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Abstract 
 

This paper presents new approach to the problem of conducting numerical simulations in case of applying shape 
and/or boundary conditions changes resulting from technological and/or constructional modifications. Presented approach 
allows to shorten the time required for solving linear equations system by using results obtained from simulation for 
original model (before modifications) to initialize vector of solution in the second turn of computation (for modified 
model). The conjugate gradient method was used to solve the system of equations. The paper presents results of simula-
tions conducted with use of such approach. In the first case model of some constructional element was changed by adding 
a slot. In the second case, the modification involves changing value of temperature used in boundary conditions. The re-
sults obtained in both cases confirm that described method can decrease time required for solving linear system of equa-
tions. The costs of such approach are relatively small and does not affect total time of computation. Using the approach 
described in this paper, in connection with mesh reconstruction, can give significant acceleration. In the analysed cases 
the total acceleration resulting from the application of these two techniques was approximately 30%. 
 
Key words: finite element method, conjugate gradient method, mesh reconstruction, solving linear systems of equations 

 

 
 

1. INTRODUCTION 

Advanced numerical methods constitute the ba-
sis of physical phenomena simulations. The Finite 
Element Method (FEM) (type of use - Sczygiol et al. 
1997), one of the most popular advanced numerical 
method, attracts a lot of attention in the scientific 
community, though other methods, such as the Finite 
Difference Method (FDM), Boundary Element 
Method (BEM), Finite Volume Method (FVM), are 
also used. All of these methods required solving 
large systems of linear equations. Usually, solving 
such systems of equations with use of direct meth-
ods is very difficult or even impossible. Therefore, 
iterative methods are used. These methods use suc-
cessive approximations to obtain more accurate so-

lutions at each step of iteration (Barrett et. al. 1994). 
Although the non-stationary iterative methods, such 
as Conjugated Gradient Method, can be highly ef-
fective, solving such large systems of equations is 
still very time-consuming task. 

Usually, the computations are conducted only 
once for a given task, but sometimes there is a need 
to implement slight changes in the geometry of the 
analysed domain (or domains) or some modifica-
tions of parameters used in boundary conditions. In 
such cases the finite elements mesh generation proc-
ess and solving system of equations have to be con-
ducted once again from the beginning. The mesh 
reconstruction method, described by Sczygiol & 
Mikoda (2008) can help decrease the amount of time 
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required for the first of these tasks, which is mesh 
generation. 

In situation, when changes have to be applied to 
the model after the first turn of computations has 
been made, the process of solving system of equa-
tions can be also accelerated. It can be done by using 
results obtained from computations performed be-
fore applying changes, to initialize the vector of 
solution in first iteration of the second turn of com-
putations. 

2. INITIALIZATION OF SOLUTION 
VECTOR 

The Conjugated Gradient Method is one of the 
most effective iterative method. Its name is derived 
from the fact, that this method generates sequences 
of orthogonal (conjugated) vectors during successive 
iterations. Each successive vector is closer to a solu-
tion. 

At the beginning, the solution vector has to be 
initialized with some values. When the computations 
are conducted for the first time, this vector is initial-
ized with zero value. During the preparation of the 
next series of computations, results obtained from 
the previous one are known. When the modifications 
of the model are slight it can be assumed that the 
differences between solutions will also be small. 
This observation can be used to accelerate the proc-
ess of solving system of equations during the second 
turn of computations. New solution vector can be 
initialized with values from previous solution. In 
such case, the initial solutions vector and resulted 
solution vector are close and the convergence of 
iterative process is faster. 

3. RENUMBERING OF NODES 

In case, when only the parameters used in 
boundary conditions are changed and the shape of 
the considered model remains unchanged, the num-
bers of nodes do not have to be renumbered. The 
values from solution obtained for unchanged model 
can be directly moved to initial solution vector build 
for the second turn of computations. 

In the other case, when the shape of model has 
been changed, the finite element mesh have to be 
reconstructed. During this operation new nodes of 
finite element mesh can be inserted into the existing 
mesh and some nodes of the existing mesh can be 
removed. This requires renumbering of the nodes 
that belong to new finite elements mesh. Because the 
numbers of nodes have been changed, the values of 

solution vector obtained for unchanged model can 
not be directly moved to new initial vector of solu-
tion. 

