 2. The UML diagram presenting initial mesh elements
structure.

vertex
node | father node sons | node
—— —_——
father 039
node
= edge_refined
element_refined
= d refinement_flag
.errtor f €Cges | order
Isotropy_] agh " 4 orders
coarse_mesn_solution arror
middle_node edge_node

node I TG I
type = 'mdlqg’ type = 'medg'

Fig. 3. The UML diagram presenting the father-son relations
utilized for mesh refinements as well as the data structure man-
aging mesh refinements.

First an element interior node is broken, and then
element edges are broken. An element interior can
be broken into one new edge node object and two
new element interior node objects (which corre-
sponds to anistropic / refinement) or into one new
vertex object, four new edge node objects, and
four new element interior node objects (which
corresponds to isotropic # refinement). An element
edge node object can be broken into one new
vertex and two new edge node objects. An
element vertex is never broken. An additional data
structure is utilized to collect error estimations over
the coarse mesh elements, to be able to perform op-
timal mesh refinements. This data structure is illus-
trated in figure 3. In the new parallel version of the
code the entire data structure is stored on every
processor, but initial mesh elements are assigned to
different processor owners, as it is illustrated in fig-
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ure 1. Thus, the element object has proces-
sor owner attribute, compare figure 2. Vertices

or edge nodes can be assigned to one or many proc-
essors since they are shared between adjacent ele-
ments, with possibly different processor owners.
Thus, the vertex and element node objects have the
processor_owners list.

3. PARALLEL AUTOMATIC HP

ADAPTIVITY

In this section, we present the shared memory

parallel version of the self-adaptive 4p-FEM

1.

The coarse initial mesh is generated on every
processor. The elements are assigned to different
processors, by filling processor owner at-
tribute of the element object. It is done either
by interfacing with the ZOLTAN
(ZOLTAN). The  element’s
sor owner attribute is filled on every proces-

library
proces-—

sor.
The additional data structure presented in figure
3 is initialized. The element refined ob-
jects are created for each active finite element.
The middle node links are related with inte-
rior nodes of active finite elements, represented
by node objects with type='mdlqg’. The
edge refined objects are created for all ac-
tive finite element edges. The edge node
links are related with element edge nodes, repre-
sented by node objects with type='medg’.

The computational problem is solved over the
current coarse mesh, by utilizing MUMPS paral-
lel direct solver (Amestoy et. al. 2000; Amestoy
et. al. 2001). Each processor stores the local so-
lution vector at its active finite element node
and vertex  objects, in the solu-
tion d.o.f. attribute. The coarse mesh so-
recorded  at
coarse mesh solution arrays of ele-

lution d.o.f. are also
ments refined objects.

The global Ap refinement is executed over the
coarse mesh, in order to construct the reference
fine mesh. This is performed by every processor
over the entire data structure. This is done by
executing isotropic 4 refinement (breaking an
element into four) over each element interior
node object, as well as refinement over each
element edge node object. Also, the or-

der of approximation attribute is in-

10.
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creased for each active node, to expressed to
uniform p refinement.

The processor owners of newly created
node and vertex objects are filled, based on
the information inherited from father node ob-
jects.

The computational problem is solved again over
the just created fine mesh, by utilizing MUMPS
parallel direct solver. Each processor stores the
local solution vector at its active finite element
node and vertex objects, in the solu-
tion d.o.f. Notice, that the
coarse mesh solution is still stored at parent
nodes, as well as at elements refined ob-
jects.

Each processor loops through its active ele-
ments, and computes the relative error estima-
tion over the element

attribute.

) M

Hl

‘u%,pH

with u,,, the coarse mesh solution restored from

uhp _u%,P” H! /

the element refined objects, and Uy por
_ 4,

being the fine mesh solution restored from the
solution d.o.f. attribute of active finite
element node and vertex objects. The rela-
tive error is stored in the error attribute of the
element refined objects.

The maximum element relative error is com-
puted, and elements with the relative error esti-
mation larger than 33% of the maximum error
are denoted to be refined.

