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Abstract 
 

The interaction between a penny-shaped crack and a spherical elastic inclusion embedded in an infinite elastic matrix 
subjected to a time-harmonic crack-face loading is investigated. Boundary integral equations (BIEs) are applied for the 
numerical solution of the problem in the frequency domain. The singularity subtraction and the mapping techniques in 
conjunction with a collocation scheme are implemented for the regularization and the discretization of the BIEs by taking 
into account the local structure of the solution at the crack front. As a numerical example, a crack under tensile loading of 
constant amplitude, where the center of the interacting particle lies in the crack plane, is considered. The reinforcing 
properties of the inclusion are revealed by the mode-I dynamic stress intensity factor (SIF) as a function of angular coor-
dinate of the crack front for different frequencies and material combinations of the matrix and the inclusion. 
 
Key words: 3D particulate composite, matrix penny-shaped crack, spherical elastic inclusion, time-harmonic loading,  
dynamic stress intensity factor, boundary integral equations method 

 
 
 

1. INTRODUCTION 

To understand the role of volumetric inclusions 
as shielding or amplification objects in advanced 
particle- or fiber-reinforced composites under elastic 
wave loading conditions, their interaction with the 
defects like cracks subjected to dynamic loading 
should be investigated. The boundary integral equa-
tions method (BIEM) is ideally suited for such kind 
of analyses for three-dimensional (3D) problems, 
which is shown in the static analysis for the interac-
tion of a penny-shaped crack with a spherical elastic 
inclusion in an infinite elastic matrix [3,6,8]. The 
single crack [1,7,9] and the single inclusion [4,5] 

problems under a dynamic load were considered by 
the BIEM too. However, the interaction of a spheri-
cal elastic inclusion and a matrix penny-shaped 
crack under dynamic loading has not been investi-
gated according to the author’s knowledge. 

In this paper, the BIEM is presented to analyze 
the influence of a spherical elastic inclusion on the 
dynamic stress intensity factor of a neighboring 
penny-shaped crack. The interacting objects are 
located in a 3D infinite elastic matrix and the crack 
faces are subjected to a time-harmonic loading. For 
the sake of brevity, the symmetric problem with 
respect to the crack plane is considered. The system 
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of six coupled displacement BIEs and one traction 
BIE for the interfacial displacements and tractions as 
well as the normal crack-opening-displacement 
(COD) are deduced by satisfying the perfect contact 
conditions on the matrix-inclusion interface and the 
stress conditions on the crack surfaces. They are 
solved numerically after their regularization by the 
integral operators with elastostatic kernels and the 
discretization by the collocation scheme. The local 
behavior of the COD near the crack front is taken 
into account implicitly in the numerical method, 
which allows for a direct and accurate computation 
of the mode-I dynamic SIF. Numerical calculations 
are carried out for an inclusion and a crack with the 
same diameter under a tensile crack surface loading 
of constant amplitude. The effects of the frequency 
and the materials combination of the matrix-
inclusion on the distribution of the mode-I dynamic 
SIF along the crack front are investigated. 

2. BOUNDARY INTEGRAL FORMULATION 
AND NUMERICAL SOLUTION OF THE 
PROBLEM 

Consider an infinite isotropic elastic matrix with 
a penny-shaped crack of radius Ca  and an isotropic 
elastic spherical inclusion of radius Ia  with its cen-
ter IO  located at the crack plane 3 0x =  and a dis-

tance d  from the crack center CO . The matrix ma-
terial is specified by the mass density Mρ , the shear 

modulus MG  and Poisson’s ratio Mν , while the 
inclusion material is characterized by Iρ , IG , and 

Iν , respectively. A perfect contact between the ma-
trix and the inclusion is assumed, which implies that 
the displacements and the stresses are continuous 
across the matrix - inclusion surface IS . The 
crack surfaces occupying the domain CS  are 
subjected to a tensile time-harmonic loading 
with the circular frequency ω  and the amplitude 

3(0,0, )N+ −= − =N N N  (figure 1). For simplici-
ty, the common factor exp( )i t− ω  is suppressed 
throughout the analysis. 

