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Abstract 
 

An existing flow stress model proposed by Barnett was examined with as-cast homogenized AZ31 compression test 
data for a range of temperatures (250-450oC) and strain rates (0.001-20s-1) from literature to verify the applicability of the 
model to direct extrusion of AZ31. The model was successful in predicting the hardening region of the flow curve but was 
unable to simulate the sizable softening component of the flow curve that as-cast homogenized magnesium alloys tend to 
have before failure. In order to correct this shortcoming, an empirical softening expression was developed with the same 
range of temperatures and strain rates. This modified flow stress model was then implemented into the finite element 
software package DEFORMTM 3-D to examine the hot-direct extrusion of hollow AZ31 automobile structural compo-
nents fabricated using a port-hole die. 
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1. INTRODUCTION 

There is a growing need to develop fabrication 
technologies for lightweight components for auto-
motive structural applications. A leading material 
candidate for such applications is magnesium (Mg) 
and its alloys due to their attractive physical proper-
ties: approximately two-thirds the density of alumi-
num, high specific strength, good weldability (under 
a controlled atmosphere), and good damping capac-
ity. The low density of magnesium alloys 
(1.74 g/cm3) makes them attractive for structural 
automotive applications because of the potential of 
improving fuel efficiency and vehicle performance 
through reducing vehicle weight while increasing 
the ability to meet new legislation limiting automo-
bile emissions.  

The use of magnesium alloys has been mainly 
hindered by its low elastic modulus, limited cold 
workability and toughness, and susceptibility to 
corrosion (Srivatsan et al., 1995). Formability and 
ductility limitations at low temperatures are largely 
a result of the hexagonal close packed (HCP) crystal 
structure’s tendency to deform through twinning 
rather than slipping due to the lack of five independ-
ent slip systems (Srivatsan et al., 1995; Tadano et 
al., 2007; Wonsiewicz & Backofen, 1967) required 
for homogeneous plastic deformation as defined by 
the von Mises criterion (von Mises, 1928). Slip can 
occur at room temperature along the (0001) basal 
planes in slip directions perpendicular to the c-axis 
of the crystal, but this does not allow for extension 
or contraction of the c-axis. In order to accommo-
date a shape change in the hexagonal crystal, mag-

nesium alloys tend to twin on }2110{  planes to 
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extend the c-axis, or twin on the }1110{  planes 

followed by retwinning on the }2110{ planes to 

contract the c-axis (Wonsiewicz & Backofen, 1967). 
These two types of twinning can be referred to as 
“tension” and “contraction” twinning, respectively 
(Barnett, 2007a; Barnett, 2007b).  

Mg alloy formability can be improved at ele-
vated temperatures through the activation of addi-
tional slip systems (such as prismatic

1021}0110{ , pyramidal 0211}0111{ , and 

<c+a> 3121}1221{  (Levesque et al., 2006; 

Levesque et al., 2007) despite increases in produc-
tion costs. This leads to the need for better under-
standing of Mg alloy deformation at elevated tem-
peratures and, specifically, the flow stress behavior 
at elevated temperatures so that processing im-
provements can potentially be developed for indus-
trial magnesium extrusions.  

The approach taken in this study was to link the 
state variables, strain, strain rate, and temperature to 
the prediction of flow stress during extrusion of as-
cast homogenized magnesium alloy AZ31. The rea-
son for this is to have a numerical model that is ca-
pable of predicting the sophisticated flow stress re-
sponse but also can easily be used within an indus-
try-accepted software package such as LS-DYNA, 
DEFORM, QFORM, and others. This allows the 
suppliers of the extruded components to test the 
extrusion feasibility with a higher a degree of accu-
racy without requiring the suppliers to have a high 
level of theoretical understanding of microstructural 
phenomena and crystal plasticity as required by 
many existing scientific models (Agnew & Duygulu, 
2005; Lebensohn & Tome, 1993; Levesque et al., 
2006; Levesque et al., 2007; Staroselsky & Anand, 
1998; Staroselsky & Anand, 2003; Tadano et al., 
2007; Van Houtte, 2001). Moreover, this will mini-
mize the timely and costly exploratory extrusion 
trials done by industry, as well as, minimize the 
effort to determine the extensive series of single-
crystal parameters and material-specific curve fitting 
constants done by the scientific researchers. The 
single-crystal parameters are often determined 
through iteration and describe the evolution of the 
critical resolved shear stress for each of the twinning 
and slip modes (Barnett et al., 2005; Staroselsky & 
Anand, 1998). Material-specific curve fitting con-
stants generally require assessing certain measure-
ments from a specific material orientation. The sci-
entific models, though, can predict the macro-scale 

stress response (Francillette et al., 2003; Levesque et 
al., 2006; Tadano et al., 2007) in addition to the 
micro-scale texture evolution (Levesque et al., 2006; 
Tadano et al., 2007), twin initiation (Meyers et al., 
2001) and the influence of twin boundaries on slip 
(Remy, 1978); features a simpler model would have 
difficulty performing reliably.  

Models of less complexity have been developed 
(Li et al., 2006; Mathis et al., 2002; Mathis et al., 
2004; Sheng & Shivpuri, 2006; Slooff et al., 2007; 
Takuda et al., 2005) but they are inappropriate to 
reproduce the entire flow stress curve for the wide 
range of strain, strain rate, and temperature condi-
tions that occur during a typical deformation proc-
essing such as extrusion. The reason for this is the 
equations chosen to govern some models only pre-
dict the hardening component of the flow curve; for 
instance the Hollomon equation: σ = Kεn. This only 
allows the models to be valid up to a small level of 
plastic strain (e.g. 0.2) (Barnett et al., 2006; Barnett 
et al., 2005). Such a limitation would make the flow 
stress model inappropriate for the simulation of ex-
trusion where the strain levels can easily climb to 
values of 8 or 9 or even higher depending on the 
forming conditions.  