During finite elements mesh reconstruction after 
applying shape changes, conducted with use of 
method described by Sczygiol & Mikoda (2006), 
table of nodes renumbering is created. This table 
consists of pairs of node numbers. The exemplar 
table of nodes renumbering is presented in figure 1. 

 

 

Fig. 1. Exemplar table of nodes renumbering. 

The second column of this table consists of node 
numbers before mesh reconstruction. The numbers 
in the first column are numbers of new nodes corre-
sponding to the old indexes of nodes in the second 
column. For example, the new node 1 corresponds to 
the old node with the same number. New node with 
number 2 does not correspond to any node from first 
mesh. New node with index 3 corresponds to old 
node with number 2. 

This information are used to move values of the 
solution vector obtained for unchanged shape to the 
new initial vector. The first value from this vector 
should be placed at the first position in new vector, 
the second one on the third place and so on.  

4. EXPERIMENTAL VERIFICATION OF 
PROPOSED METHOD 

To verify the efficiency of the method described 
above, a series of simulations were performed. The 
simulations were performed for a steady heat trans-
fer phenomena in a model of some constructional 
element. The simulations were conducted for the 
three dimensional model and four sizes of mesh 
elements. Required accuracy was set to 1e-3 and 1e-
6. The Dirichlet boundary conditions were imposed 
on all model boundaries. The temperature on one 
surface (marked on the figure 2a) was set to T1 = 
850 K and on the others to T2 = 350 K. Figure 2a 
shows the analysed model. 

 
 
 



 

C
O

M
P
U

T
E
R
 M

E
T
H

O
D

S
 I
N

 M
A

T
E
R
IA

L
S
 S

C
IE

N
C

E
 

IN

F
af

T
m

w
b
i
c
im

NFO

Fig.
after

Tabl
mod

wer
by a
s p

con
mp

Si
elem

[

0.

0.

0.

0.

0.

ORMA

 2. M
r ap

le 1
del).

 
Af

re a
add
pre
ndit
pos

ze o
men
[m] 

.025

.020

.015

.012

.010

ATYK

Mod
pply

1. S
 

fter
app
ding
sen
tion
ed 

of 
nts 

5 

0 

5 

2 

0 

KA W

del 
ing 

Sim

r th
plie
g a
nted
ns, 
to 

ge

W TE

of t
con

mula

he f
ed t
a slo
d i
wit
the

Me
ener

tim
[s

8.

16

42

84

150

ECHN

the 
nstr

ation

first
to t
ot. 
n f
th t
e n

esh 
ratio
me 
s] 

82 

.87 

.88 

4.2 

0.32

NOL

con
ructi

n fo

t si
the
Th
figu
tem
ew

 
on 

2 

LOG

nstru
iona

for a

imu
e m
he m
ure

mpe
w su

rec

II M

ucti
al c

acc

ulat
mod
mod
e 2
erat
urfa

M
con

t

2

3

9

1

3

MATE

a) 

 
b) 

iona
han

cura

tion
del. 
difi
b. 
ture
ace

Mesh
stru
time
[s] 

2.17

3.99

9.67

8.55

2.55

ERIA

al el
nges

acy 

n, c
Th

ied
Th

e se
s c

h  
uctio
e 

7 

9 

7 

5 

5 

AŁÓW

lem
s. 

1e-

con
he 

d mo
he 
et t
crea

on 

W 

ent 

-3 

nstr
sha
ode
Dir

to T
ated

In
w

i_n

a) o

(cha

ruct
ape
el o
rich

T1 =
d in

nit. v
with 

num
[-]

107

206

187

241

274

orig

ang

tion
e w
of t
hle
= 8
nsid

So

vec.
zer

mzero

 

7 

6 

7 

1 

4 

gina

ging

nal
was 
this
et b
850
de 

olvi

 fill
ro v

o  

1

3

 

al m

g sh

 ch
ch

s el
bou
0 K
thi

ing 

led u
alue

tzer

[s]

9.9

35.5

81.0

195.

