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Abstract 
 

Proposition of a new material model accounting for twinning and slip is described in the paper. The model was de-
veloped on the basis of physical and numerical simulations of hot deformation of magnesium alloy. Slip is base deforma-
tion mechanism in a majority of alloys but twinning occurs for example in some special steels or in the investigated in the 
present work magnesium alloys.   The model is based on the internal variable method. This method is well researched for 
slip. In the proposed model twinning is treated as pseudo-slip with the twins volume fraction being a dependent variable. 
Experimental tests for the AZ31 alloy were performed and inverse analysis was applied for identification of the models 
parameters. The results obtained for the closed form equations and for the internal variable model are compared in the pa-
per. It is shown that the latter model accounts for accommodation of strains by twinning and better reproduces behaviour 
of the alloy at the beginning of deformation. 
 
Key words: modelling flow stress, twinning, magnesium alloys, internal variable 

 

 
 

1. INTRODUCTION 

For years rheological models used for simulation 
of processing of materials have been based on static 
function of such external variables as temperature, 
strain rate and strain (Grosman, 1997; Schindler & 
Hadasik, 2000; Pietrzyk et al., 2006). It is, however, 
observed in experiments that microstructural 
changes in metals and alloys, caused by changes of 
the external variables, require some time, and delay 
in response may be observed (Urcola & Sellars, 
1987). Thus, a kinetics of the process has to be con-
sidered. New material models, which use time as 
independent variable, were developed to account for 
this phenomenon (Davies, 1994). Internal variables 
are the dependent variables in these models, which 
are successfully used to predict behaviour of materi-
als during deformation when slip is a dominant 

mechanism. There are, however, several alloys 
which involve two deformation modes possible in 
polycrystalline materials: slip and twinning. Magne-
sium alloys are an example of such materials. Less 
research has been performed on the modelling of the 
twining mechanism. Among the solutions available 
in the literature those based on the Taylor model 
(Barnett, 2003) and on the semianalytical Sachs 
model (Barnett et al., 2006) should be mentioned. 
An alternative proposition based on the internal 
variable approach is the objective of the present 
work. The physical and numerical simulations of 
deformation of magnesium alloy were performed 
and the results were used to develop the flow stress 
model for polycrystals, in which mechanism of 
twinning contributes to deformation. The developed 
model is general for all the polycrystals deformed by 
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twinning, but identification of the model was per-
formed for the selected AZ31 magnesium alloy. 

2. PHYSICAL SIMULATION  

Bars of mm after hot rolling, made from al-
loy AZ31 (ASTM designation) constituted the ex-
perimental material.  The chemical composition (in 
wt%) of AZ31 was: 2.83  %Al, 0.8%Zn, 0.37%Mn 
and 0.002%Cu. The microstructure of alloy speci-
mens in initial state, after annealing  is shown in 
figure 1. The alloy is characterized by a single-phase 
microstructure. 

 

 
Fig. 1. Microstructure of invesigated  alloy after hot rolling and 
annealing at 450°C. 

The uniaxial compression tests were performed 
on the Gleeble 3800 thermomechanical simulator at 
the Institute for Ferrous Metallurgy in Gliwice, Po-
land. The AZ31 samples measuring 10×12 mm 
were deformed at temperatures 200 - 450oC and at 
strain rates 0.01 – 10 s-1. These conditions were se-
lected to cover the expected range of temperatures 
and strain rates observed during forming of the 
AZ31 alloy. The total strain measured as the height 
reduction ( = ln(h1/ h2), where h1, h2 – height of the 
sample before and after the test) was  = 1. Load vs. 
displacement data were monitored at each test. Be-
yond this, surface temperature of the sample was 
measured. Selected example of the registered loads 
and temperatures is shown in figure 2. 

Analysis of the measurements shows that the 
temperatures of the sample varies during the test at 
higher strain rates. Since the heat capacity of the 
magnesium alloy is reasonably low, more than two 
times lower then for steel, the effect of the deforma-
tion heating is important for this material. However, 
the variations of the temperature are due not only to 
the deformation heating, but also to the temperature 

control system on the Gleeble 3800 simulator, see 
for example the curve for the strain rate of 1 s-1 in 
figure 1b. All these facts are accounted for in the 
inverse analysis of the tests. 