Additionally, many of the less complex models 
are not constructed as functions of all three state 
variables, strain, , strain rate, , and temperature, T 
but rather only functions of one or two of the state 
variables. Examples include the Hollomon equation, 
which is only a function of the state variable , or 
the following equation, which is only a function of 
the state variables   and T:  
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where the Zener-Hollomon parameter,

 RTQZ /exp , is a temperature-modified 

strain rate term. Equation (1) is derived from the 
more familiar relationship  

    





 

RT

Q
A n expsinh   (2) 

Few models exist between the scientific type 
models and models of less complexity. Barnett et al. 
(2006) developed such a flow stress model that of-
fered a balance in required material data and math-
ematic intricacy. Based on the dominance of basal 

slip and }2110{  twinning during plastic deforma-
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tion a semianalytical description for flow stress was 
developed to capture these two separate effects in 
Mg alloys. The model is a based on average Schmid 

factors for basal slip and }2110{  twinning, the rate 

of twinning, and the relative values of the critical 
resolved shear stresses (CRSSs). Using an effective 
Schmid factor to quantify the effect of different por-
tions of the polycrystalline sample as opposed to 
using the specific Schmid factor for each crystal and 
then relating them back to each other with iterative 
polycrystalline equations as required by the scien-
tific (or self-consistent) models, simplifies the re-
quired mathematics significantly. The model pro-
posed by Barnett et al. (2006) is unhindered by itera-
tion through strain; allowing it to provide rapid solu-
tions in an explicit manner. The key assumption 
made in this model is the Sachs assumption; that 
only one slip or twinning system is considered to 
operate in each grain at a time (Barnett et al., 2006; 
Hosford, 1993). Since only a limited number of sys-
tems are available to accommodate deformation 
within a grain during any given loading condition 
(basal slip only provides two independent systems 
for shear which typically takes place in either sense 

along a slip direction on a slip plane, while }2110{  

twinning only provides six independent systems for 
shear that typically take place in a single sense (Bar-
nett et al. 2006; Barnett et al. 2005; Staroselsky & 
Anand, 2003), the Sachs assumption is a reasonable 
one. 

The governing equation for the model is pre-
sented below: 
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Equation (3) is comprised of three terms that 
separate the Mg alloy grains into three different vol-
umes. Volume I, defined as (1 – χ)XT, is the material 
that deforms by twinning where XT is the fraction of 
grains undergoing twinning and χ is the fraction of 
these grains that have twinned. Volume II, defined 
by χXT, is the material that has twinned but subse-
quently deforms by slip. Volume III, defined by  
(1 – XT), is the material that deforms only by slip.  

The stress in volume I, σI, is defined in equation 
(4) (or Schmid’s Law) and is represented in the first 
term of equation (3). Here mI is the effective Schmid 
factor and τ0t is the CRSS for twinning for this vol-

ume (Barnett et al., 2006). It is assumed that this 
stress does not change with strain because of the 

“easy” advancement of the }2110{  twinning front 

once the twin has formed (Barnett et al., 2006).  

   
(4)

 

The stress in volume II, σII, is defined in equa-
tion (5) and represented in the second term of equa-
tion (3). Here mII is the effective Schmid factor and k 
reflects the magnitude of the CRSS for basal slip 
after twinning for this volume (Barnett et al., 2006).  

  n
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II m
m
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    (5) 

where ε is strain, n is a constant, and ξ is a curve-
fitting hardening factor added by Barnett et al. 
(2006) to introduce additional hardening. The stress 
in volume III, σIII, is defined in equation (6) and 
represented in the third term of equation (3). Here 
mIII is the effective Schmid factor for basal slip for 
this volume, which does not undergo twinning (Bar-
nett et al., 2006).  

 n
n

III

III
m

k 
1   (6) 

The value of χ is controlled by the sigmoidal re-
lationship of equation (7), which agrees with ex-
perimental observations (Jiang et al., 2007a). The 
variable a is a rate exponent and ε1 is the macro-
scopic strain where the twinning reaction has 
reached 98% completion.  
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The Barnett et al. (2006) flow stress model was 
examined with the AZ31 as-cast homogenized com-
pression test data for a range of temperatures (250-
450oC) and strain rates (0.001-20 s-1) from literature 
to verify the applicability of the model to AZ31 di-
rect extrusion. The model was successful in predict-
ing the hardening component of the flow curve for 
low strain but was unable to simulate the sizable 
recovery component of the flow curve that as-cast 
homogenized Mg alloys tend to have before failure 
due to the fact that it is only a hardening model. 
Predicting only the hardening component of the 
stress-strain curve is a common characteristic among 
the majority of the models that are currently in lit-

I

t
I m

0 
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erature; scientific or simplified. In order to correct 
for this shortcoming, an empirical softening expres-
sion was developed for the model with the same 
range of temperatures and strain rates. 

2.  MODEL DESCRIPTION  

The limitation of the Barnett et al. (2006) flow 
stress model is that it only accounts for the harden-
ing behavior of the true (stress-strain) flow curve or 
curve-A of figure 1 (Gronostajski, 2000). The typi-
cal softening behavior of an as-cast homogenized 
Mg alloy at elevated strain levels is represented by 
curve-B of figure 1 (Gronostajski, 2000; Jiang et al., 
2007a; Sheng & Shivpuri, 2006), which comprises 
hardening, softening, and steady-state. The harden-
ing component of curve-B is represented by a strain 
of zero to εus, or the strain at ultimate strength. Some 
of the mechanisms controlling hardening are the rate 
of dislocation generation and accumulation, as well 
as the availability of slip and twinning systems. Ma-
terial softening, as a result of dynamic recovery, 
recrystallization, deformation heating, and texture 
formation, is represented on curve-B from εus to εss, 
or the strain at the saturation stress. The point of 
inflexion, εinflex divides both εus and εss. In order to 
mimic this softening, an additional term was devel-
oped and added to the end of equation (3) as pre-
sented on the second line in equation (8). The major 
benefit with this approach is that there is a single 
equation predicting the true flow curve unlike with 
other models that distinguish the three specific 
ranges in the true flow-curve with three different 
specific equations of a piecewise function 
(Gronostajski, 2000; Schindler et al., 1996).  

