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Abstract

The paper presents a survey of developed multi-component diffusion models. Stochastic and continuous PDE models
for multi-component diffusion problems are studied by performing a sequence of numerical simulations. The stochastic
models are based on Cellular Automata with interchange and block-rotation model. The multi-component particles are ei-
ther interchanged or rotated clockwise or counter-clockwise with prescribed probability. The diffusion coefficient is tuned
by changing the probabilities of execution of particular rules. The continuous PDE models are based on classical varia-
tional formulations solved by the self-adaptive hp Finite Element Method. Numerical results are compared and discussed.
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1. INTRODUCTION

The Cellular Automata (CA) models for the
multi-component diffusion presented in this paper
are an extension of the single component diffusion
models introduced by [1]. These models actually
work in the time-space scale located between the
macro and nano scales. It should be emphasized, that
these models do not incorporate nano-scale interpar-
ticle interaction models nor the macro-scale con-
tinuous models, based on partial differential equa-
tions. The presented models utilize the assumption
that the diffusion process can be simulated by ran-
dom executing of some exchange or rotation rules,
for grains of considered components. In other words,
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these models do not express the physical laws di-
rectly at level of nano-scale particles of affected
components, rather they define some simplified dis-
crete rules at the level of some virtual grains of the
components.

The trade-off is the necessity of the model cali-
bration. The model is prescribed by means of the
following parameters: the probability of execution of
particular rules, and the number of rules that must be
executed in order to simulate a given real time inter-
val. According to [1], for a single component diffu-
sion process, the more rules one executes in every
simulation step, the faster the diffusion process and
the higher the resulting diffusion coefficient will be.
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Bandman [1] suggests maintaining the simulation
until the concentration distribution will cover the
data obtained from experiment or from other nu-
merical method. The proportion of the number of
executed rules to the time interval obtained from the
experiment, or from other reliable simulation, allows
one to find the correlation of the simulation step to
the real time scale. E.g., if the number of rules N g

executed within a single simulation step results in
Dore diffusion coefficient (which has been verified

by comparison either with experiment or with other
simulation results), the other diffusion coefficient
D, can be obtained with the following number of

rules (executed with a single simulation step):

DORG (1)

Nyew = Norg Duew

It is also possible to tune the diffusion coeffi-
cient by changing probabilities of execution of par-
ticular rules [1]. In this paper, the models discussed
by [1] are extended to the multi-component situa-
tion. The correspondence between the number of
rules executed within the simulation step with the
real time scale are found by comparison of numeri-
cal experiments with data obtained from other reli-
able 1D simulation [2-5]. Thus, in every simulation
step, the number of particles and the transformation
rules to be executed are selected randomly. The cru-
cial assumption that was made for the multi-
component simulation is that in every simulation
step in the total number of selected particles there
are N, particles of m™ component, and these num-

bers are determined by the proportion of the known
diffusion coefficients of particular components. In
other words, the proportion of the transformed parti-
cles of different components is kept equal to the
proportion of the diffusion coefficients.

2. DIFFUSION PROBLEM

In this section a review of the existing numerical
models for single component diffusion problem is
presented. The CA models are introduced by using
new formalism, based on the assumption that CA
simulation can be interpreted as a sequence of ma-
trix transformations.

a. Partial Differential Equation (PDE) strong
formulation
The classical diffusion problem can be formu-
lated by the second Fick’s law, ie. find

R"x[t,,ty |2 Qx15(x,1)—> c(x,r)e R the concentra-
tion c distribution scalar field such that

%—V~(DVC)=O on Qx1 ()

where D stands for the diffusion coefficient. The
diffusion coefficient can be defined as a function of
concentration

R" x[t,.tx |2 Q%15 (x,t)— c(x,t)—> D(c)e R 3)

prescribed in the domain Q, possibly changing in
time. The solution of the problem inside the area Q
is prescribed by the initial and boundary conditions.
The Dirichlet boundary condition

c=cp onlpxI 4

defines the concentration field on the I';, part of the

boundary, while the Neumann b.c.
n-Ve=g onlyxI %)

defines the flux g on I'y boundary. The initial con-

dition defines the starting configuration of the con-
centration field

c=¢y onQxI (6)

Thus, in the simplified model described here, the
concentration inside the domain Q depends only on
the concentration and the flux on the boundary, and
given initial configuration of the concentration field
(i.e. the chemical potential gradients and other forces
are neglected). The configuration of the initial and
boundary conditions depend on the problem being
solved, thus the considerations are not illustrated
with any figure.

