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Abstract 
 

Thermal processes in a thin metal film subjected to a short-pulse laser heating are considered (axially-symmetrical 
2D problem). Heat transfer through thin films subjected to an ultrafast laser pulse is of vital importance in microtechnolo-
gy applications and it is a reason that the problems connected with a fast heating of solids have become a very active re-
search area. 

The heat transfer proceeding in domain analyzed (microscale heat transfer) is described by dual phase lag model 
(DPLM). According to the newest opinions the DPLM constitutes a very good description of real heat transfer processes 
proceeding in the micro-scale domains subjected to the strong external heat flux. The base of DPLM formulation is a ge-
neralized form of Fourier law (GFL) in which two time parameters τq, τT appear (the relaxation time and thermalization one, 
respectively). The acceptation of GFL leads to DPLM equation (Özişik & Tzou, 1994; Smith & Norris, 2003). 

In the paper the thermal interactions between external heat source qb and cylindrical micro-domain are analyzed. The 
capacity of external heat source (the Neumann boundary condition) is given by function dependent on spatial co-ordinates 
and time. On the boundary beyond the region of laser action, the no-flux condition is assumed. It should be pointed out that 
the DPL model requires the adequate transformation of boundary conditions which appear in the typical macro heat conduc-
tion models. The initial conditions are also known (initial temperature of domain and initial heating rate). 

Numerical model of the process discussed bases on a certain variant of FDM presented with full particulars in Chapter 2. 
 
Key words: microscale heat transfer, laser pulse, finite difference method, numerical simulation 

 

 
 

1. INTRODUCTION 

DPL model bases on the formulation of general-
ized Fourier's law, in particular (Chen & Beraun, 
2001; Chen et al., 2003; Smith & Norris, 2003; 
Tamma & Zhou, 1998) 

 ( , , ) ( , , )q Tr z t T r z t     q  (1) 

where q [W/m2] is the heat flux, T [K/m] is the 
temperature gradient, λ [W/(mK)] is the thermal 
conductivity, while τq, τT denote the relaxation and 
thermalization times, respectively, and {r, z} are the 

geometrical co-ordinates (the axially-symmetrical 
problem for domain oriented in cylindrical co-
ordinate system is here considered). 

Using the Taylor formula the first-order ap-
proximation of equation (1) takes a form 

( , , )
( , , ) q

r z t
r z t
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When formula (2) is combined with the well 
known energy equation one obtains the following 
heat conduction equation 

2

2

( , , ) ( , , )
( , ) : q

T r z t T r z t
r z c

t t

  
      

    ( , , )
( , , ) T

T r z t
T r z t

t

 
   


 (3) 

where c [J/(m3K)] is the volumetric specific heat, 
while 

 ( , , )T r z t    

 
1 ( , , ) ( , , )T r z t T r z t

r
r r r z z

      
           

 (4) 

In the paper the interactions between an external 
heat source qb and cylindrical micro-domain Ω are 
analyzed. The domain considered is limited by 
planes z = 0, z = Z and surface r = R, additionally rd 
corresponds to the radius of beam qb and the bound-
ary heat flux is assumed in the form (Hector et al., 
1992) 

 
2

0 2
( ,0, ) 4 1 expb

p p d

t t r
q r t q

t t r

   
         

 (5) 

where q0 is the factor corresponding to the maximum 
incident heat flux and tp is the exposure time. 

On the remaining parts of the boundary the no-
flux conditions are taken into account 

 ( , ) : ( , , ) 0br z q r z t   (6) 

The same condition is given along the axis of 
cylinder. It should be pointed out that the DPL 
model requires the transformation of boundary con-
ditions which appear in the typical macro heat con-
duction models. For example, in the case considered 
one has 

( , , )
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b q
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r z q r z t
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n
n   (7) 

The initial conditions (initial temperature of do-
main and initial heating rate) are also given 

 0
0

( , , )
0 : ( , ,0) , 0

t

T r z t
t T r z T

t 


  


 (8) 

where T0 is the constant initial temperature. 

2. NUMERICAL MODEL 

At the stage of numerical computations the ex-
plicit scheme of finite difference method being a 
generalized version of algorithm presented by 
Majchrzak and Mochnacki (2004) and Mochnacki 
and Suchy (1995) has been used. 