  

 
Fig. 1. True stress-strain behavior as a dependence on material; 
curve-A is typical of aluminum alloys and curve-B is typical of 
as-cast homogenized magnesium alloys. 
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    DCBA  1)-)(exp(-201exp   (8) 

The softening term is an empirical relationship, 
with each of the four variables generally controlling 
a specific feature of the softening component of the 
flow curve. Variable A has the largest impact on the 
slope of the curve between εus and εinflex. As A in-
creases the magnitude of the negative slope in-
creases. Additionally, the majority of the flow curve 
can decrease. Variable B has the largest impact on 
controlling the value of the ultimate strength, σus. As 
B increases σus decreases with the majority of the 
flow curve shifting downward. The slope of the 
curve between εinflex and εss is controlled by variable 
C. As C increases the magnitude of the negative 
slope in this range increases with the majority of the 
tail-end of the flow curve moving downward. The 
variable D impacts the tail-end of the flow curve 
which starts at εss or the beginning of the steady-
state region. As D increases the magnitude of the 
negative slope in this range increases with the ma-
jority of the other features of the flow curve remain-
ing unchanged. 

Another change to equation (3) was to redefine k 
in the second and third term. Originally, k was de-
fined as reflecting the magnitude of the CRSS for 
basal slip after twinning. Here k will be defined as in 
equation (9), where K is the strength coefficient of 
the Hollomon relationship.  

 
10

K
k   (9) 

A log-log plot of true stress and true strain up to 
the maximum load, σus will result in approximately 
a straight line. The slope of this line is n, the strain-
hardening exponent, and K is the true stress at ε = 
1.0. The variable n in equation (3) was also rede-
fined to the strain-hardening exponent, n in the Hol-
lomon relationship. The purpose of redefining the 
two variables was to experimentally back the values 
used for k and n of equation (8). Additionally, the 
second and third terms of equation (8) are in a form 
that generally can be described with the Hollomon 
relationship. 
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Many of the variables in equation (8) and equa-
tion (7) were determined as functions of strain rate 
and temperature through curve fitting but values for 
some variables, such as XT and ε1, were kept close to 
previously seen experimental values. By quantifying 
the variables in this way the model now becomes 
a function of ,  , and T, that reasonably meets 
experimental expectations for the variables. Curve 
fitting will produce values for the variables but if the 
data set is small the variable values are usually only 
suitable within a small range of the originally con-
sidered data set. In order to minimize this limitation, 
a sizable amount of AZ31 as-cast homogenized 
compression true flow stress data at extrusion suit-
able temperatures and strain rates was identified 
from the literature (Barnett et al., 2004; Beer & Bar-
nett, 2007; Guo et al., 2006; Lapovok et al., 2004; 
Wang et al., 2007) and used to determine the rela-
tionships for the variables in equation (8) and equa-
tion (7). The specific strain rates and temperatures 
considered are described in table 1.  

Table 1. Temperatures and strain rates for AZ31 as-cast ho-
mogenized flow stress data. 

Temperature (oC) Strain Rates (s-1) 

250 0.03, 0.3, 3 
300 0.005, 0.05 
350 0.01, 0.1 
400 0.03, 0.1, 0.3, 3 
450 0.001, 0.01, 0.1, 1, 10, 20 

 
A program was written with MATLABTM to 

digitize the literature flow stress curve images that 
allowed the extraction of the stress-strain data points 
at a suitable strain step-size to accurately reproduce 
the flow stress curve. In general, at least 100 data 
point sets were extracted from each curve with two 
examples of the extracted curves shown in figure 2.  

The purpose for only using as-cast homogenized 
Mg alloy flow stress data is that during extrusion of 
automotive structural components the as-cast billet 
is generally deformed once to a slightly smaller di-
ameter for homogenization purposes and then ex-
truded a second time into the final shape. Once a Mg 
alloy is plastically deformed into its final shape it 
tends to develop a very strong textured grain orienta-
tion that significantly influences the true stress-strain 
behavior of the Mg alloy (Agnew & Duygulu, 2005; 
Barnett, 2001; Barnett, 2005; Barnett, 2007a; Bar-
nett, 2007b). 

Compression flow stress data was used because 
the stress-state within hot-direct extrusion is primar-

ily compression and a sufficient amount of flow 
stress curves at extrusion suitable temperatures and 
strain rates could be identified from the literature. 
Shear is the other major stress-state found in the hot-
direct extrusion process and occurs near the con-
tainer wall; within the shear-band that defines the 
dead-metal zone, and as the material is moving 
through the die. Torsion testing is a good experimen-
tal test to replicate the shear stress, but, a suitable 
amount of flow stress curves at extrusion suitable 
temperatures and strain rates could not be identified 
from the literature. 

 
(a) 

 
 

(b) 

 
Fig. 2. AZ31 as-cast homogenized compression true flow stress 
data. (a) Constant strain rate = 0.1 s-1 (Barnett et al., 2004). (b) 
Constant temperature = 250oC (Lapovok et al., 2004). 

Once the relationships were developed for the 
variables in equation (8) and equation (7), they were 
implemented into the finite element software pack-
age DEFORMTM 3-D along with equation (7) and 
equation (8) to examine the hot-direct extrusion of 
a hollow AZ31 automobile structural component 
fabricated using a porthole die.  

The structural component analyzed in this study 
is an industrially produced “double hat” typical of 
a crash-box design (figure 3) used by the automotive 
industry. The geometry of the extrusion in figure 3 is 
created with the 8 port-hole die shown in figure 4.  
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(a) 

 
 

(b) 

 
 

Fig. 4. (a) Front- and (b) rear-view of the 8 port-hole die-
assembly. 

The initial conditions for the DEFORMTM 3-D 
simulation are listed in table 2. The billet diameter 
and extrudate dimensions are set to the industrial 
processing conditions. The billet and tooling tem-
peratures are set to the initial temperatures found in 
the industrial process before extrusion begins.  

The AZ31 billet was modeled as a perfectly-
plastic object in all simulations. With an initial tem-
perature of 538oC (1000oF), which is 85% - 89% of 
the 605 - 630°C (1120 - 1170 °F) melting tempera-
ture range, any residue elastic behavior would be 
recovered and not influence the deformation process. 