In accordance to the superposition principle the 
displacement field ( )1 2 3, ,M M M Mu u uu  in the matrix 

can be written as  

 M S C= +u u u , (1) 

where the terms ( )1 2 3, ,S S S Su u uu  and 

( )1 2 3, ,C C C Cu u uu  describe the contributions to the 

total wave field scattered by the inclusion and in-
duced by the crack, respectively, which can be rep-
resented by the following boundary integrals [2, 9]: 

( ) ( ) ( ) ( ) ( ), , ,
I

S M I M M M
j jk k jk k

S

u T u U t dS⎡ ⎤= −⎣ ⎦∫∫ yx x y n y x y y , 

 ( ) ( ) ( )3 , ,
C

C M C
j j

S

u T u dS= Δ∫∫ yx x y n y . (2) 

 
Fig. 1. Problem geometry. 

Hereafter all indices range from 1 to 3 and  
repeated indices imply summation, ( )1 2 3, ,M M M Mt t tt  

is the traction vector caused by the influence  
of the inclusion on the matrix, 

( ) 3 1 2 3 1 2( , , 0) ( , , 0)M Mu u x x u x xΔ = + − −x  is the 

normal COD (due to the symmetry of the problem 
the tangential CODs are equal to zero), 

1 2 3( , , )I I I In n nn  is the unit vector normal to the inclu-

sion surface as depicted in figure 1, (0,0,1)Cn  is 

the normal vector to the crack surface, M
ijU  and M

ijT  

are the time-harmonic displacement and traction 
fundamental solutions, namely 

( ) ( )12
2

1,
4

M
jk jkM

M

U f
G

⎡
= − δ −⎢

π ω ⎢⎣
x y x y  

 ( )2 2

( )( )
,j j k kx y x y

f
⎤− −

− ⎥
− ⎥⎦

x y
x y
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( ) ( ) ( )2 12
2

1, ,
4

M
jk jk

M

T g g
⎧⎪⎡ ⎤= − + − δ +⎨⎣ ⎦πω ⎪⎩

x y n x y x y

 ( ) ( )3 22 2g g⎡ ⎤− − − ×⎣ ⎦x y x y  

 2

( )( ) ( ) ( )j j k k m m
m

x y x y x y n
⎫− − −⎪ +⎬ −− ⎪⎭

y
x yx y

 ( ) ( ){ 1 3
2

1 2
M

M g g⎡ ⎤ν − − − +⎣ ⎦− ν
x y x y  

 
( )}2

( )
( )j j

k

x y
g n

−
+ − +

−
x y y

x y  

 
( ) ( )2 1

( ) ( )k k
j

x yg g n−⎡ ⎤− + −⎣ ⎦ −
x y x y y

x y
. (3) 

In equations (3) 

( ) (1 1 1( ) 1 exp( )M Mf r i r i r⎡= − ω ω −⎣
 ( )2 2 3

2 2 21 exp( )M M Mi r r i r r−⎤− − ω −ω ω ⎦ , 

( ) (2 2
2 1 1 1( ) 3 3 exp( )M M Mf r i r r i r⎡= − ω −ω ω −⎣

 ( )2 2 3
2 2 23 3 exp( )M M Mi r r i r r −⎤− ω −ω ω ⎦ , 

( ) (2 2
1 1 1 1( ) 3 3 exp( )M M Mg r i r r i r⎡= − ω −ω ω −⎣

( )2 2 3 3 4
2 2 2 23 3 2 exp( )M M M Mi r r i r i r r−⎤− ω − ω + ω ω ⎦ , 

( )2 2
2 1 1 1( ) 3 3 exp( )M M Mg r i r r i r⎡= − ω −ω ω −⎣

 ( )2 2 4
2 2 23 3 exp( )M M Mi r r i r r−⎤− ω −ω ω ⎦ , 

( )2 2 3 3
3 1 1 1 1( ) 9 9 4 exp( )M M M Mg r i r r i r i r⎡= − ω − ω + ω ω −⎣  

( )2 2 3 3 4
2 2 2 29 9 4 exp( )M M M Mi r r i r i r r−⎤− − ω − ω + ω ω ⎦ ,

   (4) 