385.

mode

hape

han
hang
em

und
, w
is s

syst

up 
es 

ro 
] 

93 

55

05

.38

.96

–

el b)

e of

nges
ged

ment
dary
were
slot

tem

p

i_

– 3

) 

f 

s 
d 
t 
y 
e 
t. 

m of 

Ini
wi

prev

_num

1

1

2

2

396

equ

it. v
ith v
viou

mnon

[-] 

98 

196

165

215

245

6 – 

N
m
th
w
o
o
a
a
e
a

 

w
tz

z
tn

v

 

w
i_
u
i_
fi

sc
re

ti
u
ti

uatio

ec. 
valu
us si

n-zero

New
mes
his 

wer
ond 
of i
and 
and 
rati

and 

whe

zero 
ero

non-z

valu

whe
_nu

up w
_nu
ille

crib
equ

ime
ues 
ime

ons

fille
ues f
imu

o  

w f
sh r
pro
e u
sim

iter
tim
tab

ion
2:

ere:
– t

o va

zero

ues 

ia

ere:
umz

with
umn

ed u
Co
bed
uire

e. T
to 

e of
 
 

ed u
from

ulati

tnon

[s

9.

34

72

176

349

fini
reco
oce

used
mu

ratio
mes
ble 
ns a

: 
tim
alu

– 
fro

iter

: 

zero

h z

non-z

up v
ond
d in
ed t

The
init
f si

up 
m 
ion 

-zero

s] 

.7 

.17 

.79 

6.67

9.57

te 
ons
ess,
d to
ulat
ons
s o
2. 

atim

me o
es, 
tim

om 



– n
ero

zero 
val

duct
n th
to 

e co
tial
imu

o 

7 

7 

ele
stru
, al
o in
tion
s re
of t

Th

me a

ta

of s

me 
pre

_i

num
o va

–
lues
ted 
his 
obt

om
l ve
ulat

A

ait

[%

8.4

4.8

11.

10.

10.

eme
ucti
long
niti
n w
equ
thes
he l
and

time

sol

of 
evi

nu

mb
alu
nu

s fr
si
pa

tain

mpu
ecto
tion

ccel

ter 

%] 

41 

85 

76

79

58

ents
ion
g w
ializ

with
uire
se 
last

d ai



uti

f so
iou

zum

er 
es, 
umb
rom
mu

aper
n re

tati
or i
n ap

lera

1

s m
n. T
with
ze 

h n
ed 
ope
t tw

ter

zert

on 

olut
s si

_
zero

i

of 

ber
m pr
ulat
r ca
equ

ion
is l
ppr

ation

atim

[%

2.3

3.8

10.1

9.5

9.4

mes
The 
h re
vec

non-
to 
era
wo 
 de

ro

t



– i

tion
imu

_ nu

i

iter

r o
rev
tion
an 
uest

nal 
ine
rec

n 

me 

%] 

2 

8 

19 

8 

43 

sh 
in

esu
cto
-ze
ob

atio
co

eter

zer

n

t

t

init

n –
ula

_

zum

i

rati

of i
viou
ns 
red
ted

R
i
s
i
b

t
o
n
u
S
a
o
o
p
r

com
ear 
iab

wa
for

ults 
or o
ero 
btai
ns 

olum
rmi

ro

non

tial

– in
ation

zero

nu

ion

iter
us s
sho
duc
d ac
Red
iter
sho
ing
by 

this
of 
nod
ues
Suc
ated
of 
of 
pro
req
mp
and

bly.

as g
rma
of 

of s
va

in r
are

mns
ine

zero

l ve

niti
n.