 

a) 

 

a) 

Fig. 2. Recorded load vs. die displacement data at the strain 
rate of 1 s-1 (a) and temperatures during the tests performed at 
the nominal temperature of 250oC (b). 

3.  MECHANISMS OF DEFORMATION OF 
THE AZ31 ALLOY 

There are two main mechanisms of deformation 
of polycrystalline materials: slip and twinning. 
Twinning is a mechanism occurring for example in 
magnesium alloys or in some special steels (TWIP – 
twinning induced plasticity). Majority of magnesium 
alloys crystallize with hexagonal close packed (hcp) 
structure and they have very limited number of slip 
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systems at room temperature, which results in a poor 
ductility. Besides slip, twinning is another intra-
granular plastic deformation mode and there are 
many twinning systems in magnesium alloys. Typi-
cal  flow curves, which illustrate the influence 
of temperature on the flow stress changes as a func-
tion of the deformation of the AZ31 magnesium 
alloy  during the hot compression, are presented in 
figure 3a. These results  indicate that a decrease in  
the test temperature  from 350 to  300°C causes 
a radical changes  in character of  flow curve, what 
coincides with the observations of Beer and Barnett 
(2006). It is confirmed by figure 3b, where instanta-
neous work hardening coefficient vs. strain is 
shown. Decrease and increase of this coefficient 
with increasing strain is observed at 250 and 300oC, 
while monotonous decrease of the coefficient is 
obtained at higher temperatures. 

 

 

Fig. 3. Stress-strain curves (left) and hardening coefficient 
(right) of AZ31 alloy obtained during deformation at tempera-
tures from 250C to 450C and strain rate 1s-1. (Meaning of the 
symbols is the same in both plots). 

The influence of the hot deformation on the mi-
crostructure of the AZ31 alloy is shown in figure 4. 
The structure of the alloy after deformation at a tem-
perature of 250 and 300°C with deformation rate 
0.1 s-1 consists of elongated primary grains with 
their boundaries deformed and many deformation 
twins (figure 4a). A rise in the test temperature to 
350°C  reduces number of twins (figure 4b).  

 

a) 

 

b) 

Fig. 4. Structure of hot deformed AZ31 alloy after deformation 
at a strain rate 1s-1 and temperature 250C (a) and 350C (b) to 
deformation  = 0.1. 

4. INTERNAL VARIABLE MODEL (IVM)  

The slip is reasonably well researched and ac-
counted for in modelling based on the internal vari-
able method. Less research has been performed on 
twinning. Both mechanisms are considered below 
and an attempt to build the general IVM model is 
made.  

 
4.1. Slip 

 
Resistance to deformation in slip is an effect of 

competing mechanisms of hardening (increase of 
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flow stress) and dynamic softening (decrease of flow 
stress due to recovery or recrystallization). In 
mathematical models, which account for these 
mechanisms, the density of defects in the material is 
used as a dependent variable, which is a function of 
time and of external variables describing conditions 
of the process, eg. temperature. Dislocations are the 
only defects, which are usually considered. Such 
model is based on fundamental works of Mecking 
and Kocks (1981), and Estrin and Mecking (1984), 
which are summarized by Estrin (1996). The nu-
merical model used in the present work is described 
by Ordon et al. (2000).  

Since the stress during plastic deformation is 
governed by the evolution of dislocation popula-
tions, a competition of storage and annihilation of 
dislocations, which superimpose in an additive man-
ner, controls a hardening. The flow stress is propor-
tional to the square root of dislocation density: 

 0 b       (1) 

where:  – dislocation density [m-2], 0 – stress 
accounting for elastic deformation [MPa],  – 
coefficient, b – length of the Burgers vector [m], 
 – shear modulus [MPa]. 