For elements with strong gradient of the solution
in one direction, the isotropy flag attrib-
ute of the element refined object is set to
enforce the element refinement in one direction.
Different refinement strategies are considered
for element edges, by utilizing

iy pe1 ” hp Y Uiy e TV
2

Anrdof

!

with u,, the coarse mesh solution restored from

the element refined objects, u7p+1 the
_ 4,

fine mesh solution restored from active finite
element node and vertex objects, and w
being the projection based interpolant of the fine

mesh solution u y, into the considered edge
5

p+l

refinement. The H” seminorm is utilized over an
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11.

12.

13.

14.

edge. The selected refinement is stored in
edge refined object. If an element edge is
going to be p refined, the ref flag attribute
for the edge is set to 1, and the proposed order
of approximation is stored at order attribute.
If an element edge is going to be /4 refined, the
ref flag attribute for the edge is set to -1,
and the proposed orders of approximation for
son edges are stored at orders attribute array.
These estimations are performed by every proc-
essor over active finite elements with relative
error larger than 33% of the maximum relative
error. The optimal refinement is stored in dis-
tributed manner in element refined and
edge refined objects.

The proposed refinement data (ref flag,
order and orders attributes  of
edge refined object as well as isot-
ropy flag of element refined object)
are broadcasted to all processors.

The fine mesh is deallocated and the coarse
mesh is restored.

The selected optimal refinements are executed
for element edges. This is done by all processors
over the entire data structure. It can be done,
since we broadcasted the proposed refinement
data. Some edges are 4 refined: one new ver-—
tex object and two new edge node objects
are created are connected to the original edge
node. The order of approximation for new
node objects is taken from orders attribute
array of edge refined object. Some edges
are p refined, and the new order of approxima-
tion is taken from order attribute of
edge refined object. Some edge refine-
ments are modified based on the isot-
ropy flag from element refined ob-
jects.

Different element interior node refinements are
considered for elements by using

u%,p-H _uhsp . u%,pﬂ _Wﬂl

Anrdof

)

with u,, the coarse mesh solution restored from

the element refined objects, u, the
— A,pﬂ

fine mesh solution restored from active finite
element node and vertex objects, and w be-
ing the projection based interpolant of the fine

15.

16.

17.

18.

19.

into the considered ele-

mesh solution u%’pﬂ

ment refinement. The H' seminorm is utilized
over an element. The number of considered ele-
ment refinements is restricted be already exe-
cuted edge refinements. These estimations are
performed by every processor over active finite
elements with relative error larger than 33% of
the maximum relative error. The selected re-
finement is stored in element refined ob-
ject. The type of refinement is coded within re-
finement flag, and new orders of approxi-
mation for son nodes are coded within orders
array. The optimal refinements information is
stored in distributed manner in ele-
ment refined and edge refined ob-
jects.

The proposed interiors refinement data (re-
finement flag and orders attributes of
element refined objects) are broadcasted
to all processors.

The selected optimal refinements are executed
for element interiors. This is done by all proces-
sors over the entire data structure. It can be
done, since we broadcasted the proposed re-
finement data. Some elements are / refined: new
edge and interior node objects and vertex ob-
jects (for isotropic /4 refinement) are created are
connected to the original interior node. The or-
der of approximation for new node objects is
taken from orders attribute array of ele-
ment refined object. Some elements are p
refined, and the new orders of approximation are
taken from orders attribute of ele-
ment refined object.

The minimum rule is enforced over the entire
data structure: the order of approximation over
element edges is set to be equal to the minimum
of orders for adjacent element interiors. This is
done by all processors over the entire data struc-
ture.
The
refined objects are deallocated.

If the maximum error is still greater than the
required accuracy of the solution, the new opti-
mal mesh becomes a coarse mesh and the next
iteration is executed.

element refined and edge

NUMERICAL EXPERIMENTS

In this section we present parallel simulations for

the 3D DC resistivity logging measurement simula-
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tion problem. The problem is formulated by utilizing
2D mesh, with non-ortogonal system of coordinates
and the Fourier series expansion in the aximuthal
direction. Thus, we are going to solve full 3D prob-
lem but on the 2D mesh. The problem consists in
solving the conductive media equation

