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Abstract 
 

In this paper we investigate the parallel version of the hierarchical chromosome based genetic algorithm (HCBGA) 
for finding the optimal initial mesh for self-adaptive hp-Finite Element Method (hp-FEM). The HCBGA algorithm solves 
the global optimization problem of r refinements in order to provide optimal starting mesh for the hp-FEM that will fit 
material data and singularities, and will result in the exponential convergence of the hp-FEM. The parallel algorithm is 
tested on the damaged Step-and-Flash Imprint Lithography problem, modeled by linear elasticity with thermal expansion 
coefficient. 
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1. INTRODUCTION 

The hierarchical chromosome based genetic al-
gorithm (HCBGA) is a genetic algorithm working 
on the tree structure. Because of this hierarchical 
representation of the genotypes, the hierarchical 
genetic operators: hierarchical mutation and hierar-
chical crossover have to be used to create offspring, 
in spite of traditional operators. The algorithm, 
thanks to the hierarchical representation of the ob-
jects and hierarchical genetic operators, allows for 
generating offspring from parents of different size 
and shape. It allows also for creating offspring with 
different number of components then their parents. 
This feature of HCBGA is utilized in many design 
and engineering problems (Paszyńska & Stożek, 
2010; Paszyńska & Paszyński, 2007). We proposed 

to use the HCBGA for the problem of finding an 
optimal initial mesh for the self-adaptive hp-Finite 
Element Method (hp-FEM) (Paszyński & Demko-
wicz, 2006, Demkowicz et al., 2007). This proce-
dure is known in the finite element community as r 
refinement and it is a global optimization problem. 
In this paper the potential for parallelization of 
HCBGA working with hp-FEM is investigated. The 
case study is the simulation of the Step-and-Flash 
Imprint Lithography (Colburn et al., 2001; Burns et 
al., 2004), a modern patterning process utilizing 
photopolimerization to replicate the template onto 
the substrate. 
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2. STEP AND FLASH IMPRINT 
LITHOGRAPHY 

The Step and flash imprint lithography (SFIL) is 
a patterning process utilizing photopolymerization to 
replicate the topography of a template onto a sub-
strate (Colburn et al., 2001; Burns et al., 2004). The 
major processing steps of SFIL include (compare 
left panel in figure 1): depositing a low viscosity, 
silicon containing, photocurable etch barrier on to a 
substrate; bringing the template into contact with the 
etch barrier; curing the etch barrier solution through 
UV exposure; releasing the template, while leaving 
high-resolution features behind; a short, halogen 
break-through etch; and finally an anisotropic oxy-
gen reactive ion etch to yield high aspect ratio, high 
resolution features. 

 

 
Fig. 1. Processing steps of the Step-and-Flash Imprint Lithog-
raphy (left panel). Shrinkage of the feature after removal of the 
template (right panel) (picture obtained from Prof. G. C. Will-
son from the University of Texas in Austin) 

Photopolymerization, however, is often accom-
panied by densification. The average distance be-
tween molecules decreases and causes volumetric 
contraction. Densification of the SFIL photopolymer 
(the etch barrier) may affect both the cross sectional 
shape of the feature and the placement of relief pat-
terns. The exemplary shrinkage of the feature meas-

ured after removing the template is presented on 
right panel in figure 1.  

We focus on the simulation of the deformation 
of the feature after removal of the template. It is 
assumed that the polymer network has been dam-
aged during the removal of the template, and the 
interparticle forces are weaker in one part of the 3D 
domain. 

The linear elasticity model with thermal expan-
sion coefficient is used to verify the material re-
sponse of polymerized networks in cured etch-
barrier layers that are formed during the third step of 
the SFIL process.  

 
Strong formulation 

Given   Rxgxg iDi i
 0: ,  and kl  

find Rui :  the displacement vector field such 

that  

 0, jij in  , ii gu  in 
iD  (1) 

where ij  is the stress tensor, defined in terms of the 

generalized Hooke’s law  

  klklijklij c    (2) 

cijkl elastic coefficients (known for a given material), 
0
ij  initial strain,  temperature, kl  thermal expan-

sion coefficients, ij is the strain tensor, defined to be 
u(i,j), the symmetric part of the displacement gradi-
ents 

   2
,,

,
ijji

jiij

uu
u


  (3) 

where iu  displacement vector, jiu ,  displacement 

gradients.  
 
Weak formulation 
The weak formulation is obtained by multiply-
ing (1) by test functions ii Vw   and integrating 

by parts over .  