b. Weak (variational) formulation
The weak (variational) formulation is obtained
by considering L, scalar products with test functions

from V =H 1(Q) space [6-7]. The weak problem
can be formulated in the following way: Find the
concentration distribution cec, +V scalar fields

satisfying

(é,v)Q+J.DVcondQ:0 YvelV (7)
Q

(C(O),v)Q = (co,v)Q YvelV )]

The necessary discretization in time implies the
following matrix system for both problems

Mu+Ku=f 9)
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Applying the trapezoidal rule with respect to the
time derivative [6-7] we obtain

(M + adK "' =M -(1-a)sKJu* +5f° (10)

where M is the mass matrix, O is the time step,

ae [0,1] gives different time integration schemes.

c. General cellular automata formulation
The diffusion problem can be also solved by
means of the Cellular Automata (CA). The CA
model consists of a matrix U(NxN) of NxN finite
automata (cells) interacting with close neighbours.
Definition 1. The state of each cell

(i,j)—>uli,jleR", i,j=1...N (11)

where n is the number of state variables.
Definition 2. The behaviour of each cell is pre-
scribed by several

0, jk :U(NxN)— U(NxN). Each transition rule can

transition rules

be formally defined as the sum of several matrix
transformations 9,.(,(‘;”1’)’(""1 ).u (NxN)—>U(NxN) as

9. F_ U glab)(c.d)) (12)

i,j i,j

((“ab),(C,d))eS,._j"

where S; jk is a set of cells affected during the exe-
cution of the k™ transition rule for the cell (i, ).
Each matrix transformation Qi(,(j‘.”b)’(“”d)) actually re-

places terms u[a,b] and ulc,d] in the matrix U .

The transformation is formally defined as the fol-
lowing

Q(,(jq,b),(ad))U =U-GUG,-GUG, +
P, (GUG,+GUG,)P,, (13)

where P

»; 1s the permutation matrix, e.g. the P,

permutation matrix for U (5x5), defined as

1000 0
000710

P,=l0 0 1 0 0], (14)
01000
0000 1]

replaces the second and the fourth rows if it is ap-
plied from the left, while it replaces the second and
the fourth column if it is applied from the right. The

G, matrix is the zero matrix with 1 at the diagonal in

i" row, e.g. G, defined as

00000
01000

G,=|0 0 0 0 0 (15)
00000
00 0 0 0]

sets the entire matrix to 0 except the second row if it
is applied from the left, and sets the entire matrix to
0 except the second column if it is applied from the
right. Summing up, the equation (13) is just a formal
definition of replacement of u[a,b] and u[c,d] terms

in the matrix U . Thus, for each cell (i, j) there are k

transition rules defined. The probability of execution
of each rule is globally prescribed by probabilities

P(H)z(pla“wpk) (16)

Definition 3. The CA simulation consists in exe-
cution of sequence of transformations

{Hi,jk }(i,j,k)sH (17)

where H is a history of the CA simulation.

Algorithm 1. The classical CA simulation algo-
rithm can be summarized as follows:

Loop wrt. the number of simulation
steps
Loop wrt. the number of per-
formed transformations M
Select randomly a cell @j)
with uniform probability
Select randomly transition

rule k with probabilities P(6)
Execute the

Hi,jk over the cell (i,j)

transition rule

Notice, that the transition rule is defined by pro-

viding the set of interchanged particles S jk from

(11), and the transition applicability probabilities
P(0)=(p,..... p;) from (16). Following [1], the CA

algorithm can be expressed either by the interchange
or block-rotation rules.

d. Interchange CA formulation
In the interchange CA formulation [8], the tran-
sition rules are defined as follows:
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ON /S AN
S e 5 =M1 )
S (YR BE (W)U D)

In this model, there are four different rules, re-
sponsible for interchange of particle (i,) with one

of its four neighbours, selected randomly. According
to [1], the diffusion coefficient of this model can be
modified by adjusting the number of state transitions
executed in each simulation step of the simulation.

e. Block-rotation CA model
In the block-rotation CA formulation [9], the
transition rules are defined as follows:

P©)=(15.1) 20)

8., =@+ MG+ DG+ 17+ DL+ 17+ 16+ 1AL+ 1,). 6 )
S, = @G+ DM+ 17+ + DL+ 1.6 )

21)
In this model particle (i, /) is either clock-wise

or counter clock-wise rotated with its four
neighbours. According to [1], the diffusion coeffi-
cient of this model can be modified either by adjust-
ing the number of state transitions executed in each
simulation step or by modifying the probability coef-
ficients (20).