jkδ  is the Kronecker symbol, M
jM jcω = ω  

( )1,2j =  are the wave numbers of the matrix, 

2
MM Mc G= ρ  and ( ) ( )1 2 2 1 1 2M M M Mc c= −ν − ν  

are the transverse and the longitudinal wave veloci-
ties of the matrix. 

From equations (1) and (2) we can obtain the 
following integral representations for the stress 
components M

jmσ  in the matrix 

( ) ( ) ( ), ,
I

M M I M
jm jmk k

S

D u⎡σ = −⎣∫∫x x y n y  

( ) ( ) ( ) ( )3, , ,
C

M M M C
jmk k jm

S

S t dS D u dS⎤ + Δ⎦ ∫∫y yx y y x y n y .  (5) 

Here M
jmkS  and M

jmkD  can be derived by the differen-

tiation of M
jkU  and M

jkT  with respect to x  and the 

application of the stress-strain relationship, whose 
explicit expressions can be found in [1]. It should be 
mentioned that the exterior wave fields (1), (2) and 
(5) satisfy the radiation conditions at infinity. 

The interior displacement field ( )1 2 3, ,I I I Iu u uu  

in the inclusion can be expressed by the following 
representation 

( ) ( ) ( ),
I

I I I
j jk k

S

u U t⎡= −⎣∫∫x x y y

 ( ) ( ), ,I I I
jk kT u dS⎤⎦ yx y n y , (6) 

in which ( )1 2 3, ,I I I It t tt  is the traction vector caused 

by the influence of the matrix on the inclusion, I
jkU  

and I
jkT  can be obtained from equations (3) and (4) 

by replacing the material constants Mρ , MG  and 
Mν  with Iρ , IG  and Iν , respectively. 

Considering the continuity conditions 

( ) ( ) ( )1 2 3 1 2 3 1 2 3, , , , , ,M M M M I I I Iu u u u u u u u u= =u u u , 

( ) ( ) ( )1 2 3 1 2 3 1 2 3, , , , , ,M M M M I I I It t t t t t t t t= =t t t  on 
IS∈x  in the representations (1), (2) and (6) and 

substituting equation (5) into the boundary condition 

33 3
M Nσ = −  on CS∈x , a system of seven coupled 

BIEs for the interfacial quantities 
,   ( 1, 2,3)j ju t j =  and the COD uΔ  is obtained as 

( ) ( ) ( )1 , ,
2 I

M I
j jk k

S

u T u dS− +∫∫ yx x y n y  

     ( ) ( ),
I

M
jk k

S

U t dS −∫∫ yx y y  

   ( ) ( )3 , , 0,
C

M C
j

S

T u dS− Δ =∫∫ yx y n y  IS∈x , 
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( ) ( ) ( )1 , ,
2 I

I I
j jk k

S

u T u dS+ −∫∫ yx x y n y

 ( ) ( ), 0,
I

I
jk k

S

U t dS =∫∫ yx y y  IS∈x , 

 ( ) ( )33 , ,
I

M I
k k

S

D u dS −∫∫ yx y n y

 ( ) ( )33 ,
I

M
k k

S

S t dS +∫∫ yx y y  

  ( ) ( ) ( )333 3, , ,
C

M C

S

D u dS N+ Δ = −∫∫ yx y n y x

 CS∈x . (7) 