Vo(oVu)=-Vo ™ (4)

in the 3D domain with different formation layers,
presented in figure 4. There is a tool with one trans-
mitter and two receiver electrodes in the borehole.
The tool is shifted along the borehole. The reflected
waves are recorded by the receiver electrodes in
order to determine location of the oil formation in
the ground. Of particular interest to the oil industry
are 3D simulations with deviated wells, where the
angle between the borehole and formation layers is
sharp 6, =90. This fully 3D problem can be reduced

to 2D by considering the non-orthogonal system of
coordinates presented in figure 4. Following (Pardo
et. al. 2009) the variational formulation in the new
system of coordinates consists in finding

u eup+Hp(Q) such that:

(AN =<v, f> weHN(©Q) (5
s o5 Q) (@)
where new electrical conductivity of the media
6:=J"'6J 7" |J| and J = flJ| with f=VJ"™ is the
gradient of the impressed current and J stands for the
Jacobian matrix of the change of variables from the
Cartesian reference to non-orthogonal systems of
coordinates, and |J|=det(/) is its determinant. We

take Fourier series expansions in the azimuthal ¢,

direction
u(£1,62.65)= jf, (¢1.¢3)e";
o (Gntans)= Za o)l @)
[(€1:62.¢5) jzwfl (¢1.¢3 )2
211 _

where u; :% J.ue_ﬂgzdc;z , O

m

2
=— |oe /™24
.= ! ¢

211
and f =%J.fe’ﬂ§2dé’2 and j is the imaginary
0

unit. We introduce symbol F, such that applied to a

scalar function u it produces the /™ Fourier modal
coefficient u,;, and when applied to a vector or ma-

trix, it produces a vector or matrix of the compo-
nents being /™ Fourier modal coefficients of the
original vector or matrix components. Using the
Fourier series expansions we get the following varia-
tional formulation:

Find F,(u)e F(up)+ Hp(Q) such that:

< F (%} F(6) 2 eslrme, > _
% % 24(Q2p)

z
<
=
]
0
m
]
0]

Fig. 4. Left panel: The non-orthogonal system of coordinates in
the borehole and formation layers. Different colors denote
different layers in the formation, corresponding to e.g. rock,
sand, oil-based mud, oil etc. Down panel: Three subdomains
where the non-orthogonal system of coordinates is defined.
Right panel: The optimal mesh and the solution for a single
position of receiver and transmitter electrodes. Different colors
on the optimal mesh refers to different polynomial orders of
approximation used. The different colors on the solution refers
to different values of the scalar electric potential.

The Einstein’s summation convention is applied
with respect to —o</,m<ow. We select a mono-
Thanks to the or-
thogonality of the Fourier modes in L’ the varia-
tional  problem  (6) reduces to:  Find
Fy(u)e F(up )+ Hp(Q) such that:

modal test function v=v,e/*? .

-403 -
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:ZT‘XE(%}FM(&)E(%DLZ )
(RO,

VE, (V) € Hb(Qzu) (7

ZD)

since five Fourier modes are enough to represent
exactly the new material coefficients. We refer to [9]
for more details. The optimal mesh generated in
a fully automatic mode and the exemplary solution
are presented on right panel in figure 4.

250
200 ‘\
® 150 A
g \.\'//
= 100
50
O T T
2 4 8 16 24
Number of processors
140
120 \ —+— Analysis (coarse)

—=— Factorization (coarse)
Solution (coarse)
Analysis (fine)

—s— Factorization (fine)

—+— Solution (fine)

—— Mesh refinements

100 \
80

Time[s]

80

40 \”"
20 \ — "
0l

2 4 8 16 24
Number of processors

Fig. 5. Total execution time after five iteration of the self-
adaptive hp-FEM, for increasing number of processors.

Table 1. Coarse and fine mesh problems sizes for particular
iterations

Iteration 1 2 3 4 5
Coarse 26455 | 26730 | 26983 | 27489 | 27808
Fine 231407 | 233255 | 234685 | 239811 | 241747

1200

1000 \\
800 \\
600

400 \
~

——"Maximum
memory usage"

Memory [MB]

200

2 4 8 16 24

Number of processors

Fig. 6. Maximum memory usage afier five iteration of the self-
adaptive hp-FEM, for increasing number of processors.