num

n – 

ratio
sim
ow 
ce n
ccu
duc
rati
orte
 sy
abo
Th

s a
c

des 
s t
ch 
d d
no
m

oces
quir
plex
d it
  

gen
atio
f the
olu

alue
req
e s
s p

ed f

10o

ecto

ial 

non

ini

on 
mula

th
num

urac
ctio
ons

enin
yste
out
he 
appr
rea

an
to 
tab

duri
des
esh
ss, 
re 
xity
t do

nera
on o
e fi
utio
es. 
ques
how
res
from

%00

or 

ve

zero

itia

– 
atio

hat 
mbe
cy b
on 
s c
ng 
em 
t 10

on
roa

atin
nd 

in
ble 
ing
s, w
h r

so
an

y of
oes

ated
obt
irst 
on f
Th
sted
wn
sent
m 

%

fill

cto

10o

al v

ini
on. 
ap
er 
by 
of 

can
tim
of

0%.
nly
ach
ng 

m
niti
is 

g re
wh
rec
o it
ny 
f m
 no

d b
tain
sim

for
he n
d a

n in
t th
for

led 

or f

%00

vect

itia

pro
of 
ev
nu

n re
me 
f e
. 

y c
h ar

ta
mov
ial 

be
enu
hich
ons
t d

ad
mov
ot a

by 
ned
mu
the

num
acc
n ta
he a
rmu

up

fille

%  

tor 

al v

oac
iter

ven 
umb
esu
of 
qua

cost
re 
able
ing

v
eing
umb
h is
stru
doe
ddi
ving
affe

usi
d fro
ulati
e s
mb
cura
able
acc
ulas

p w

ed 

fil

vec

ch d
rati
12

ber 
ults 

so
atio

ts 
tim
e 

g v
vect
g c
beri
s p
ucti
es n
tion
g v

ect t

ing
om
ion
ec-
ers
acy
e 1
cel-
s 1

(1)

with

up

(2)

led

ctor

de-
ion

2%.
of
in

olv-
ons

of
mes

of
val-
tor.
cre-
ing

part
ion
not
nal

val-
the

g 
m 
n 
-
s 
y 

 
-
 

) 

h 

p 

) 

d 

r 

-
n 
. 
f 
n 
-
s 

f 
s 
f 
-
. 
-
g 
t 
n 
t 
l 
-
e 



 INFORMATYKA W TECHNOLOGII MATERIAŁÓW 

 – 397 – 

C
O

M
P
U

T
E
R
 M

E
T
H

O
D

S
 I
N

 M
A

T
E
R
IA

L
S
 S

C
IE

N
C

E
 

 

 

The second simu-
lation shows a situa-
tion where the shape 
of the model has not 
been changed, but the 
parameters used in 
boundary conditions 
has been changed. 
During the first simu-
lation the temperature 
on boundaries (T1) 
was set to 850 K. To 
verify usefulness of 
the described method 
this temperature was 

changed. The computations were made 
for the biggest mesh (size of element 
0,01 m) and six different values of 
temperature T1. Tables 3 and 4 present 
results obtained for requested accuracy 
10e-3 and 10e-6. 

The results show that approach de-
scribed in this paper can be success-
fully used in case of changing bound-
ary conditions. The time acceleration 
reached in conducted simulations was 
in the range of 10 to 30 percent and the 
acceleration counted on the basis of 
iterations number was even higher. 

5. SUMMARY 

In the case when some construc-
tional or technological modifications 
have to be implemented to analyzed 
model, the finite elements mesh has to 
be generated again for modified area's 
shape and the computations have to be 
performed once again. If changes are 
not significant, the mesh reconstruction 
can reduce time required for this proc-
ess but it can also give additional pos-
sibility of acceleration. The auxiliary 
data, that are created during mesh re-
construction, can be used to speed up 
the most time-consuming part of nu-
merical simulations, which is solving 
system of equations. Using the ap-
proach described in this paper in con-
nection with mesh reconstruction, can 
give significant acceleration. In the 
analysed cases the total acceleration 

Table 2. Simulation for accuracy 1e-6 (changing shape of model). 

Size of 
elements

[m] 

Mesh 
generation 

time 
[s] 

Mesh 
reconstructio

n time 
[s] 

Solving system of equations 

Acceleration Init. vec. filled up 
with zero values 

Init. vec. filled up with 
values from previous 

simulation 

i_numzero  
[-] 

tzero  
[s] 

i_numnon-zero  
[-] 

tnon-zero 

[s] 
aiter 

[%] 
atime 

[%] 

0.025 8.82 2.17 154 14.28 147 13.81 4.55 3.29 

0.020 16.87 3.99 272 46.11 260 44.39 4.41 3.73 

0.015 42.88 9.67 271 114.59 250 106.72 7.75 6.87 

0.012 84.2 18.55 342 272.41 315 253.02 7.89 7.12 

0.010 150.32 32.55 399 552.45 363 506.65 9.02 8.29 

Table 3. Simulation for accuracy 1e-3 (changing the temperature). 