It should be remarked here that the BIEs (7) con-
tain hypersingular kernel 333

MD , strongly singular 

kernels M
jkT , I

jkT , and weakly singular kernels M
jkU , 

I
jkU , which require special attention in the numerical 

solution procedure. For the additive isolation of the 
singularities, the BIEs (7) are rewritten as 

( ) ( ) ( )1 , ,
2 I

M I
j jk k

S

u T u dS− +∫∫ yx x y n y%

 ( ) ( ),
I

M
jk k

S

U t dS −∫∫ yx y y%  

( ) ( ) ( ), , , ,
I

M I M I
jk jk k

S

T T u dS⎡ ⎤− +⎣ ⎦∫∫ yx y n x y n y%

 ( ) ( ) ( ), ,
I

M M
jk jk k

S

U U t dS⎡ ⎤− −⎣ ⎦∫∫ yx y x y y%  

 ( ) ( )3 , , 0,
C

M C
j

S

T u dSΔ =∫∫ yx y n y  IS∈x , 

( ) ( ) ( )1 , ,
2 I

I I
j jk k

S

u T u dS+ −∫∫ yx x y n y%

 ( ) ( ),
I

I
jk k

S

U t dS− +∫∫ yx y y%  

( ) ( ) ( ), , , ,
I

I I I I
jk jk k

S

T T u dS⎡ ⎤+ − −⎣ ⎦∫∫ yx y n x y n y%

( ) ( ) ( ), , 0,
I

I I
jk jk k

S

U U t dS⎡ ⎤− =⎣ ⎦∫∫ yx y x y y%    IS∈x , 

( ) ( )333 , ,
C

M C

S

D u dSΔ +∫∫ yx y n y%

 ( ) ( )333
ˆ , ,

C

M C

S

D u dSΔ +∫∫ yx y n y  

 ( ) ( )333 333, , , ,
C

M C M C

S

D D⎡+ − −⎣∫∫ x y n x y n%

 ( ) ( )333
ˆ , ,M CD u dS⎤ Δ +⎦ yx y n y  

 ( ) ( )33 , ,
I

M I
k k

S

D u dS −∫∫ yx y n y  

  ( ) ( ) ( )33 3, ,
I

M
k k

S

S t dS N− = −∫∫ yx y y x  

 CS∈x .     (8) 

Here 333,   ( , ) and L L M
jk jkU T L M I D=% % %  are the static 

counterparts of the kernels 

333,   ( , ) and L L M
jk jkU T L M I D= , while 333

ˆ MD  is the 

weakly singular part of 333
MD , i.e., 

( ) 1,
16 (1 )

L
jk L LU

G
=

π −ν −
x y

x y
%

 
2

( )( )
(3 4 ) ,j j k kL

jk

x y x y⎡ ⎤− −
− ν δ +⎢ ⎥

−⎢ ⎥⎣ ⎦x y
 

( ) 2
1, , (1 2 )

8 (1 )
L L
jk jkL

T
⎧⎡⎪= − ν δ +⎢⎨

π −ν − ⎢⎪⎣⎩
x y n

x y
%

2

( )( ) ( )3 ( )j j k k m m
m

x y x y x y n
⎤− − −

+ −⎥
−− ⎥⎦

y
x yx y

 

( ) ( )(1 2 ) ( ) ( )j jL k k
k j

x y x yn n
⎫⎡ ⎤− − ⎪− − ν − ⎬⎢ ⎥− − ⎪⎣ ⎦⎭

y y
x y x y

, 

( )333 3, ,
4 (1 )

M
M

M

GD =
π −ν −

x y
x y

%   

( )
2 2

2
333 2

(7 12 8( ) )ˆ , .
32 (1 )

M M M
M M

M

GD − ν + ν ω
=

π −ν −
x y

x y
   (9) 

The expressions in the square brackets in equa-
tions (8) are regular at 0− →x y . The advantage 

of the rewritten equations (8) in comparison with 
equations (7) is that the singular kernels in equations 
(8) become real and have the elastostatic form.  