The evolution of dislocation populations ac-
counting for hardening and recovery is: 

 
   d t

M t
dt bl

   


 (2) 

where:   – strain rate [s-1], l – free path for disloca-
tions [m], M – the mobility of recovery [s-1]. 

Since analysis of the primary stage of deforma-
tion is the objective of the paper, the effect of dy-
namic recrystallization is neglected in this approach. 
Assuming that strain rate   and dislocation density 

 are an input and output variables, respectively, we 
obtain: 

 
d

B k
dt
      (3) 

where: B = 1/M – time constant [s], k = 1/(blM) – 
coefficient [s/m2]. 

Since internal variable model is time dependent, 
further analysis in this work will be based on the 
control theory. Applicability of this theory to model-
ling of materials processing, accounting for the mi-
crostructure evolution, is confirmed in Svetlichnyy 
(2004). Equation (3) is the same as for the first order 
inert object in the control theory. Electrical two-pair 

terminal network representing such an object is 
shown in figure 5a, where: R – resistance, C – ca-
pacity. Laplace transmittance of this element is: 

  
1

k
G s

Bs



 (4) 

where: s – Laplace operator 

 
a) 

 

 
b) 

Fig. 5. Two-pair terminal network  a - RC  and b - RLC. 

Relation between electrical and material con-
stants is: B = RC = 1/M. Amplifying coefficient k = 
1 for the electrical circuit and k = 1/(blM) for the 
material model. 

This approach is well known. When temperature 
is constant or temperature dependence of coeffi-
cients is neglected, equation (3) is linear and solu-
tion is simple, for example material response to the 
input step function: 

  
0

0 for 0

for 0

t
t

t





  



 (5) 

is: 

   0 1 exp
t

t k
B

          
  (6) 

 In real industrial processes temperature changes 
and nonlinear equation (3) has to be solved numeri-
cally, see (Davies, 1994; Ordon et al., 2000). Figure 
6 shows response of the system for the compression 
tests, in which input variable (strain rate) changes by 
a step function  

   1

2

for 0.25

for 0.25
t

 


 


  





 (7) 
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at the strain of 0.25. Results for both increase (1 = 
1 s-1, 2 = 10 s-1 ) and decrease (1 = 10 s-1, 2 = 1 s-1) 
of the strain rate are shown and compared with the 
experimental data (Ordon et al., 2000). These results 
were obtained for an austenitic steel. Flow stress is 
calculated using equation (1). It is seen that delay of 
the response is particularly important when the strain 
rate increases rapidly. 

 
Fig. 6. Stress-strain curve measured and predicted by the IVM 
model in the varying strain rate test for an austenitic steel. 

4.2. Twinning 
 
Twinning is based on the homogenous dis-

placement  of crystal layers in the parallel planes to  
the twinning  plane and it does not involve increase 
of the dislocation density. In some of published 
works twinning is, however, modelled as pseudo-
slip, see for example (Prakash et al., 2008). In this 
model the twin volume fraction f is a dependent 
variable which, similarly to the dislocation density 
in slip, is a function of time and of external vari-
ables. Evolution of the twin fraction is: 

 for 0
df
dt S

  


    0 for 0
df
dt

    (8) 

where:  – shear stress [MPa], S – characteristic 
shear of the twin (0.707 for cubic materials). 
 
4.3. Combined effect of twinning and slip  

 
Usually both mechanisms, twinning and slip, 

contribute to deformation of metals such as magne-
sium alloys or in some special steels  e.g. TWIP 
steels  (twinning induced plasticity). Their effect is 
different at different stages of deformation and at 

various conditions (temperatures, strain rates). It is 
seen in figure 7, where comparison of the flow stress 
for a C-Mn steel and magnesium alloy AZ31 is 
shown. Plots up to the strain of 0.3 only are shown. 

 
Fig. 7. Experimental (solid lines) and predicted (dotted lines) 
flow stress of C-Mn steel (no twinning) and AZ31 alloy (with 
twinning) as a response to the constant strain rate deformation. 

This plot can be treated as the response of the ma-
terial to the input step function (4) with 0  = 1 s-1. 