 0,  


dnwdw jijiijji   (4) 

Since ij  is symmetric tensor, then 

  ijjiijji ww  ,,   (compare Hughes, 2000), and 

0iw  on  ,  

   0, 


dw ijji   (5) 
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Finally, we substitute (2) into (5) and since 
 jiij u ,  we get  

    


dcwducw klijkljilkijklji  ),(,),(  (6) 

 
Abstract index-free notation 
For implementation issues, the most convenient 
is the following form: Find Vu  such that  

    wΑuw,a  for all Vw  (7) 

where  

       


duDεwεuw,a T       


dDαwεwΑ T  (8) 

with (Hughes, 2000) 
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Here   


211 


E
,  




12

E
 are Lame co-

efficients. Following (Colburn et al., 2001) the 
Young modulus and Poisson ratio are assumed as 
E = 1 GPA and  = 0.3,  = 1 and α = -0.06115 has 
been obtained by inverse analysis (Paszyński et al., 
2007). The material damage that is supposed to re-
sult in slight lean of the feature is modeled by de-
creasing the value of the Young modulus to E = 
0.001 GPA in the subdomain  

     ,433.0,0:,, xzyxd x  

      471.0,157.0,1,0 zy  (10) 

where the subdomain is prescribed in the relative 
 = [0,1]3 local system of coordinates. It should be 
emphasized that the value of the decreased Young 
modulus has been selected arbitrary, just to test the 
genetic algorithm, and the future work should in-

volve the investigation of the proper value of the 
Young modulus in the damaged area. 

3. PARALLEL SELF-ADAPTIVE HP FINITE 
ELEMENT METHOD 

Parallel self-adaptive hp-Finite Element Method 
(Paszyński & Demkowicz, 2006) was obtained by 
applying the domain decomposition paradigm to the 
sequential hp-FEM developed by the group of 
Leszek Demkowicz (Demkowicz et al., 2007). The 
parallel hp-FEM starts from an initial mesh selected 
by the user. It generates in fully automatic mode a 
sequence of meshes, by performing h, p or hp re-
finements on selected edges, faces and interiors. In 
the parallel hp-FEM the computational mesh is 
stored in distributed manner, compare figure 2. The 
selection of refinements is a complicated and com-
putationally expensive process, utilizing the coarse 
and corresponding fine meshes, which is described 
in details in Demkowicz et al. (2007). If the initial 
mesh fits geometry, material data and singularities 
of the problem, the generated sequence of meshes 
delivers exponential convergence of the numerical 
error with respect to the mesh size.  

However, if the initial mesh doesn’t fit the mate-
rial data and singularities, e.g. a finite element is too 
large to capture the local jump of material data, then 
the hp-FEM may not deliver the exponential conver-
gence. When the material data are provided by MRI 
scan or from some stochastic simulations, it may be 
difficult to design optimal initial mesh by hand. The 
fitting of the initial mesh to the material data and 
singularities is a global optimization problem. Thus 
it is reasonable to apply a genetic algorithm to find 
an optimal initial mesh. Table 1 illustrates the lack 
of exponential convergence for the exemplary dam-
aged SFIL problem when the hp-FEM starts from a 
randomly selected initial mesh, and the presence of 
the exponential convergence when the hp-FEM 
starts from an optimal initial mesh generated by the 
genetic algorithm. 

The parallel hp-FEM works based on the domain 
decomposition provided by ZOLTAN library 
(ZOLTAN, 2010). For the SFIL problem it is rea-
sonable to utilize 8 processor, due to number of ini-
tial elements in the mesh. The initial mesh can be 
efficiently processed by using maximum 8 number 
of processors. However, if we perform hp refine-
ments over the mesh, the computational cost 
changes from one element to the other, compare 
figure 3, and the uniform load balancing is no longer  
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possible. This is because computational cost of 
processing interior of elements is of the order of  
px

3 py
3 pz

3 where px, py, pz are the polynomial orders 
of approximation at element interior in x, y and z 
directions. For example, in the third iteration there is 
a single element with px = 3, py = 4, pz = 5 so the 
computational cost of processing this element is of 
the order of 33*43*53 = 216000, compare the first 
panel in figure 3. It implies that the computational 
cost of processing this single element is several or-
ders of magnitude higher than the cost of processing 
all other elements, and it makes no sense to use 8 
processors. Actually ZOLTAN suggests to utilize 3 
processors only, compare third panel in figure 2. 
Similarly, in the fourth iteration of the parallel hp-
FEM we can effectively use only 6 and in the fifth 
iteration only 4 processors. 