Table 2. Initial conditions for the DEFORMTM 3-D Mg double-
hat extrusion. 

Billet Diameter x Billet Length 
200 mm (7.87 in) x 240 mm 

(9.45 in) 

Billet Temperature 538oC (1000oF) 

Tooling Temperature 427oC (800oF) 

Environment (Air) Temperature 20oC (68oF) 

Shear Friction Coefficient ( Billet 
– Billet) 

0.7 

Shear Friction Coefficient ( Billet 
– Tooling) 

0.2 

Ram Speed 1.32 mm/s (0.052 in/s) 

Heat Transfer Coefficient (Billet - 
Billet) 

11000 W/(m2 oC)  
(0.538 Btu/(s ft2 oF)) 

Heat Transfer Coefficient (Billet - 
Tooling) 

5000 W/(m2 oC)  
(0.245 Btu/(s ft2 oF)) 

Time Step 0.1 – 0.2 s 

Mesh Element Range 
1.0 mm – 12 mm  
(0.04 in – 0.47 in) 

 
 The remaining tools (container, 8 port-hole die, 

and ram) were modeled as rigid objects in all simu-
lations. They are made from tool steel and were ei-
ther suitably bolstered, or had substantial size that no 
deformation was assumed to occur.  

3. RESULTS 

The Mg alloy examined during this study was 
AZ31 (3 wt% Al, 1 wt% Zn). While AZ31 is the 
most popular magnesium extrusion alloy, a new 
alloy, AM30 (3 wt% Al, 0.3 wt% Mn), with im-
proved formability and extrudability is being con-
sidered for the automotive structural components. As 
discussed by Luo & Sachdev (2007), the major dif-
ference between the alloys is a decrease in zinc con-
tent in alloy AM30. The added strength imparted 
from zinc additions was sacrificed in the interest of 
improving ductility and hence extrudability which 

 

Fig. 3. Double-hat extrudate. ED: Extrusion Direction, ND: Normal Direction, TD: Transverse Direction. 
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leads to reduced production times and cost. table 3 
gives typical compositions for both AZ31 and AM30 
alloys (Luo & Sachdev, 2007).  

Table 3. Typical chemical compositions (wt%, bal Mg) of AZ31 
and AM30 components. 

Alloy Al Mn Zn Fe Ni Cu 

AZ31 3.1 0.54 1.05 0.0035 0.0007 0.0008 

AM30 3.4 0.33 0.16 0.0026 0.0006 0.0008 

 
An attempt to identify AM30 as-cast homoge-

nized flow stress data at extrusion suitable tempera-
tures and strain rates was undertaken but minimal 
data could be found in literature (Wang et al., 2007) 
to verify the validity of the model. Therefore, since 
both alloys perform similarly in terms of flow stress 
(Jiang et al., 2007b; Luo & Sachdev, 2007), and 
since a suitable amount of AZ31 as-cast homoge-
nized compression true flow stress data at extrusion 
suitable temperatures and strain rates could be found 
in literature (Barnett et al., 2004; Beer & Barnett, 
2007; Guo et al., 2006; Lapovok et al., 2004; Wang 
et al., 2007), AZ31 was the alloy chosen for the 
model analysis. It is expected the final form of the 
model will only have to be changed slightly to re-
produce the AM30 flow stress data once it is ob-
tained. 

 
3.1. Analysis of Modified Flow Stress Model  

 
The values for each variable from equation (7) 

and equation (8) were determined by reproducing 
the AZ31 true flow stress curves identified from the 
literature (Barnett et al., 2004; Beer & Barnett, 2007; 
Guo et al., 2006; Lapovok et al., 2004; Wang et al., 
2007) that correlate to the strain rate and tempera-
ture combination in table 1. These values are pre-
sented in table 4. Repeated strain rates in table 4 
indicate that there were several sets of experimental 
data from literature for that given combination of 
strain rate and temperature. A comparison between 
the flow stress model with these variables and the 
experimental flow stress curves are presented in 

 

 

 

 
 

Table 4. The values for each variable that reproduce the AZ31 
flow stress curves found in literature at the specified strain rates 
and temperatures. Repeated strain rates indicate flow stress 
data from multiple sources. 
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When the model variables were plotted with re-
spect to strain rate and temperature, the graphs in 
figure 6 and figure 7 were produced. Variables a, e1, 
and ξ were found to be constant through all strain 
rates and temperatures with values equal to a = 1,  
e1 = 0.18, and ξ = 1. 

The graphs in figure 6 and figure 7 that did vary 
with strain rate (k, n, A, B, and C) are shown in fig-
ure 8, figure 9, and figure 10 with tend lines. The 
trend lines were either of the logarithmic form 

 sr )ln(  or the power-law form  sr . This 

produced relationships for k, n, A, B, and C that were 
now explicitly a function of strain rate. 

 

The r and s values from the logarithmic and 
power-law tend lines of figure 8, figure 9, and figure 
10 were then plotted with respect to the absolute 
temperature as presented in figure 11 - figure 15. 
Trend lines were added. The trend lines were either 
of the linear form  qpT  , logarithmic form 

 qTp )ln( , exponential form  qpe  or the 

power-law form  qpT . This produced relation-

ships for the r and s values that were now explicitly 
a function of temperature.  

 
 
 
 

 
(a) 

 

 
(b) 

 

 
(c)  

 

 
(d) 

 

 
(e) 

 

 

 

 

Fig. 5. Comparative examples between the flow stress model with 
variable values of table 4 and experimental flow stress curves for the 
following conditions: (a) 250oC, 0.03s-1(Lapovok et al. 2004) (b) 
300oC, 0.05s-1(Guo et al. 2006) (c) 350oC, 0.1 s-1(Barnett et al. 2004) 
(d) 400oC, 3s-1(Lapovok et al. 2004) (e) 450oC, 0.01s-1(Wang et al. 
2007). 
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(a) 

 
(b) 

 
(c) 

 
(d) 

 
(e) 

 
(f) 

Fig. 6. A partial set of variables plotted with respect to strain rate and temperature. Variables a, e1, and ξ are found to be constant 
through all strain rates and temperatures with the values of a = 1, e1 = 0.18, and ξ = 1. 
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(a) 

 

 
(b) 

 

 
(c)  

 

 
(d) 

 

 
(e) 

 

 

 

 

 

 

 

 

Fig. 7. The remainder of model variables plotted with respect to strain rate and temperature. 
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(a) 

 

 
(b) 

Fig. 8. Tends for variables k and n: k trends with a power-law 

form  sr  and n trends with a logarithmic form  sr )ln( . 