Since two different materials deformed at different 
temperatures are presented, figure 7 can be consid-
ered as demonstration only and the two curves 
should be compared qualitatively. Effect of twinning 
in steels is negligible and character of the response 
shows that this material is described well by equa-
tion (3) - the first order inert object. Contrary, the 
mechanism of twinning is important in AZ31 for 
lower strains while slip occurs at larger strains.  

The next objective of the present work is apply-
ing the concept of the internal variable method to 
modelling metallic materials, in which both twinning 
and slip contribute to the deformation, as discussed 
in chapter 2. The approach is based on the presented  
by Madej and Pietrzyk (2009) concept of equiva-
lence between material exposing two deformation 
mechanisms and the electrical circuit composed of  
the resistance, inductance and capacity. It is assumed 
that twinning accommodates some part of the strain 
rate what, in consequence, leads to slower than ex-
pected increase of the dislocation density. The role 
of twinning in plastic deformation of materials is 
similar to the role of an inductance in the electrical 
circuit shown in figure 5b.  Assuming that change of 
dislocation density caused by twinning is propor-

0 0.2 0.4 0.6
strain

0

50

100

150

200

250

fl
ow

 s
tr

es
s,

 M
P

a

strain rate, s-1

1 --> 10 prediction
10 --> 1 prediction
1 --> 10 measurement
10 --> 1 measurement

temperature 950oC

0 0.1 0.2 0.3
strain

40

80

120

160

200

fl
ow

 s
tr

es
s,

 M
Pa

steel 700oC
AZ31 250oC

strain rate 1 s-1



 INFORMATYKA W TECHNOLOGII MATERIAŁÓW 

 – 135 – 

C
O

M
P
U

T
E
R
 M

E
T
H

O
D

S
 I
N

 M
A

T
E
R
IA

L
S
 S

C
IE

N
C

E
 

tional to the volume fraction of twins (f = c/t), 
the second order inert term is obtained: 

 
2

2
2 12

d d
B B k

dt dt
        (9) 

Time constants in this equation are: 

 
1

1
B

M
           

2

Sc
B

blM
  (10) 

When temperature is constant or temperature 
dependence of coefficients is neglected, equation (9) 
is linear and solution is simple, for example material 
response to the input step function (5) is: 

  0 1 2
1 2 1 2

1
1 exp exp

t t
t k B B

B B B B
 

                     
  

  (11) 

Results of simulation of deformation using equa-
tions (4), (5), (6), (8) and (9) are shown by dotted 
lines in figure 5. Reasonably good agreement with 
the experiment is observed. This is the first approach 
to this model and further research described in chap-
ter 5 should improve accuracy of the solution. 

 
4.4. Testing of the model 

 
Numerical tests were performed to show capa-

bilities of the model. Figure 8 shows comparison of 
the response of the model for various relative values 
of time constants B1 and B2. The results are recalcu-
lated to the stress-strain relation following equation 
(1). It is seen from this figure that the model is capa-
ble to predict delay of the response due to twinning. 
This delay is larger when constants S and c are lar-
ger. 

5. IDENTIFICATION OF THE MODEL 

Analysis of results of axisymmetrical compres-
sion of AZ31 is the objective of this part of the 
work. The plastometric tests were performed to de-
termine the flow stress model for this alloy, which is 
needed for numerical simulations of forming proc-
esses (Rauch et al., 2008). Inverse analysis was ap-
plied to eliminate the influence of various distur-
bances on the results of the plastometric tests and to 
determine the flow stress of this material independ-
ent of the inhomogeneities in the tests. 

 

 
Fig. 8. Comparison of the response of the model for various 
relative values of time constants B1 and B2 in equation (8). 

5.1. Inverse algorithm 
 
Due to various disturbances (effect of friction, 

deformation heating etc), different plastometric tests 
involve different strain distribution and inhomoge-
neities of deformation. Thus, direct comparison of 
results of various tests is difficult. It is shown in a 
number of publications (Gavrus et al., 1996; 
Szyndler et al., 2001; Forestier et al., 2002) that 
application of the inverse analysis to the interpreta-
tion of plastometric tests minimizes the influence of 
these disturbances and allows flow stress to be de-
termined independent of the method of testing. The 
inverse method is applied in the present work to 
interpret the results of the axisymmetrical compres-
sion tests performed for the AZ31 alloy samples.  