3. MULTI-COMPONENT DIFFUSION
PROBLEM

In this section, the extension of the single com-
ponent diffusion model to the multi-component one
is discussed. The continuous description, be means
of the strong (2)-(6) or weak (7)-(8) equations, has
the following limitations. In the case of the multi-
component simulation, the diffusion function for the
model depends on the local concentration, which
makes the problem non-linear. This implies a com-
plex numerical simulation.

The CA models are free from the above limita-
tions, since we can distinguish different states of
particles representing different components, and can
modify the transition rules accordingly. For d com-
ponents diffusion problem, the state function is de-
fined as follows

(i,j)—uli,jle{u,uysuy } i,j=1,.,N. (22)

To reflect different diffusion coefficients of each
component, the following modification to the gen-
eral CA simulation algorithm is made.

Algorithm 2. The multi component CA simula-
tion algorithm utilizing the vector of prescribed dif-
fusion  coefficients  for all  components
[D],Dz,...,Dd ] 1s defined as follows:

Loop wrt. the number of simulation
steps

Loop wrt. the number of per-
formed transformations M
Select randomly a component

type (denoted by m)
with the probability N,

Select randomly a cell (i)
of type m

Select
rule k with P(0)

Execute the transition rule

6, * over the cell (i, /)

ij
D
="m 23
N /ZDk 23)
k=l,...d

The proportion between intrinsic diffusion coef-
ficient of different components determines the trans-
formation probability of particles of a particular kind
at each simulation step. The presented modification
can be used for either the interchange or block-
rotation models.

randomly transition

where

4. REFERENCE 1D MODEL

For verification of our 2D multi-component CA
algorithm, we have refered to the 1D model imple-
mented within the CADIff software [2-3]. The
CAD:iff method is based on the mass conservation
law:

dc

a_ti:_VOJid ~VoJP i=l..r (24)

where: ¢; denote the concentration of the i-th com-

ponent, J, l-d and J” denotes the diffusion and

darken flux of i-th component, respectively. The
overall flux is defined as a sum of the diffusion and

Darken fluxes, J;, =J +JP" . The Darken flux, ",

is generated during interdiffusion due to locally un-
balanced diffusion fluxes [4]. We used here the sim-
plifying assumption of constant total molar concen-
tration in the alloy:

- 224 -
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(25)

where: v” - Darken velocity that is common for

every component, Uid - the diffusion velocity of the

.

i-th component, c¢= Zci =const. - the overall
i=1

molar concentration in the alloy.

Table 1. Composition of Fe-Ni-Cr and other components in
S§S304|SS310 diffusional couple, according to [6].

Alloy Fe Ni Cr Other
SS 304 70% 10% 18% 2%
SS 310 52% 22% 25% 1%

Table 2. Intrinsic diffusion of Cr, Fe and Ni at 1373 K [6, 7].

of the Cr element with the probability N,. The value
of N, is obtained from formula (23).

In other words, within one simulation step, the
particles of the Fe element are transformed with the
probability 192/581, the particles of the Ni element
are transformed with the probability 110/581 and the
particles of the Cr element are transformed with the
probability 279/581. These are summarized in table 3.

The simulation results are presented in figure 1.
The 1D plot of the concentration of all components
during the simulation has been compared to the dis-
tributions obtained from other 1D numerical simula-
tion [2], based on the experimental data [10]. The
verification of our 2D model is based on the estima-
tion of the concentrations c¢,,(x) of the three compo-

nents (Fe — Ni — Cr) over the vertical cross-sections
of the 2D domain, made according to the

Fe Ni Cr following rule:
Intrinsic K (x
diffusion s s s culx)= K’"(( )) (27)
coefficient | Pre =1.92:107" | Dy, =1.10-10 D¢, =2.79-10 x
D, where K(x) is the number of grains

Table 3. Probability distribution of transformation of particles
of particular components(Cr, Fe and Ni) in one simulation step.