The remaining variable graphs in figure 6 and 
figure 7 did not vary with strain rate (τ0t, mi, mii, miii, 
Xt, and D) but did vary with temperature. Therefore, 
these variables were plotted with respect to the abso-
lute temperature in order to develop relationships 
that were a function of temperature.   

The strain rate relationships from figure 8, figure 
9, and figure 10 along with the temperature relation-
ships developed in figure 11 - figure 15 were com-
bined to produce relationships for the model vari-
ables that were now a function of strain rate and 
temperature. The new variable functions are pre-
sented below in table 5. 

 
 
 
 

 

  

Fig. 9. Variable C trends with a power-law form  sr . 

 
(a) 

 

 
(b) 

Fig. 10. Tends for variables A and B: A trends with a power-law 
form  sr  and B trends with a logarithmic form  sr )ln( . 
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Fig. 11. The r and s values for variable k from figure 10 are 
plotted with respect to absolute temperature.  

 
 

 
Fig. 12. The r and s values for variable n from figure 8 are 
plotted with respect to absolute temperature. 

 
 

 
Fig. 13. The r and s values for variable A from figure 9 are 
plotted with respect to absolute temperature. 

  
 

 
Fig. 14. The r and s values for variable B from figure 9 are 
plotted with respect to absolute temperature. 
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Fig. 15. The r and s values for variable C from figure 10 are 
plotted with respect to absolute temperature. 

 

 
When the variable functions from table 5 are 

combined with equation (7) and equation (8) the 
flow stress model is complete and is now a function 
of strain, strain rate, and temperature. Comparisons 
between the completed flow stress model and the 

experimental flow stress curves are presented in 
figure 16.  

From figure 16 it can be seen that the variable 
equations of table 5 did not reproduce the experimen-
tal flow stress curves with reasonable accuracy. It is 
thought that due to the poor fit of some of the trend 
lines in figure 11 - figure 15 that the final equations 
derived for variables k, n, A, B, and C were skewing 
the flow stress results. In order to improve the accu-
racy of the flow stress model, the p and q values from 
the trends of figure 11 - figure 15 were changed 
slightly. The modified variable equations are pre-
sented in table 6 and provide an improved fit to the 
experimental curves as depicted in figure 17. 

 
3.2. Numerical Simulation Analysis of Mg  

Extrusion 
 
Initially, the numerical simulation of the 8 port-

hole die was performed with the experimental AZ31 
flow stress found in literature. When creating the 
DEFORMTM 3-D material library entry for AZ31, 
only the hardening component of the AZ31 flow 
stress curves could be implemented and run success-
fully in DEFORM. When the softening component 
was added the extrapolation and interpolation coding 
within DEFORM was unable to determine the FEM 

 
flow stress values for the simulation. The cause of 
this is having flow stress data from different sources  
 

Table 5. Variable equations as a function of strain rate and temperature. 
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that have different negative slopes for the softening 
component of the flow stress curve and when the 
curves are extrapolated they intersect. The extrapola-
tion and interpolation coding is then unable to calcu-
late a flow stress value. If the softening and steady-
state components were available with the experi-
mental flow stress data this problem would most 
likely be averted. In addition to the flow stress data 
all the necessary material property information (e.g. 
thermal conductivity, Poisson ratio, etc.) that is re-
quired by DEFORM was also added to the AZ31 
 

material library entry. Simulated results for the state 
variables from this effort are presented in figure 18. 
At the extrudate length shown in figure 18, the proc-
ess is operating at steady-state conditions. 

 

 
(a) 

 

 
(b) 

 

 
(c)  

 

 
(d) 

 

 
(e) 

 

 

 

 

 

Fig. 16. Comparative examples between the completed flow stress 
model and the experimental flow stress curves for the following condi-
tions: (a) 250oC, 0.03s-1(Lapovok et al., 2004) (b) 300oC, 0.05s-1(Guo 
et al., 2006) (c) 350oC, 0.1 s-1(Barnett et al., 2004) (d) 400oC, 3s-1(Lapovok 
et al., 2004) (e) 450oC, 0.01s-1(Wang et al., 2007). 
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(a) 

 

 
 (b) 

 

 
 

 

 

(c) 

 

 

(d) 

 

Table 6. Modified variable equations as a function of strain rate and temperature. 

 
Hardening Variables 
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Fig. 17a-d. Comparative examples between the flow stress model with modified variable equations of table 6 and experimental flow 
stress curves for the following conditions: (a) 250oC, 0.03s-1(Lapovok et al., 2004) (b) 300oC, 0.05s-1(Guo et al., 2006) (c) 350oC, 
0.1 s-1(Barnett et al., 2004) (d) 400oC, 3s-1(Lapovok et al., 2004) (e) 450oC, 0.01s-1(Wang et al., 2007). 
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(e) 

Fig. 17e. Comparative examples between the flow stress model 
with modified variable equations of table 6 and experimental 
flow stress curves for the following conditions: (a) 250oC,  
0.03s-1(Lapovok et al., 2004) (b) 300oC, 0.05s-1(Guo et al., 
2006) (c) 350oC, 0.1 s-1(Barnett et al., 2004) (d) 400oC,  
3s-1(Lapovok et al., 2004) (e) 450oC, 0.01s-1(Wang et al., 2007). 

Numerical simulation of the 8 port-hole die was 
then performed with the flow stress model. Equation 
(7), equation (8), and the equations from table 6 
were programmed into a DEFORM subroutine 
(usr_mtr.f) and implemented into DEFORMTM 3-D. 
All the necessary material property information (e.g. 
thermal conductivity, Poisson ratio, etc.) was util-
ized from the previously created AZ31 material li-
brary entry. Simulated results for the state variables 
from this effort are presented in figure 19. At the 
extrudate length shown in figure 19, the process is 
operating at steady-state conditions.  