At first, a time grid 

 0 1 2 1... ...f f f Ft t t t t t           (9) 

with constant time step Δt is introduced. 
A geometrical mesh is shown in figure 1. One 

can see that the internal nodes close to the external 
or internal boundaries are located at the distance 
0.5h or 0.5k from the boundary Γ0 or Γ. 

 
Fig. 1. Boundary conditions and discretization. 

For transition t f1  t f the following approxi-
mation of equation (3) is proposed 
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  (10) 

or 
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where: 1 1
, ,( , , ), ( , , ),f f f f

i j i j i j i jT T r z t T T r z t    

2 2
, ( , , )f f

i j i jT T r z t  . 

Now, the approximation of the expression 
(λT ) 

 
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  (12) 

where s = f1 or s = f2 will be discussed. 
We shall seek the differential analogue of this 

formula for a 5-point star as shown in figure 2. Let 
us assume here that the node (ri, zj) is the central 
node, grid step in the direction of r axis is h, and in 
the direction of z axis is k. 

 
 

Fig. 2. 5-point star. 

At the distances 0.5h and 0.5k on the arms of the 
star, auxiliary points were distinguished. We shall 
make use of the approximation of a derivative by 
mean quotient. Thus (Mochnacki & Suchy, 1995) 
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where the conductivities , 0.5
s
i j  and , 0.5

s
i j  are 

approximated by the mean harmonics of the 
conductivities in the star nodes, namely 
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and then 
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are the thermal resistances from the node i, j to the 
nodes i, j+1 and i, j1. 

We shall still make use of the mean differential 
quotient. So 
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  (17) 

In similar way one obtains 

1, , 1, ,
0.5,

1,0.5,

s s s s s
i j i j i j i js

i j s
i ji j

T T T TT

z k R
 




  
     

 (18) 
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and next 
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where 
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are the thermal resistances from the node i, j to the 
nodes i+1, j and i1, j. 

Finally 
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where 

 , ,
, 1 , 1

, ,

0.5 0.5
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Now, the problem of boundary conditions addi-
tion should be explained. In figure 3 a fragment of a 
rectangular differential grid is shown, in which the 
node i, j is a ‘boundary’ one.  

 
Fig. 3. Approximation of the 2nd type boundary condition. 

As it was mentioned previously, on the boundary 
Γ (z = 0) the condition of the form (5) is assumed, 
this means (c.f. equation (7)) 

( ,0, )
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The following approximation of (24) at the point 
i, j for time t s can be taken into account 
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or 
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The aim of our considerations is to find a nu-
merical approximation of the operator (λT ) at the 
boundary point i, j for time t s (c.f. equation (4)) 
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Putting (18) and (26) into (27) one has  
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In similar way the boundary condition (qb = 0) 
on the remaining parts of the boundary (plane z = Z 
and surface r = R) is introduced to the operator 
[(λT )]s

i,j. 

Finally, the temperature ,
f

i jT  at the node i, j for 

time t f is calculated using the formula (c.f. equation 
(11)) 
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T
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We shall now formulate a criterion of stability of 
the explicit differential scheme. The solving system 
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constructed on the basis of the explicit scheme is 
stable if the coefficients in the difference equations 
for time t f1 are non-negative. Hence it results that 
the following coefficient must be positive 

2 q

q

t

t

  


  

 
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, 1 , 1 1, 1,

1 1 1 1
, 1 , 1 1, 1,

0i j i j i j i jT
f f f f

i j i j i j i jq

t t

R R R Rc t
   
   
   

       
     

     
  (30) 

(the remaining ones are always positive). The ine-
quality (30) allows one to determine the proper time 
step Δt. 