Friction factor has to be known to determine the 
flow stress, therefore, this factor determined for the 
Gleeble simulator in (Szyndler et al., 2001) and 
equal 0.12 was used in the present project. Inverse 
algorithm described in (Szeliga et al., 2006) is used 
in the present analysis. The flow stress model is 
identified by searching for the minimum of the ob-
jective function, which is defined as a square root 
error between measured and calculated loads: 

2

1 1

( , )1 1Npt Nps
cji i mji

i j mji

F F

Npt Nps F 

  
        

 
x p

 (12) 

where: Fmij, Fcij – measured and calculated loads, 
Npt – number of tests, Nps – number of load meas-
urements in one test, p – vector of process parame-
ters (strain rates, temperatures), x – vector of coeffi-

0 0.1 0.2 0.3

40

80

120

160

200

fl
ow

 s
tr

es
s,

 M
P

a

B2= 0.1B1

B2= 0.5B1

B2= 0.8B1



C
O

M
P
U

T
E
R
 M

E
T
H

O
D

S
 I
N

 M
A

T
E
R
IA

L
S
 S

C
IE

N
C

E
 

INFORMATYKA W TECHNOLOGII MATERIAŁÓW 

 – 136 – 

cients in the models (rheological parameters, friction 
coefficient). 

The direct problem model, which in the inverse 
analysis simulates the experiment, is based on the 
finite element program described by Pietrzyk (2000) 
and is defined as simulation of the axisymmetrical 
compression tests. The finite element code used in 
the calculations is based on the rigid-plastic ap-
proach coupled with the solution of the heat trans-
port equation. Detailed description of this model is  
given in Lenard et al.'s work (1999) and the main 
equations and assumptions are presented briefly 
below. The approach follows the extremum princi-
ple, which states that for a plastically deforming 
body of volume , under the tractions  prescribed 
on the part of the surface t and the velocity v pre-
scribed on the remainder of the surface v under the 
constraint V  = 0, the actual solution minimizes the 

functional: 

  
t

T
i i V tJ d d  

 

     τ v   (13) 

where:  – Lagrange multiplier, i – effective stress 
which, according to the Huber-Mises yield criterion, 
is equal to the flow stress p, i - effective strain 

rate, V  – volumetric strain rate,  = {r, z}
T – vec-

tor of boundary traction, v = {vr, vz}
T – vector of 

velocities, vx, vy – components of the velocity vector, 
r, z – components of external stress, which in plas-
tometric tests is a friction stress. 

In the flow theory of plasticity, strain rates (ε ) 

are related to stresses (σ ) by the Levy-Mises flow 

rule: 

 εσ 


i

p



3

  (14) 

Discretization of equation (13) and differentia-
tion with respect to the nodal velocities and to the 
Lagrange multiplier yields a set of non-linear equa-
tions, which is usually solved by the Newton-
Raphson linearization method. Linearization yields: 

 










v

Kp  (15) 

where: 



















0

2

T

T

J

b

b
vvK

ˆ

T

T

J


 
   
  

p v
b v

 
V

T dVcBb  (16) 

where: v̂  – vector of nodal velocities calculated in 

the previous iteration, v – vector of increments of 
nodal velocities, c – matrix, which imposes the in-

compressibility condition V  = cTε  – volumetric 

strain rate, B – matrix of derivatives of shape func-
tions. 