Temperature T1 
on boundaries 

[K] 

Solving system of equations 

Acceleration  Init. vec. filled up 
with zero values 

Init. vec. filled up 
with values from 

previous simulation 

i_numzero  
[-] 

tzero  
[s] 

i_numnon-zero  
[-] 

tnon-zero 

[s] 
aiter 

[%] 
atime 

[%] 

800 274 356.57 209 292.08 23.72 18.09 

820 274 356.57 195 267.95 28.83 24.85 

840 274 356.57 175 247.97 36.13 30.46 

860 274 356.57 175 248.35 36.13 30.35 

880 274 356.57 195 274.07 28.83 23.14 

900 274 356.57 209 291.96 23.72 18.12 

Table 4. Simulation for accuracy 1e-6 (changing the temperature). 

Temperature T1 
on boundaries 

[K] 

Solving system of equations 

Acceleration 
Init. vec. filled up 
with zero values 

Init. vec. filled up  with 
values from previous 

simulation 

i_numzero  
[-] 

tzero  
[s] 

i_numnon-zero  
[-] 

tnon-zero 

[s] 
aiter 

[%] 
atime 

[%] 

800 399 517.86 329 447.13 17.54 13.66 

820 399 517.86 321 436.91 19.55 15.63 

840 399 517.86 301 411.01 24.56 20.63 

860 399 517.86 301 411.69 24.56 20.50 

880 399 517.86 321 437.01 19.55 15.61 

900 399 517.86 329 447.73 17.54 13.54 
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resulting from the application of these two tech-
niques together (mesh reconstruction and initializa-
tion of solution vector with non-zero values) was 
approximately 30%. Conducted research shows also 
that the same approach can be used in case of 
boundary condition changes. 
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METODA PRZYSPIESZENIA PROCESU 
ROZWIĄZYWANIA UKŁADU RÓWNAŃ W SYTUACJI 

ZMIANY KSZTAŁTU I/LUB WARUNKÓW 
BRZEGOWYCH 

Streszczenie 
 
W artykule zaprezentowano nowe podejście do problemu 

przeprowadzania symulacji numerycznych w sytuacji, gdy do 
modelu wprowadzane są modyfikacje kształtu i / lub warunków 
brzegowych wynikające ze zmian konstrukcyjnych i / lub tech-
nologicznych. Zaprezentowane podejście pozwala na skrócenie 
czasu potrzebnego na rozwiązanie układu równań liniowych 
poprzez wykorzystanie wyników symulacji dla oryginalnego 
modelu (przed modyfikacją) do zainicjowania wektora rozwią-
zań w drugiej turze obliczeń (dla zmodyfikowanego kształtu). 
Do rozwiązania układu równań zastosowana została metoda 
sprzężonych gradientów. W artykule zaprezentowano wyniki 
symulacji przeprowadzonych z w wykorzystaniem opisanej 
metody. W pierwszym przypadku model został zmodyfikowany 
poprzez dodanie wąskiego otworu. W drugim przypadku mody-
fikacje polegały na zmianie temperatury wykorzystanej w wa-
runkach brzegowych. W obu przypadkach uzyskane wyniki 
potwierdziły, że opisana metoda pozwala skrócić czas potrzebny 
na rozwiązanie układu równań liniowych. Koszt związany 
z zastosowaniem takiego podejścia jest relatywnie mały i nie 
wpływa na całkowity czas wykonania obliczeń. Zaprezentowana 
w pracy metoda, w połączeniu z rekonstrukcją siatki może 
pozwolić na uzyskanie znaczącego przyspieszenia. W analizo-
wanych przypadkach łączne przyspieszenie wynikające z zasto-
sowania tych technik wyniosło około 30%. 
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