For the regularization of the first six equations of 
the system (8) the solution for the rigid body can be 
used [2]. Then the weakly singular forms of these 
equations are obtained as  

( ) ( ) ( ) ( ), ,
I

M I
j jk k k

S

u T u u dS− − +⎡ ⎤⎣ ⎦∫∫ ∫yx x y n y x%  
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( ) ( ),
I

M
jk k

S

U t dS −∫∫ yx y y%  

( ) ( ) ( ), , , ,
I

M I M I
jk jk k

S

T T u dS⎡ ⎤− +⎣ ⎦∫∫ yx y n x y n y%

( ) ( ) ( ), ,
I

M M
jk jk k

S

U U t dS⎡ ⎤− −⎣ ⎦∫∫ yx y x y y%  

( ) ( )3 , , 0,
C

M C
j

S

T u dSΔ =∫∫ yx y n y  IS∈x , 

( ) ( ) ( ), ,
I

I I
jk k k

S

T u u dS− −⎡ ⎤⎣ ⎦∫∫ yx y n y x%

( ) ( ) ( ), , ,
I I

I I I
jk k jk

S S

U t dS T⎡+ −⎣∫∫ ∫∫yx y y x y n%  

( ) ( ), ,I I
jk kT u dS⎤ −⎦ yx y n y%

( ) ( ) ( ), , 0,
I

I I
jk jk k

S

U U t dS⎡ ⎤− =⎣ ⎦∫∫ yx y x y y%  

 IS∈x , (10) 

Regularization of the last equation of the system 
(8) considers the COD behavior at the crack front 
properly by using 

 ( ) ( )2 2 2
1 2( )Cu a x xΔ = − − αx x , 

where ( )α x  is a new unknown function, and the 
analytical evaluation of singular integrals of the type 

2 2 2
1 2 1 1 2 2( ) ( ) ( )

( ) ,
C

C j k
m
jk m

S

a y y y x y x
I dS

− − − −
=

−∫∫ yx
x y

 CS∈x .  (11) 

The singular integrals (11) can be computed ana-
lytically as 

3 2
00 ( ) ,I = −πx   ( )

2
1 2 2 2
00 1 2( ) 2( ) ,

4
CI a x xπ

= − −x

 
2

3
10 1( ) ,

2
I xπ

= −x       
2

3
01 2( ) ,

2
I xπ

= −x  

 ( )
2

3 2 2 2
20 1 2( ) 4( ) 3 ,

16
CI a x xπ

= − −x    

 ( )
2

3 2 2 2
02 1 2( ) 4( ) 3 ,

16
CI a x xπ

= − −x    

 
2

3
11 1 2( ) .

8
I x xπ

=x  (12) 

Substitution of the integrals (12) into the last 
equation of the system (8) yields the regular version 
of this equation in the form 

2
3 2 1
00 2 00

(7 12 8( ) )( ) ( )
4 (1 ) 8(1 )