The friction model proposed by Chen and Koba-
yashi (1978) and described also in (Lenard et al., 
1999) is used in this approach: 

 



















 

a
m p sv1tan

2

3 


  (17) 

where: m – friction factor, vs – slip velocity, a – 
constant, few orders smaller than an average slip 
velocity (if the value of slip velocity vs is large, for-
mula (17) is equivalent to Tresca friction law 

mk   with k – yield stress in shear. 
It was observed in the experiments that deforma-

tion heating causes an increase of the sample tem-
perature in the plastometric tests. Proper prediction 
of the temperature increase is an inevitable condition 
for obtaining realistic results. Therefore, the flow 
formulation, which is the basis of the mechanical 
model in the present work, is coupled with the finite 
element solution of the Fourier heat transfer equa-
tion: 

 
T

k T Q c
t

 
   


  (18) 

where: k – conductivity, Q – heat generation rate due 
to deformation work, c – specific heat,   – density,  
T – temperature, t – time. 

The following boundary conditions are used in 
the solution: 

  a

T
k q h T T


  
n

 (19) 

where: h – heat transfer coefficient, Ta – surrounding 
temperature or tool temperature, q – heat flux due to 
friction, n – unit vector normal to the surface. 

The following thermophysical parameters were 
assumed in the paper: density  = 1738 kg/m3, con-
ductivity k = 156 W/(mK) and specific heat c = 
1020 J/(kgK). Discretization of the problem is per-
formed in a typical finite element manner (Zien-
kiewicz & Taylor, 1989) using quadrilateral 4 node 
elements for mechanical part and 12 node elements 
for thermal part. Simulations of plastometric tests 
were performed using this software.  
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5.2. Results for conventional models 
 
The inverse analysis of rheological law was per-

formed in 2 steps, as shown in Szeliga et al.'s work 
(2006). The flow stress as a function of strain given 
in a tabular form for each test separately was deter-
mined first and the results are presented in figure 9. 
This flow stress, when implemented into the finite 
element code, gives perfect agreement between the 
measured and predicted loads during the tests. 

Identification of coefficients in the flow stress 
model was the objective of the second part of the 
inverse analysis. These coefficients were the 
variables in the objective function (12), which is 
defined as a square root error between measured and 
predicted loads in all tests performed for the 
investigated steels. It is expected that when the flow 
stress function is introduced in the FE code, the 
agreement between measured and predicted loads 
may not be as perfect as in the case of the stress-
strain relation introduced in a tabular form. The 

agreement in this case depends on the function’s 
capability of reproducing properly behaviour of the 
deformed material, which is not always easy. 
Several functions were tested within the project and 
the two of them were selected. The first is Hansel 
and Spittel (1978) equation: 

         exp expn m
p A B CT  (20) 

 

The second considered model is a modification 
of the equation proposed in (Gavrus et al., 1996): 

 3 exp exp
273

n
p a q

T

         
  

   1 exp exp 3
273

m
sat

satq a
T

 
        

  (21) 

where:   – strain,   – strain rate, T – temperature, 
oC, 

   

      
Fig. 9. Flow stress determined in the first step of the inverse analysis as function of strain for the AZ31 alloy (meaning of the symbols is 
the same in all plots). 
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There are 5 coefficients in equation (20) and 7 
coefficients in equation (21). These models are not 
flexible enough to reproduce properly stress strain 
curves composed of hardening, peak stress, soften-
ing and saturation, which are characteristic for the 

dynamic recrystallization. 
Therefore, the equation 
proposed originally by Sel-
lars and McTegart (1966) 
containing 16 coefficients 
was also considered. This is 
a complex equation, which 
is published in a number of 
publications (see for exam-
ple Kowalski et al., 2000; 
Hadasik et al., 2006), and is 
not repeated here. 

The values of the coef-
ficients in the investigated 
equations, determined using 
inverse analysis are given in 

table 1. Values of the objective function (12), which 
represent an accuracy of the inverse analysis, are 
also given in this table. It is concluded that accuracy 
of the solution is low for all considered functions. 

Table 1. Coefficients in equations (20) and (21) obtained from the inverse analysis for the AZ31 
alloy. 

Eq. A n B m C    

(20) 2517 0.339 0.978 0.148 7.459   0.1146 

Eq. a  n m asat sat q  

(21) 0. 12047 2683.3 0. 351 0. 1578 0.2675 2754.9 1.645 0.1166 

Table 2. Coefficients in the Sellars and McTegart (1966) equation obtained from the inverse 
analysis for the AZ31 alloy – notation of coefficients is the same as in (Hadasik et al., 2006). 
 