In figure 19, the predicted flow stress distribu-
tion with the experimental AZ31 flow stress data is 
elevated in the port-hole die in comparison to the 
flow stress distribution predicted with the AZ31 
flow stress model. The strain, strain rate, and tem-
perature distribution for the flow stress model simu-
lation were very similar to the experimental AZ31 
flow stress data simulation. 
  

 
(a) 

 

 
(b) 

 

 
(c) 

 

 
(d) 

Fig. 18. (a) Strain, (b) strain rate, (c) temperature, and (d) 
stress distributions during steady-state extrusion with experi-
mental AZ31 flow stress data. 

 
  

 



C
O

M
P
U

T
E
R
 M

E
T
H

O
D

S
 I
N

 M
A

T
E
R
IA

L
S
 S

C
IE

N
C

E
 

INFORMATYKA W TECHNOLOGII MATERIAŁÓW 

 – 124 – 

 
(a) 

 

 
(b) 

Fig. 19. DEFORMTM 3-D simulated flow stress (a) with experi-
mental AZ31 flow stress data and (b) with AZ31 flow stress 
model. 

4. DISCUSSION 

4.1. Analysis of Modified Flow Stress Model 
 
The comparison between the flow stress model 

curves, with the variable values from table 4, and the 
experimental flow stress curves show good agree-
ment as depicted in figure 5. Several of the variable 
values and trends from table 4 correlate well with 
experimental observations. For instance, variable n 
tends to increase with strain rate but decrease with 
the temperature within the ranges considered. Such 
behavior is similar to previously reported trends in 
literature for both AZ31 and AM30 (Jiang et al., 
2006; Luo & Sachdev, 2007). Additionally, the frac-
tion of grains undergoing twinning, XT, ranges from 
0.73-0.81. This aligns well with observations by 
Brown et al. (2005) that deformation twinning con-
tinues until approximately 80% of the microstructure 
is reoriented by a strain of 0.13 and continues at 
approximately that percentage for the duration of 

deformation. The beginning of this twinning fraction 
plateau at a strain of 0.13 (Brown et al., 2005) rea-
sonably correlates to the value of 0.18 for ε1 in table 
4, which is at the higher end of the range for ε1 
(0.08-0.18) as specified by Barnett et al. (2005). 
Additionally, Jiang et al. (2007a) experimentally 
found that the volume fraction of twinning fell 
within the range of 60%-90% by a strain level of 
0.06-0.12 for the majority of conditions tested, this 
correlates well with XT and ε1 in table 4, respec-
tively. The range for XT in table 4 also decreases 
with increasing temperature as found for both AZ31 
and AM30 by (Jain & Agnew, 2007; Jiang et al., 
2007b).  

The value for a (a = 1) in table 4 is lower than 
the range (a: 1.2-2) specified by Barnett et al. (2005) 
for their model, but it is only slightly outside this 
range. The trend for the twinning CRSS, τ0t, from 
table 4 and figure 6c was found to decrease with 
increasing temperature. Since the model considers 
effective values for many of the variables, the vari-
ables essentially represent the average macroscopic 
behavior of a polycrystalline material at those spe-
cific temperature and strain rate conditions. There-
fore, it is reasonable that τ0t in this model would 
decrease with increasing temperature because it is 
well known that the initiation of twinning is more 
likely to occur and occur more easily at elevated 
temperatures. This results in the required flow stress 
to initiate deformation in volume I, σI to decrease as 
defined in equation (4). The decreasing behavior of 
the effective Schmid factor for only twinning, mI 
with increasing temperature as represented in table 4 
and figure 6d is believed to occur to offset some of 
the decreasing effect from τ0t on σI. Similarly, the 
decreasing behavior of the effective Schmid factor 
for slip after twinning, mII with increasing tempera-
ture (table 4 and figure 6e) occurs to offset the de-
creasing effect of k on σII. The increasing behavior 
of the effective Schmid factor for only slip, mIII with 
increasing temperature ((table 4 and figure 6f) is 
believed to occur to offset the increasing behavior of 
(1 –XT) on σIII in the third term of equation (8).  

The trends for the recovery variables A, B, C, 
and D behaved as expected. Variable A and C de-
creased with increasing temperature and decreasing 
strain rate (table 4 and figure 7) because the change 
between the ultimate stress, σus and the steady-state 
stress, σss (figure 1) decreased with increasing tem-
perature and decreasing strain rate. In other words as 
the peak in the flow stress curve decreases and ap-
proaches a profile similar to curve-A in figure 1 the 
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influence of variable A and C on the abrupt transi-
tions of the flow curve can lessen. Additionally, B, 
which inversely controls the model’s σus, increased 
with increasing temperature and decreasing strain 
rate (table 4 and figure 7) due to the fact that the σus 
decreases with increasing temperature and decreas-
ing strain rate. Similar to variable A and C, variable 
D decreased with increasing temperature (table 4 
and figure 7) because the steady-state stress, σss (fig-
ure 1) decreases with increasing temperature. 

With the variables from table 4, the flow stress 
model accurately predicted the hardening and sof-
tening components of the considered experimental 
curves. However, since the experimental curves only 
existed up to a small level of strain before failure in 
the compression test, the steady-state behavior of the 
predicted curves had to be assumed. The assumed 
portion of the predicted curves were constructed so 
that they continued along the same path or as closely 
as possible to the path that the end of the experimen-
tal curve was indicating and then leveled off to cre-
ate the steady-state region.  

The experimental curves generated from the 
compression tests failed at small levels of strain due 
to the shortcomings of the test. During the barreling 
of the compression sample, a hoop stress developed 
and eventually exceeded the tensile strength of 
AZ31, thus causing failure. If the compression sam-
ple was experiencing compression stresses from all 
sides, as it would during the extrusion process-thus 
diminishing premature failure, the flow stress curve 
would continue to the higher level of strains that are 
attainable in the extrusion process (figure 18a and 
figure 19a).  