M M M

MM M

G I I
⎧⎡ ⎤− ν + ν⎪ + ω⎨⎢ ⎥π − ν − ν⎪⎣ ⎦⎩

x x

3 3
10 01

1 2

( ) ( )( ) ( ) ( )I I
x x

⎤ ∂α ∂α
α + + +

∂ ∂⎦

x xx x x  

2 2 2
3 3 3
20 02 112 2

1 2 1 2

1 ( ) 1 ( ) ( )( ) ( ) ( )
2 2

I I I
x x x x

⎫∂ α ∂ α ∂ α
+ + +⎬∂ ∂ ∂ ∂ ⎭

x x xx x x

( )2 2 2
1 2 333( ) , ,

C

C M C

S

a y y D− − ×∫∫ x y n%  

( ) 1 1 2 2
1 2

( ) ( )( ) ( ) ( )y x y x
x x

⎡ ∂α ∂α
× α −α − − − − −⎢ ∂ ∂⎣

x xy x  

2 2
2 2

1 1 2 22 2
1 2

1 ( ) 1 ( )( ) ( )
2 2

y x y x
x x

∂ α ∂ α
− − − −

∂ ∂
x x  

2

1 1 2 2
1 2

( )( )( )y x y x dS
x x

⎤∂ α
− − − +⎥∂ ∂ ⎦

y
x

( ) ( )2 2 2
1 2 333

ˆ( ) , , ( )
C

C M C

S

a y y D dS− − α −α +⎡ ⎤⎣ ⎦∫∫ yx y n y x  

( ) ( )2 2 2
1 2 333 333( ) , , , ,

C

C M C M C

S

a y y D D⎡− − − −⎣∫∫ x y n x y n%  

( ) ( )333
ˆ , ,M CD dS⎤− α +⎦ yx y n y  

( ) ( )33 , ,
I

M I
k k

S

D u dS −∫∫ yx y n y  

( ) ( ) ( )33 3, ,
I

M
k k

S

S t dS N= −∫∫ yx y y x      CS∈x . (13) 

A system of linear algebraic equations is ob-
tained by collocating the BIEs (10) at the nodal 
points of eight-nodes quadrilateral elements and six-
nodes triangular elements near the poles of the in-
clusion surface, where the boundary element mesh is 
formed by a uniform division of the inclusion sur-
face in the direction of polar coordinates ϕ  and θ , 
and quadratic shape functions are applied for the 
parametrical description of the surface. To avoid the 
weakly singular peculiarity in these equations a vari-
able change is used. For example, if the nodal and 
the source points coincide at the point ( 1, 1)− −  of 

the local coordinate system 1 2Oξ ξ  with the origin at 
the center of a unit square subdivided into two trian-
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gles, the linear transformation of the coordinates is 
given by 

1 2 1 1 2 1
1 1 1(1 )(1 ) (1 ) (1 )(1 ),
4 2 4

ξ = −η +η − −η + +η +η  

2 2 1 1 2 1
1 1 1(1 )(1 ) (1 ) (1 )(1 ),
4 2 4

ξ = −η + η − −η − + η + η

 { }1 21 1, 1 1 .− ≤ η ≤ − ≤ η ≤    (14) 

The discretization of the BIE (13) is realized by 
a collocation scheme, where the boundary element 
mesh is formed by a uniform division of the planar 
crack surface in the direction of the polar coordi-
nates r  and ϕ , and an additional circular element 
located at the centre of crack. In this analysis, linear 
approximation within each element is used for the 
interfacial quantities ju  and jt , while constant ap-

proximation is adopted for the crack-domain func-
tion ( )α x . In the numerical calculations, the inclu-
sion surface was divided into 144 elements and the 
crack surface was discretized into 161 elements. 

3. NUMERICAL RESULTS 

Numerical analysis is focused on the mode-I dy-
namic SIF IK , which is related toα  by 

 ( ) ( ) ( ) 1

2

cos ;I
sin ,2 1

C

C

C
x a
x a

G aK = ϕ
= ϕ

π
ϕ = α

−ν
x  (15) 

where ϕ  is the angular coordinate of the crack front 
(figure 1). 

As an example, interacting penny-shaped crack 
and spherical inclusion of the same radii 

C Ia a a= =  are considered. The crack is subjected 
to a tensile loading of constant amplitude 0N . The 
mass densities and Poisson’s ratios of the matrix and 
the inclusion are taken as equal, i.e., M Iρ = ρ  and 

0.25M Iν = ν = , and the materials dissimilarity is 
provided by the different shear modulus with the 
ratio I MG G G= . The static SIF *

I 02K N a= π  
is chosen as a normalization factor for the dynamic 
SIF, so that *

I I IK K K= . 

Since the problem for the considered crack-
inclusion configuration is not axially symmetric with 
respect to the 3Ox -axis, the mode-I dynamic SIF 
changes from point to point around the crack front. 