A0 n0 α0 Asse nsse αsse Ass nss 
 

0.717·1011 18.19 0.025 0.912·1013 2.59 0.02 0.286·1012 4.15 

αss q1 Q2 Cc Nc  Cx Nx Qdef 
0.137 

0.0336 0.8 0 0.00168 0.038 0.0045 0.198 175160 

   

 
Fig. 10. Comparison of measured loads (filled symbols) with results of FE calculations using various models with coefficients in tables 1 
and 2 as rheological law (open symbols),  for the AZ31 alloy. Shape of the symbol distinguishes the temperature of the test. 
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Figure 10 shows an example of comparison of 
the loads measured in the tests and calculated by the 
FE program with the investigated equations imple-
mented in the constitutive law. These plots confirm 
that the equations are not capable to reproduce the 
behaviour of the AZ31 alloy in the whole range of 
the considered temperatures and strain rate. Very 
good agreement between measurements and predic-
tions of loads was obtained for the higher tempera-
tures. Accuracy is not so good in lower tempera-
tures, when twining mechanism becomes more im-
portant. The  models calculated base on Hansel and 
Spittel (1978) equation (21), Gavrus et al.'s (1996)  
equation (22) and Sellars and McTegart (1966) 
equation were developed mainly for steels where the 
slip is dominated mechanism of deformation.  It can 
be seen in figure 9 that with decreasing temperature 
and increasing of strain rate, the shape of the flow 
curve changes, and this can be attributed to the onset 
of twinning.  The intensive twinning has influence 
on higher level of stress,  at lower deformation tem-
perature. In spite of this facts presenting equation 
gives worse compatibility in lower temperature with 
the experimental results.  

6.  IDENTIFICATION OF THE INTERNAL 
VARIABLE MODEL 

6.1. Numerical solution 
 
Solution of equation (9) for nonlinear coeffi-

cients can be performed using numerical methods. 
Finite difference method is one of the possibilities. 
In the present paper, however, simplified approach 
was considered first to evaluate the capabilities of 
the model to reproduce qualitatively behaviour of 
the materials deformed by two mechanisms. The 
flow stress was calculated from equation (11) with 
the coefficients dependent on temperature and strain 
rate. The following relationships were used 22-25: 
Average free path for dislocations 

 
4

1
a

a
l

Z
  (22) 

Mobility coefficient for recovery process 

 7 3
2 expa a

m a
RT

    
 

   (23) 

Table 3. Coefficients in internal variable model obtained from 
the inverse analysis for the AZ31 alloy. 

Coefficient, which controls effect of twinning on 
dislocation density 

 

3
17 9

510 1
a

c a
t


     

   
 (24) 

Shear modulus 

 176400 192T    (25) 

where: T


 – temperature in K, T – temperature in oC, 
t – time   – strain rate, Z – Zener-Hollomon pa-
rameter calculated for the activation energy a8, R – 
gas constant. Beyond this the length of the Burgers 
vector for the AZ31 alloy is assumed as 0.32110-9, 
coefficient  in equation (1) was considered as op-
timization variable  = a6. The stress 0 in equation 
(1) is a function of temperature, which on the basis 
of experiments is assumed as:  0 = 51.35-0.071T. 

There are 9 coefficients in the model, which are 
determined using inverse software described in sec-
tion 4.1. Since the influence of twinning is negligi-
ble at higher strains, the identification was per-
formed for the strains to 0.3. The values of coeffi-
cients a = {a1, . . . a1} obtained from the inverse 
calculations and the final value of the objective 
function are given in table 3. Since flow stress is not 
measured directly in the test, validation of the model 
by comparison of measured and predicted stresses is 
not possible. The primary validation was performed 
assuming that the flow stress determined in the first 
step of the inverse analysis can be considered as the 
measured flow stress. Comparison was made only 
for one test and for the beginning of deformation, in 
which the influence of twinning is important. The 
result is presented in figure 10. It is seen in this fig-
ure that the model based on the second order inert 
term has the capability to reproduce properly the 
shape of the flow stress curve. 