3. RESULTS OF COMPUTATIONS 

The example of numerical simulation concerns 
the heating of microscale cylindrical domain 
Z = 100 nm, R = 100 nm, rd = 50 nm subjected to 
a strong external heat source (q0 = 9.591012 W/m2, 
tp = 100 fs). Thermophysical parameters of material 
(chromium) have been taken from Majchrzak et al. 
(2009a). In figure 4 the example of solution ob-
tained, in particular the temperature field for time 
t = 100 ps (upper part of domain) under the assump-
tion that the initial temperature of domain equals 
27°C is shown. Figure 5 illustrates the temperature 
history at the points corresponding to r = 0 and 
z = 2.5 nm (1), z = 7.5 nm (2), z = 12.5 nm (3), re-
spectively. 

 

 
Fig. 4. Temperature distribution for time t = 100 ps. 

4. CONCLUSIONS  

In the papers presented by Majchrzak et al. 
(2009a; 2009b; 2009c) the problems close to the 
problem discussed here are considered, but the thin 
film oriented in Cartesian co-ordinate system (1D 
task) is substituted by the 2D object oriented in cy-
lindrical co-ordinates (it results from the assump-
tions concerning the boundary heat flux). Addition-
ally the solutions presented previously have been 
obtained under the assumption that the action of 
external heat flux is taken into account by introduc-

tion of internal heat source appearing in the energy 
equation (e.g. Chen, & Beraun, 2001), while in this 
paper the interaction between external heat flux and 
metal film results directly from the boundary condi-
tion given for z = 0. The change of object geometry 
and the change of boundary conditions modeling are 
connected with the essential complications at the 
stage of numerical algorithm construction. 

 

 
Fig. 5. Temperature history at the points 1 (0, 2.5), 2 (0, 7.5), 3 
(0, 12.5). 

In the paper the classical variant of FDM for 
regular geometrical meshes is applied and it can be 
substituted by the generalized version of this method 
(e.g. Mochnacki & Majchrzak, 2010). It should be 
pointed out that the GFDM algorithm which was 
repeatedly verified as an effective tool of numerical 
solution of macroscopic heat transfer problems (de-
scribed by the Fourier equation) was not till now 
used in the case of microscale heat transfer and the 
application of GFDM in this field requires the addi-
tional scientific researches..  

The computer program worked out by authors 
allows one to consider directly the course of thermal 
processes both in the case of DPL model and Catta-
neo-Vernotte or Fourier ones. The multi-layer do-
mains can be also considered. It is possible to gener-
alize the algorithm on the case of cyclic external 
heating. 
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MODELOWANIE MIKROSKALOWEGO PRZEPŁYWU 
CIEPŁA W OBSZARACH CYLINDRYCZNYCH 

Streszczenie 
 
W pracy rozpatruje się proces przepływu ciepła w mikroob-

szarach poddanych działaniu wiązki laserowej (zadanie osiowo-
symetryczne). Analiza problemów tego typu ma istotne znacze-
nie w szeroko rozumianej mikrotechnologii i stąd wynika duże 
zainteresowanie badaniami teoretycznymi oraz eksperymental-
nymi związanymi z ultraszybkim oddziaływaniem lasera na 
powierzchnię mikrowarstw wykonanych z różnych materiałów. 

Przepływ ciepła w mikroskali może być opisany m.in. rów-
naniem różniczkowym energii z dwoma czasami opóźnień (DPL 
– dual phase lag) i zgodnie z najnowszymi poglądami taki wła-
śnie model stanowi najlepsze przybliżenie rzeczywistych proce-
sów cieplnych zachodzących w tej skali. DPL wynika z uogól-
nienia znanego prawa Fouriera do którego wprowadza się dwa 
dodatkowe parametry τq i τT (czas relaksacji i czas termalizacji, 
odpowiednio). 

Tematem rozważań w prezentowanej pracy jest model prze-
pływu ciepła w jednorodnej warstewce materiału (chromu) 
poddanej działaniu zewnętrznego źródła ciepła (warunek brze-
gowy Neumanna) o zadanej zmiennej w czasie i na powierzchni 
intensywności qb (funkcja typu dzwonowego, co implikuje 
orientację obiektu we współrzędnych walcowych), na pozosta-
łych powierzchniach umownie ograniczających rozpatrywany 
obszar przyjęto warunki adiabatyczne. 

Algorytm modelowania procesów cieplnych bazuje na jaw-
nym schemacie MRS i w końcowej części pracy przedstawiono 
wyniki symulacji numerycznych. 
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