When the model variables were plotted with re-
spect to strain rate and temperature (figure 6 and 
figure 7), three of the variables, a, ε1, and ξ, were 
found to be constant through all strain rates and 
temperatures with values of a = 1, ε1 = 0.18, and ξ = 
1. (It should be noted that with ξ = 1, the effect of 
the added curve-fitting hardening factor is mini-
mized.) The remaining model variables of figure 6 
and figure 7 either exhibited a variation with strain 
rate and temperature or just a variation with tem-
perature. The variables that exhibited a variation 
with strain rate and temperature (k, n, A, B, and C) 

behaved with either a logarithmic tend  sr )ln(  

or the power-law trend  sr . Variables A, B, and C 

closely matched one of these trends as portrayed in 
figure 9 and figure 10 for the majority of the tem-
peratures as a function of strain rate. There was de-

viation from the trends for both variables A and B 
for the 450oC case. This may be a result of experi-
mental scatter in the data points; however, more 
experimental data sets are needed to confirm this. 
Variables k and n also closely matched one of these 
trends, as portrayed in figure 8, but only for the set 
of experimental data for each temperature with the 
most data points. For instance, there are two data 
sets making up the k and n curves for the 450oC 
case. One set has a k and n variable value for each 
strain rate considered (Wang et al., 2007) but the 
second set only has a single k and n variable value 
for the strain rate of 0.1 s-1 (Barnett et al., 2004). 
This single variable value is the lower value in both 
variable curves at a strain rate of 0.1 s-1 and does not 
trend as well as with the other values from the other 
set. This is similar for the 400oC case, where data set 
one has a k and n variable value for the strain rates 
0.03, 0.3, and 3s-1 (Lapovok et al., 2004) but the 
second set has a single k and n variable value for the 
strain rate 0.1 s-1 (Barnett et al., 2004). This single k 
and n variable value also does not trend as well as 
with the values from the other set. It is believed that 
initial material conditions such as grain size or tex-
ture are causing this inconsistency in the trends for 
both the k and n curves. However, initial grain di-
ameter and/or other consistent initial material condi-
tion information were not reported in all the experi-
mental data sets that came from literature. Subse-
quently, trying to account for the trending inconsis-
tency through the initial grain diameter and/or other 
consistent initial material condition was not possible 
at this time. Nevertheless, a general comparison can 
be made about the possible influences of texture. 
According to figure 6 of Takuda et al., (2005) the 
strain-hardening exponent, n increases with a de-
creasing rate with respect to strain rate on a log-plot 
as opposed to increasing with a constant rate with 
respect to strain rate on a log-plot as shown by the 
several data sets considered in figure 8b. In the study 
conducted by Takuda et al. (2005) the material of 
interest was AZ31 3.0mm rolled sheet. The AZ31 
rolled sheet of Takuda et al. (2005) would be ex-
pected to have a strong texture. The material consid-
ered in the several data sets of figure 8b is in the as-
cast homogenized condition with a random crystal 
orientation. Therefore, the strong texture of the 
AZ31 rolled sheet may be the cause of the discrep-
ancy in the strain-hardening exponent behavior. 
Although, new experimental data sets conducted at 
varying initial material conditions would have to be 
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performed to verify and account for such a trending 
inconsistency.  

The r and s values from the logarithmic and 
power-law tend lines of figure 8, figure 9, and figure 
10 were found as functions of temperature by plot-
ting with respect to absolute temperature as pre-
sented in figure 11 - figure 15. The trend lines added 
to these plots were either of the linear form 
 qpT  , logarithmic form  qTp )ln( , exponen-

tial form  qpe  or the power-law form  qpT . The 

trend lines of figure 11 - figure 15 with a coefficient 
of determination, R2 value greater than or equal 0.80 
was only 50%. Consequently, future outcomes for k, 
n, A, B, and C will be skewed by these r and s rela-
tionships. This was confirmed in figure 16 by the 
low agreement between the flow stress model, with 
the variable functions of table 5, and the experimen-
tal flow stress curves. In figure 16, the flow stress 
model with the variable functions of table 5 tends to 
over predict the experimental flow stress curves at 
lower temperatures and under predict at the higher 
temperatures.  

As mentioned earlier, it is believed that initial 
material conditions are causing this inconsistency in 
the trends for the r and s values of figure 11 - figure 
15. However, new experimental data sets conducted 
at varying initial material conditions would have to 
be performed to verify and account for such a trend-
ing inconsistency.  

The remaining variables, τ0t, mi, mii, miii, Xt, and 
D, were found to be only a function of temperature 
(table 5) with each variable function having a coeffi-
cient of determination, R2 value of 1. Consequently, 
future outcomes for the variables τ0t, mi, mii, miii, Xt, 
and D are likely to be predicted accurately by their 
corresponding function. 

In order to improve the accuracy of the flow 
stress model, the p and q values from the trends of 
figure 11 - figure 15 were changed slightly. The 
modified set of variable equations is presented in 
table 6 and provides an improved fit to the experi-
mental curves as depicted in figure 17. The small 
adjustments in several of the equations seem to have 
minimized the over prediction of the experimental 
flow stress curves at lower temperatures and under 
prediction at the higher temperatures. There is still 
some disagreement between the model and the ex-
perimental curves for figure 17a and d, but as previ-
ously mentioned this could be a result of an initial 
material condition. A drawback in making the small 
adjustments to the original equations of table 5 to 

produce the equations of table 6 is that the influence 
of the initial material condition is being minimized 
or in effect being ignored. For a robust and accurate 
flow stress model the initial material condition must 
be accounted for along with a wide range of tem-
perature and strain rate conditions. 

 
4.2. Numerical Simulation Analysis of Mg  

Extrusion 
 
Implementing experimental flow stress curves 

and material data into DEFORM is the typical proc-
ess performed by industrial and research community 
users of the software when a library entry does not 
exist for the material of interest. Therefore, by per-
forming a numerical simulation of the 8 port-hole 
die with experimental flow stress first, which would 
normally be the benchmark, a set of results was pro-
duced that were used to compare to the numerical 
simulations of the 8 port-hole die with the flow 
stress model.  