The full validation was performed by compari-
son loads, which are directly measured on the Glee-
ble 3800 system. The results of this validation of the 
model are shown in figure 10. Comparison of the 
loads measured in the tests and predicted by the FE 
code with the IVM model with coefficients in table 3 
as the rheological law, confirmed good accuracy of 
the model. 

 
 

a1 a2 a3 A4 a5 a6 a7 a8 a1  

0.0137 6343 32502 0.5368 0.0129 1 1.0765 50635 280 0.1166 
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Fig. 11. Comparison of the flow stress obtained from the first 
step of the inverse analysis with that calculated from the two 
considered models,  for the AZ31 alloy. 

Analysis of results shows that the IVM model al-
lows much better description of the AZ31 alloy be-
haviour than conventional closed form equation. The 
final value of the objective function decreased from 
about 11-13% for the closed form equations to be-
low 8% for the IVM model. This improvement is 
due mainly to the capability of the IVM model to 
reproduce slowing down of hardening at the begin-
ning of deformation due to twinning mechanism. In 
consequence better reproduction of loads for small 
strains is obtained. 

7. CONCLUSIONS 

A proposition of a new material model, account-
ing for both twinning and slip, is described in the 
paper. The model is based on the internal variable 
method (IVM). This method is well researched for 
slip. In the proposed model twinning is treated as 
pseudo-slip with the twin volume fraction f being a 
dependent variable. Presented analysis and results 
allow to draw the following conclusions regarding 
applicability of the models: 
– Contribution of twinning is that it accommo-

dates part of the strain rate and causes slower 
evolution of the dislocation density at the begin-
ning of deformation. 

– Mathematical description of the accommodation 
of the strain rate due to twinning can be based 
on the control theory. In consequence, the evolu-
tion of the dislocation density accounting for 
both twinning and slip can be described by the 
equations developed for the second order inert 
term.  
 

   
 

 
 

   
Fig. 11. Comparison of measured loads (filled symbols) with 
results of FE calculations using IVM model with coefficients in 
table 3 as rheological law (open symbols),  for the AZ31 alloy. 
Shape of the symbol distinguishes the temperature of the test. 
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– Presented results confirmed qualitative predic-
tive capability of the proposed model. Identifica-
tion of the model was performed with better ac-
curacy than for the conventional closed form 
equations.  

– Presented approach is valid for the monotonous 
deformation only. The model will probably fail 
for processes with varying deformation path. 
This problem, as well as numerical solution of 
evolution equation (9), will be the objective of 
future works. 
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FIZYCZNA I NUMERYCZNA SYMULACJA 

ODKSZTAŁCANIA STOPÓW MAGNEZU 

Streszczenie 
 
W artykule przedstawiono  nowy model zmian struktury ba-

zujący na zmiennych  wewnętrznych i uwzględniający proces 
bliźniakowania. Podstawowym mechanizmem podczas od-
kształcania metali i stopów jest poślizg, ale w niektórych mate-
riałach takich jak stopy magnezu lub niektóre stale, występuje 
również proces bliźniakowania. Zaproponowany model bazuje  
na metodzie zmiennej wewnętrznej, która dobrze opisuje po-
ślizg. W modelu bliźniakowanie jest traktowane jest jako pseu-
do-poślizg, a zmienną zależną  jest udział objętościowy bliźnia-
ków. W pracy wykonano próby plastometryczne, a następnie 
przeprowadzono identyfikację modeli wykorzystując rozwiąza-
nie odwrotne.  Wyniki uzyskane dla konwencjonalnych równań 
algebraicznych porównano z rozwiązaniem metodą zmiennych 
wewnętrznych. Wykazano, że ten drugi model uwzględnia 
akomodację części odkształceń przez bliźniakowanie na począt-
ku procesu i, w konsekwencji, daje lepszy opis zachowania się 
stopu dla małych odkształceń. 
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