 
 

Fig. 2. Normalized amplitudes of the mode-I dynamic SIF along 
the crack front near a “soft” inclusion: 3 ; 0.2;d a G= =

11 0.3;M a− ω = 1 12 0.5; 3 0.7;M Ma a− ω = − ω =  marked 
lines are for a single crack. 

 
 

Fig. 3. Normalized amplitudes of the mode-I dynamic SIF along 
the crack front near a “hard” inclusion: 2.5 ; 5.0;d a G= =

11 0.8;M a− ω = 1 12 1.0; 3 1.2;M Ma a− ω = − ω =  marked lines 
are for a single crack. 

This fact is demonstrated in figures 2 and 3, where 

IK  as a function of the angular coordinate ϕ  of the 
crack front for different normalized wave numbers 

1M aω  is presented. For the purpose of comparison, 

IK  for a single crack is taken from [9] and shown 
by the marked lines. At low frequencies the interac-
tion of a “soft” inclusion and a crack (figure 2) 
causes an increase of the mode-I SIF amplitudes in 
comparison with that for a single crack. In other 
words, such inclusion provides an amplification 



C
O

M
PU

TE
R 

M
ET

H
O

D
S 

IN
 M

A
TE

RI
A

LS
 S

C
IE

N
C

E 
INFORMATYKA W TECHNOLOGII MATERIAŁÓW 

 – 36 – 

effect for the crack. An opposite shielding tendency 
is observed for a „hard“ inclusion near a penny-
shaped crack (figure 3). The dynamic overshoot 
(undershoot) in IK  is mostly obvious at the crack 
front points nearest to the inclusion. With increasing 
frequency the IK -factor can be either smaller or 
larger than that for a single crack depending on the 
position at the crack front. Furthermore, the role of a 
“soft” inclusion changes from amplification to 
shielding at a high wave number 1 0.7M aω = . Simi-
larly, a „hard“ inclusion acts as an amplification 
object for the IK -factor at 1 1.2M aω = . 
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ZALEŻNOŚĆ POMIĘDZY POWSTAJĄCĄ SZCZELINĄ 
KOŁOWĄ A SFERYCZNYM TRÓJWYMIAROWYM 

WTRĄCENIEM W KOMPOZYTACH 
CZĄSTECZKOWYCH: OBLICZENIA DYNAMICZNEGO 

WSPÓŁCZYNNIKA INTENSYWNOŚCI NAPRĘŻENIA 
TYPU-I Z WYKORZYSTANIEM BIEM 

Streszczenie 
 
Tematem niniejszej pracy jest analiza zależności pomiędzy 

powstającą szczeliną kołową a sferycznym sprężystym wtrące-
niem osadzonym w nieskończonej sprężystej osnowie, która 
poddana jest harmonicznemu obciążeniu w płaszczyźnie pęka-
nia. Metoda brzegowych równań całkowych (BIEs) została 
zastosowana do numerycznego rozwiązania problemu w dzie-
dzinie częstotliwości. Eliminacja osobliwości i techniki mapo-
wania są połączone ze schematem kolokacji i zaimplementowa-
ne w celu regularyzacji i dyskretyzacji całkowych równań brze-
gowych poprzez uwzględnienie lokalnej struktury rozwiązania 
w obszarze wierzchołka pęknięcia. Jako przykład rozważono 
pęknięcie pojawiające się w warunkach rozciągania ze stałą 
amplitudą. W tym przypadku środek cząstki leży w płaszczyźnie 
pęknięcia. Własności wzmacniające wynikające z obecności 
wtrącenia ujawniają się poprzez dynamiczny współczynnik 
intensywności naprężenia (SIF) typu-I, który jest funkcją kąto-
wą współrzędnej frontu pęknięcia dla różnych częstotliwości 
i kombinacji materiału osnowy i wtrącenia. 
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