We conclude the section by presenting meas-
urements of the total execution time for increasing
number of processors, for the parallel self-adaptive
hp-FEM based on the shared domain decomposition
paradigm. Figure 5 presents total execution time (the
sum of execution times from all five iterations), and
total execution time (sum over all five iterations of
the self-adaptive Ap-FEM) for all components of the
algorithm. This includes the coarse and fine mesh
solutions, divided into the analysis, factorization and
solution steps of the MUMPS solver (Amestoy et. al.
2000; Amestoy et. al. 2001), as well as the execution
time of the algorithm making decision about optimal
mesh refinements, and performing these refinements
over the entire mesh. The coarse and fine mesh
problem sizes are reported in table 1. The initial
coarse mesh is a rectangular mesh with 16:36 = 576
finite elements, with polynomial order of approxi-
mation p = 2. Finally, figure 6 presents the maxi-
mum memory usage for increasing number of proc-
essors. This concerns the fine grid solver solution,
which takes one order of magnitude more memory
than other operations.

5. CONCLUSIONS

From the presented results it follows that the
parallel code scales well up to 8 processors, and then
it lost its efficiency. This results from (1) the limited
scalability of the MUMPS solver (2) the limited
scalability of the mesh refinements algorithm. This
lost of efficiency for the MUMPS solver actually
results from constantly increasing execution time for
the analysis phase of the fine mesh solver, as well as
constantly growing coarse mesh solution time, com-
pare Figure 5. This implies that actually the size of
the computational problem is too small, and when
we increase the number of processors, the communi-
cation time is dominating the computation time. In
other words, when we increase the number of proc-
essors, the computation time goes down, while the
communication time goes up, since there are more
processors to communicate with. The parallel algo-
rithm making decisions about optimal mesh refine-
ments scales well up to 8 processors and then it exe-
cution time stabilizes. This is again because the fact
that the communication time becomes to dominate
the computation time. In the future we plan to per-
form larger parallel experiments with larger compu-
tational problems. The limited scalability of the
MUMPS solver will be also overcome by utilizing
our own parallel solver that scale well up to larger
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number of processors (Paszynski et. al. 2010). Fi-
nally, the memory usage for the parallel code scales
very well, and we are able to reduce the single proc-
essors memory usage down to 267 MB per proces-
sor. The single processor version required more than
2 GB of memory, and often runs out of memory.
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ROWNOLEGLY ALGORYTM HP ADAPTACYJNEJ
METODY ELEMENTOW SKONOCZNYCH
O WSPOLDZIELONEJ STRUKTURZE DANYCH

Streszczenie

Artykut ten przedstawia nowy algorytm réwnolegly dla Ap
adaptacyjnej metody elementow skonczonych (ip-MES) cechu-
jacy si¢ rozproszong struktura danych. Algorytm ten generuje
W sposOb w pelni automatyczny (bez zadnej interakcji uzytkow-
nika) ciag siatek obliczeniowych dostarczajacych eksponencjal-
nej zbiezno$ci zadanej funkcji celu wzgledem rozmiaru siatki
obliczeniowej (ilosci stopni swobody). Algorytm generuje ciag
siatek obliczeniowych poczawszy od zadanej siatki poczatko-
wej. Kolejne siatki otrzymywane sa na drodze / adaptacji (fa-
mania wybranych elementéw) lub p adaptacji (zwigkszania
stopnia aproksymacji wielomianowej) lub /4p adaptacji (jedno-
czesnie /1 1 p adaptacji) na wybranych elementach. Algorytm ten
pracuje w oparciu o siatkg¢ obliczeniowa dzielona pomigdzy
wieloma procesorami. Wszystkie algorytmy obliczeniowe,
wlaczajac w to automatyczna hp adaptacjg oraz algorytm solve-
ra, pracuja w pelni réwnolegle. W artykule tym omawiamy
algorytm réwnolegly oraz analizujemy jego efektywnos¢. Pre-
zentacja wzbogacona jest o wyniki numeryczne dotyczace troj-
wymiarowych symulacji problemu pomiaru oporowosci warstw
gorotworu dla zadan pradu statego.
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