It should be noted that if the experimental flow 
stress is too narrow in its range for strain, strain rate, 
and/or temperature when implemented into 
DEFORM, the extrapolation coding within 
DEFORM is activated often, and consequently, the 
accuracy of the simulated results may be negatively 
affected. However, for this study a sufficient amount 
of AZ31 as-cast homogenized flow stress data was 
found.  

In order to keep the model bounded in 
DEFORM, constrictions had to be added to a few 
variables, as shown in table 7. Most of these con-
straints are used at the onset of the simulation when 
the strain rate has a zero value and causes the model 
to become unbounded. Due to these constraints, 
further empirical and/or theoretical development is 
needed for the flow stress model.  

Table 7. Variable constraints for model variables. 
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In figure 18 are the DEFORMTM 3-D results for 

the hollow AZ31 structural component while using 
the experimental AZ31 flow stress data. The results 
shown for strain, strain rate, and temperature are 
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behaving as expected. However, in figure 19, the 
experimental flow stress distribution is shown again 
and compared directly to the flow stress distribution 
predicted by the model. It is clear that the predicted 
flow stress distribution with the experimental data is 
elevated in the port-hole die in comparison to the 
flow stress distribution predicted with the flow stress 
model. The cause for this is the lack of the material 
softening component in the experimental data that 
was implemented into DEFORM. As described ear-
lier, when creating the DEFORMTM 3-D material 
library entry for AZ31, only the hardening compo-
nent of the AZ31 flow stress curves could be imple-
mented and run successfully in DEFORM. However, 
since the flow stress model can account for the sof-
tening component, the predicted results for the flow 
stress distribution is lower, which was expected. If a 
comparison is made between the stress distributions 
without considering the magnitude of the stress, the 
actual spreading of the stress distribution is similar 
in both simulations. Therefore, suggesting the model 
does perform correctly in the DEFORMTM 3-D soft-
ware package because it performs similar to the 
benchmark simulation.  

The benefit of using a flow stress model over the 
experimental data is that once the initial material 
condition is accounted for in the model, the initial 
material condition will be able to be entered into 
DEFORM as a “initial material condition” field en-
try at the beginning of the simulation. This will in-
crease the accuracy of the flow stress prediction for 
the actual AZ31 material being considered. Con-
versely, when experimental flow stress data is used 
to calculate flow stress, the experimental data will 
generally have an initial material condition that is 
different from the actual material being considered, 
thus, producing simulated results that are not as ac-
curate. In order to correct for this a new AZ31 mate-
rial library entry needs to be entered with new flow 
stress data generated from the actual material of 
interest - a process that would be an inefficient use 
of resources. As a consequence, it is believed that 
using the flow stress model that eventually accounts 
for the initial material condition makes the simula-
tion of the extrusion process more accurate and effi-
cient.  

In terms of processing, the regions behind the 
port-hole die ribs, which support the plug, (figure 
18) were found to require a high strain and stress 
response from the billet. Rounding the rib edges will 
streamline the billet flow and lower the required 

strain and stress response. This will potentially 
minimize extrudate defects and improve quality. 

5. CONCLUSIONS 

In this study, a new empirical flow stress model 
has been developed for as-cast homogenized AZ31 
compression test flow stress data. It produces rea-
sonably accurate results for the temperature range: 
250-450oC and strain rate range: 0.001-20 s-1 and is 
capable of predicting the hardening, softening, and 
steady-state components of the flow stress curve as 
only a function of strain, strain rate, and tempera-
ture.  

Moreover, the following conclusions can be 
made from this modeling effort: 
– A simple set of algebraic equations for the flow 

stress that are based on the Sachs assumption 
and an empirical account of crystallographic slip 
and deformation twinning were developed. 

– Using an effective Schmid factor to quantify the 
effect of different portions of the polycrystalline 
sample as opposed to using the specific Schmid 
factor for each crystal and then relating them 
back to each other with iterative polycrystalline 
equations as required by the scientific (or self-
consistent) models, simplifies the required 
mathematics significantly. 

– Implementation of the flow stress model into the 
industry-accepted software package, DEFORMTM 
3-D, and numerically simulating an AZ31 auto-
mobile structural component fabricated with 
a porthole die was successfully accomplished. 

– For a robust and more accurate flow stress 
model the initial material condition must be ac-
counted for along with a wide range of strain, 
strain rate, and temperature conditions. 

– Once the initial material condition is accounted 
for in the flow stress model it will more accu-
rately and efficiently predict the flow stress re-
sponse for the actual material being considered 
than with a generic experimental flow stress 
based material library entry in DEFORMTM 3-D. 
Empirical and theoretical development is not yet 

complete for the flow stress model but to date the 
results are reasonably accurate. 
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NUMERYCZNE MODELOWANIE NAPREZENIA 
ODKSZTALCAJACEGO W PRZYPADKU DUZYCH 

ODKSZTALCEN W STOPIE MAGNEZU AZ 31 

Streszczenie 
 
Isniejacy model naprezenia uplastyczniajacego zaproponowa-

ny przez Barnetta zostal przeanalizowany uzywajac danych 
z literatury dla odlanego i homogenizowanego stopu AZ31 pod-
danego probom sciskania w zakresie temperatur od 250 do 450 oC 
i predkosci odksztalcenia od 0.001 do 20 s-1. Analize te przepro-
wadzono w celu zwerifikowania czy model ten nadaje sie do 
zastosowania do procesu wyciskania wspolbiezniego stopu AZ31. 
Model ten sprawdzil sie w przewidywaniu krzywej umocnienia 
lecz nie byl w stanie przewidziec znaczacego zmiekczenia mate-
rialu typowego dla odlanego i homogenizowanego stopu magnezu 
tuz przed peknieciem. W celu poprawienia tego limitujacego faktu 
opracowano poprawke dla tego zakresu temperatur i predkosci 
odksztalcenia. Ten zmodyfikowany model naprezenia uplastycz-
niajacego zostal nastepnie zastosowany w programie elementow 
skonczonych DEFORMTM 3-D w celu analizy wyciskania wspo-
lbieznego na goraco przez matryce mostkowa profilu ze stopu 
AZ31. 
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