Fe Ni Cr
N,, 192/581 110/581 279/581

The diffusion flux as in previous section was de-
fined by Fick’s law:

g =-DV¢;, i=l..,r (26)

1

5. NUMERICAL EXPERIMENTS

The numerical experiment concerns a two di-
mensional simulation of the diffusion process be-
tween two alloys: SS 304 and SS 310 with respec-
tive compositions, presented in table 1. The two
alloys have been put into contact and heated up to
1373 K. The intrinsic diffusion coefficients of all
components in the temperature of 1373 K are pre-
sented in table 2. The simulations have been per-
formed in 2D with the interchange and block rota-
tion CA models, with the multi-component simula-
tion Algorithm 2.

The multi-component simulation algorithm in
every simulation step performs a transformation of
particles of the Fe element with the probability »,,

a transformation of particles of the Ni element with
the probability N, and a transformation of particles

(cells) over the vertical cross-section at horizontal
coordinate x, K, (x) is the number of grains (cells)

of m™ component over the vertical cross-section at
horizontal coordinate x. The data obtained from the
experiment [10] are presented on the last panel in
figure 1. There are two additional elements Al and
Ir, whose contributions have been neglected in our
numerical simulations. The 1D simulation results [5]
are presented on the left panels in figures 2 and 3.
The results of the CA simulation with Algorithm 2
for the interchange model are presented on the right
panel in figure 2.

The results of the CA simulation with Algorithm
2 for the block-rotation model are presented on the
right panel in figure 3. According to [1], the number
of the simulation steps corresponding to the pre-
scribed time interval can be obtained by comparing
with experimental data or other reliable numerical
simulations. In this case, the simulation results were
compared with the 1D simulation from [5]. The
simulation was stopped when the best match had
been achieved, which made it possible to find the
proportion of the number of transformation rules
executed within one simulation step to the diffusion
coefficients prescribed in the 1D simulation from
[5]. The best match resulted in the difference be-
tween the concentration field of the order of 1%,
with local jumps up to 4-5%, see figure 4.

- 225 -
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Fig. 1. The initial and final configurations of cells, and the cross-section of two alloys obtained from the experiment [7], with plots
denoting concentration of particular elements.
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Fig. 2. Comparison of the 1D simulation [2] with interchange CA model simulation.
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Fig. 3. Comparison of the 1D simulation [2] with block-rotation CA model simulation.
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6. CONCLUSIONS

An extension of the CA models presented by [1]
to the multi-component diffusion simulations has
been presented. The models utilize an analogy of the
diffusion process with a simple phenomenon of in-
terchange or block rotation of adjacent grains of
different components. It is postulated that such
a simple model can be successfully utilized to simu-
late complex physical phenomena of the multi-
component diffusion. This can be done if the model
parameters, such as the probabilities of selection of
grains of different components and the number of
grains transformed during one simulation step, are
selected in a proper way. It has been showed that the
probabilities of selection of particles of different
components for the transformation within a single
simulation step must be defined according to the
proportion of the intristic diffusion coefficients of
the three components. The number of the transfor-
mations has been selected by comparison with other
1D numerical simulations [2-5] based on the ex-
perimental data [10]. The obtained results are satis-
factory. It is postulated that the model can be easily
utilized for more components as well as in fully 3D
simulations.
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MODEL AUTOMATOW KOMORKOWYCH DYFUZJI
WIELOSKLADNIKOWEJ

Streszczenie

W artykule zaprezentowany zostal przeglad opracowanych
modeli dyfuzji wieloskladnikowej. Problem dyfuzji wielosktad-
nikowej opisany zostal z pomoca modeli stochastycznych, bazu-
jacych na automatach komorkowych, jak réwniez modeli cig-
glych, bazujacych na rownaniach rézniczkowych czastkowych.

Rozwazane modele stochastyczne opieraja si¢ na automa-
tach komoérkowych z regutami wymiany lub rotacji czastek
wielofazowych. Podczas symulacji, czastki ré6znych faz podda-
wane sg rotacji zgodnie lub przeciwnie do ruchu wskazéwek
zegara, zgodnie z przyjetym prawdopodobienstwem. Wspot-
czynnik dyfuzji symulowanego uktadu czastek definiowany jest
poprzez modyfikacje prawdopodobienstw wykonania regut
migdzyczasteczkowych. Opracowane modele zostaty zweryfi-
kowane poprzez wykonanie szeregu symulacji numerycznych,
oraz pordwnane do uprzednio opracowanych modeli ciaglych,
bazujacych na adaptacyjnej metodzie elementéw skonczonych.
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