4. PARALLEL HIERARCHICAL 
CHROMOSOME BASED GENETIC 
ALGORITHM FOR INITIAL MESH 
SELECTION 

We propose to use hierarchical chromosome 
based genetic algorithm to find the optimal initial 
three dimensional mesh. The chromosome (the tree 
based structure) which represents an object in our 
genetic algorithm, codes the structure and the mean-
ing of an object, from the point of view of the de-
signer. Figure 4 presents hierarchical chromosome 
and an exemplary mesh it codes. Our exemplary 
mesh (denoted by S1) is described by tree compo-
nents: X, Y and Z. Components X, Y and Z consist of 
two, one and tree subcomponents, suitable. Each 
subcomponent is described by two parameters: the 
begin and the end limit of the interval, denoted by xi, 
yi and zi, suitable. These values are coded as the 
binary strings (xi = bx0,  bx1, ...,bxm), (yi = by0, by1, 
 

 
...bym) and (zi = bz0, bz1,...,bzm). The process of find-
ing of the optimal initial three dimensional mesh can 
be described as follows. First the initial population is 
randomly created. We assume that each mesh from 
the initial population has the same number of sub-
components of type X, Y and Z and that the suitable 
coordinates are the same. But the overall size and 
shape of the hierarchical chromosomes coding initial 
meshes can be different. The next step is the evalua-
tion of the newly created initial population. For each 
individual of the population the computational prob-
lem is solved, the global hp refinememnt is per-
formed, the problem is solved again, and the relative 
error estimator for the individual is computed. It is 
done fully in parallel, all individuals at the same 
time. 

The next step is the generation of offspring, by 
the means of hierarchical genetic operators. The 
whole process of evaluation and generation of off-
spring is repeated, until an optimal initial mesh is 
not found. For offspring generation the hierarchical 
genetic operators are used: mutation and crossover. 
Two kinds of hierarchical mutation are used: the 
mutation of group of alleles and the mutation of 
alleles. The hierarchical mutation of group of alleles 
(coded components) allows to add or to remove 
”splitting” coordinates from the genotype. This ge-
netic operator is responsible for changing of the 
genotypes size. The process of removing of splitting 
coordinates consists in randomly choosing the com-
ponent and the gene on the third level of the hierar-
chy tree from this component and removing it from 
the chromosome. The process of adding the splitting 
coordinates consists in randomly choosing the com-
ponent and the splitting coordinate and adding cho-
sen coordinate to the component at the third level of 
the hierarchy tree (compare left panel of figure 4 – 
splitting coordinates x6, x5 and x4). If the component 

Table 1. Comparison of convergence of the hp-FEM for two initial meshes. 

Poor convergence of the hp-FEM from randomly selected initial mesh: 

coarse/fine 
mesh sizes 

729 
15625 

869 
19019 

1166 
25215 

1322 
28681 

1573 
35557 

relative error 26.58 19.22 16.16 14.47 14.09 

Exponential convergence of the hp-FEM from an optimal initial mesh generated by the genetic algorithm: 

coarse/fine 
mesh sizes 

729 
15625 

932 
19399 

1306 
24839 

1817 
38211 

Relative error formulae 

relative error 12.93 9.40 7.47 4.01  
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has not been split yet, the coordinate should be cho-
sen between the beginning and the ending coordinate 
of the component. If the component has been split 
before, the coordinate should be chosen between 
randomly chosen gene in the component and the 
next gene in the component. The mutation of alleles 
simply changes the value of randomly chosen allele 
from the third level of hierarchy tree. The new value 
for chosen allele must be a value between the 
neighboring coordinates. The next used genetic op-
erator is the hierarchical crossover. The hierarchical 

crossover consists in finding the suitable crossover 
point P in the parent individuals and applying the 
crossover to the offspring in P. To apply crossover 
to parents in point P means to copy components 
from parents to offspring in the following way. First 
all the components located left from P and their 
subtrees are copied to the children being generated - 
respectively, from the first parent to the first child, 
from the second parent to the second child. After 
that the components of number P with their subtrees 
and all primitives located right from P and their sub-

 

 

 
 

Fig. 2. Domain decomposition into 8 processors provided by ZOLTAN library in particular generation of the self-adaptive hp-FEM for 
an exemplary initial mesh. 

      

Fig. 3. Load inbalances for the third, fourth and fifth iterations. 
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trees are copied to the children - from the first parent 
to the second child, from the second parent to the 
first child. Thanks to such a definition of the cross-
over, the children being generated can have different 
size and shape then their parents. We refer to 
(Paszyńska & Stożek, 2010; Paszyńska & Paszyński, 
2007)  for more details. 
 

 
Fig. 4. The hierarchical chromosome and an exemplary mesh 
that it codes. 

5. NUMERICAL RESULTS FOR PARALLEL 
GENETIC ALGORITHM 

The HCBGA algorithm was executed from ini-
tial populations with 10 randomly selected individu-
als and with initial populations with 20 randomly 
selected individuals. Some of them are presented in 
figure 5. The fitness function was defined as  
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  (11) 

where 
   

22

11
/




HhpHhphp UUu  is the normal-

ized relative error (squared) of the solution over 
the initial mesh, with respect to the fine mesh 
(reference mesh) solution, measured in the en-
ergy norm.  

The resulting convergence of the HCBGA is 
presented in figure 6. The most expensive part of the 
HCBGA algorithm is the fitness function estimation, 
and this can be performed fully in parallel. Each 
individual (mesh) can be assigned to separate proc-
essor. However, there is no sense to use more then 
10 individuals, since the convergence of the 
HCBGA starting from 20 individuals is the same as 
for HCBGA starting from 10 individuals. It order to 
utilize more than 10 processors, we need to partition 
individuals (computational meshes) into subdo-
mains. The fitness function estimations use always 
the first iteration of the hp-FEM, so we can effi-
ciently use 8 processors for each individual, com-
pare figure 2. Thus we can efficiently utilize 80 
processors. All meshes from the final fifth iteration 
have fitness of the order of 0.85-0.87, which implies 

 

a)

 

b)

 

c)

 
Fig. 5. a) Four exemplary individuals from the first population 
b) Four exemplary individuals from the fifth population c) hp-
refined optimal mesh obtained based on the fifth population 
(rear view), with solution: x, y, and z components of the dis-
placement vector field. 
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relative error of the order of 12-14 %. To improve 
the quality of the solution further, the parallel self-
adaptive hp-FEM can be executed, as illustrated in 
figure 2. The hp-FEM will provide now the expo-
nential convergence untile the required accuracy of 
5% relative error, compare table 1. The exemplary 
final hp-refined mesh and the solution are presented 
on c) panel in figure 5. 

6. CONCLUSIONS 

In this paper we discussed the parallel version of 
HCBGA algorithm finding optimal initial mesh for 
self-adaptive hp-FEM computations. The algorithm 
was verified on the simulations of the damaged SFIL 
problem. It has been proved that the optimal mesh 
found by the parallel HCBGA delivers exponential 
convergence of hp-FEM. The enough number of 
individuals for the case study damaged SFIL prob-
lem was equal to 10, and the fitness function estima-
tions used always the first iteration of the hp-FEM, 
where we can partition each mesh into 8 subdo-
mains. It implies that we can efficiently use maxi-
mum 80 processors for the case study problem. 

 

 

Fig. 6. Fitness for all objects from 5 consequtive populations 
starting with 10 individuals (left panel) or 20 individuals (right 
panel). 
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RÓWNOLEGŁY ALGORYTM GENETYCZNY 
ZNAJDUJĄCY OPTYMALNE SIATKI POCZĄTKOWE 

DLA TRÓJWYMIAROWEJ hp ADAPTACYJNEJ 
METODY ELEMENTÓW SKOŃCZONYCH 

Streszczenie 
 
W artykule tym przedstawiono wersję równoległą algorytmu 

genetycznego bazującego na hierarchicznym chromosomie 
(AGBHC) służącego do znajdowania optymalnych siatek począt-
kowych dla hp adaptacyjnej metody elementów skończonych (hp-
MES). Zaproponowany algorytm AGBHC rozwiązuje problem r 
adaptacji. Jest to problem globalnej optymalizacji polegający na 
znalezieniu optymalnej siatki początkowej dla algorytmu automa-
tycznej hp adaptacji. Poszukiwana siatka początkowa powinna 
pasować do przyjętych stałych materiałowych oraz do osobliwo-
ści rozwiązania. W efekcie algorytm automatycznej hp adaptacji 
uruchomiony na takiej optymalnej siatce początkowej powinien 
dostarczyć eksponencjalną zbieżność dokładności rozwiązania 
względem rozmiaru siatki obliczeniowej. Algorytm równoległy 
testowany jest na problemie nanolitografii poprzez wyciskanie 
i naświetlanie, modelowanym z pomocą liniowej sprężystości ze 
współczynnikiem rozszerzalności cieplnej. 
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