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Abstract

The interaction between a penny-shaped crack and a spherical elastic inclusion embedded in an infinite elastic matrix
subjected to a time-harmonic crack-face loading is investigated. Boundary integral equations (BIEs) are applied for the
numerical solution of the problem in the frequency domain. The singularity subtraction and the mapping techniques in
conjunction with a collocation scheme are implemented for the regularization and the discretization of the BIEs by taking
into account the local structure of the solution at the crack front. As a numerical example, a crack under tensile loading of
constant amplitude, where the center of the interacting particle lies in the crack plane, is considered. The reinforcing
properties of the inclusion are revealed by the mode-I dynamic stress intensity factor (SIF) as a function of angular coor-
dinate of the crack front for different frequencies and material combinations of the matrix and the inclusion.

Key words: 3D particulate composite, matrix penny-shaped crack, spherical elastic inclusion, time-harmonic loading,
dynamic stress intensity factor, boundary integral equations method

1. INTRODUCTION

To understand the role of volumetric inclusions
as shielding or amplification objects in advanced
particle- or fiber-reinforced composites under elastic
wave loading conditions, their interaction with the
defects like cracks subjected to dynamic loading
should be investigated. The boundary integral equa-
tions method (BIEM) is ideally suited for such kind
of analyses for three-dimensional (3D) problems,
which is shown in the static analysis for the interac-
tion of a penny-shaped crack with a spherical elastic
inclusion in an infinite elastic matrix [3,6,8]. The
single crack [1,7,9] and the single inclusion [4,5]
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problems under a dynamic load were considered by
the BIEM too. However, the interaction of a spheri-
cal elastic inclusion and a matrix penny-shaped
crack under dynamic loading has not been investi-
gated according to the author’s knowledge.

In this paper, the BIEM is presented to analyze
the influence of a spherical elastic inclusion on the
dynamic stress intensity factor of a neighboring
penny-shaped crack. The interacting objects are
located in a 3D infinite elastic matrix and the crack
faces are subjected to a time-harmonic loading. For
the sake of brevity, the symmetric problem with
respect to the crack plane is considered. The system
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of six coupled displacement BIEs and one traction
BIE for the interfacial displacements and tractions as
well as the normal crack-opening-displacement
(COD) are deduced by satisfying the perfect contact
conditions on the matrix-inclusion interface and the
stress conditions on the crack surfaces. They are
solved numerically after their regularization by the
integral operators with elastostatic kernels and the
discretization by the collocation scheme. The local
behavior of the COD near the crack front is taken
into account implicitly in the numerical method,
which allows for a direct and accurate computation
of the mode-I dynamic SIF. Numerical calculations
are carried out for an inclusion and a crack with the
same diameter under a tensile crack surface loading
of constant amplitude. The effects of the frequency
and the materials combination of the matrix-
inclusion on the distribution of the mode-I dynamic
SIF along the crack front are investigated.

2. BOUNDARY INTEGRAL FORMULATION
AND NUMERICAL SOLUTION OF THE
PROBLEM

Consider an infinite isotropic elastic matrix with
a penny-shaped crack of radius a“ and an isotropic
elastic spherical inclusion of radius a’ with its cen-

ter O' located at the crack plane x, =0 and a dis-

tance d from the crack center O . The matrix ma-
terial is specified by the mass density pM , the shear
modulus G and Poisson’s ratio v , while the
inclusion material is characterized by pl, G', and
v’ respectively. A perfect contact between the ma-

trix and the inclusion is assumed, which implies that
the displacements and the stresses are continuous

across the matrix - inclusion surface S’. The

crack surfaces occupying the domain S¢ are
subjected to a tensile time-harmonic loading
with the circular frequency ® and the amplitude

N"=-N"=N(0,0,N,) (figure 1). For simplici-
ty, the common factor exp(—iwt) is suppressed

throughout the analysis.
In accordance to the superposition principle the

displacement field u" (ulM,uzM ,ugw ) in the matrix
can be written as

u” =u® +u”, (D)

where  the  terms u’ (uls TN ) and
u‘ (ulc Jus ul ) describe the contributions to the

total wave field scattered by the inclusion and in-
duced by the crack, respectively, which can be rep-
resented by the following boundary integrals [2, 9]:

) ()= 7 (e’ Yl (v)-U (xoy)a ()]s, -

u§ (x) :Hﬂ"; (x,y,nc)Au(y)a"S'y . (2)

Fig. 1. Problem geometry.

Hereafter all indices range from 1 to 3 and
MM

repeated indices imply summation, t" (tl AN )
is the traction vector caused by the influence
of the inclusion on the matrix,
Au(x)=u;" (x,x,,+0)—u;" (x,,x,,-0) is the
normal COD (due to the symmetry of the problem
the tangential CODs are equal to zero),

n’(n/,n;,n;) is the unit vector normal to the inclu-
sion surface as depicted in figure 1, n“(0,0,1) is
the normal vector to the crack surface, U 34 and 7;/.M
are the time-harmonic displacement and traction

fundamental solutions, namely

1
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(e (lxvl) v (x5, +

4nw;,,

T (xy.n)=
2, (jx—y])~2¢ (x—¥))]*

(xj _yj)(xk Vi
[x=y|

)| (x, =)

x|

n,(y)+

& (x-¥])+ & (x-¥)] (T"
In equations (3)
£10) =] (1=i0,,, ) explio, ) -

-(l—ioamr—co%Mrz)exp(icoZMr)} e,

n, (y)> 3)
YI

fo(r)= [(3 =3iw,,, " — o, " )exp(imer) —~
(3-3ie,, 7 — )exp(i@wr)] ",
g,(r)= [(3 —3io,,,r— o), ) exp(io,,,r) —|
(3 —3iw,,, 7 —2w;,, 1" +ie),, ) exp(io, ,, r)} r,
g,(r)= :(3 =3iw,, " — o, " )exp(i(oer) -

(3 —3i,,, 7 — 5,1 ) exp(iconr)} r,

g,(r)= :(9 —9iw,,, 7 — 4w, 1’ +io;,, 1 )exp(imer)

—(9 —9iw,, r — 4w, 1 +iw), )exp(icom r)] r,
“4)

. . M
0, is the Kronecker symbol, ®,, —0)/ c;

Jk

( Jj 21,2) are the wave numbers of the matrix,

A =\ G" o and ¢ = 2 (1-v")/(1-2v)

are the transverse and the longitudinal wave veloci-
ties of the matrix.

From equations (1) and (2) we can obtain the
following integral representations for the stress

M . .
components G, in the matrix

)= I[P (eyon s ()~

]dS +” jmz x,y.n)Au(y)ds, - ©)

S (XY

Here S_?fnk and D i can be derived by the differen-

tiation of U?,f and Tjk with respect to X and the

application of the stress-strain relationship, whose
explicit expressions can be found in [1]. It should be
mentioned that the exterior wave fields (1), (2) and
(5) satisfy the radiation conditions at infinity.

The interior displacement field u’ (ull s ul )

in the inclusion can be expressed by the following
representation

=[5 (x3)i ()~

(x y,n ) ()]dS ) (6)

in which t’ (tll ,t; ,t31 ) is the traction vector caused
by the influence of the matrix on the inclusion, U ;k
and T;c can be obtained from equations (3) and (4)
by replacing the material constants pM , G" and

v with p’, G' and v', respectively.

Considering  the conditions
u” (u]M,uéW,uéw ) =u’ (ull,uzl,u;) = u(u1 Uy, Uy ),
tM(th,tzM,tf)zt’(tl’,tg,t;)zt(t,,tz,t3) on
xe S’ in the representations (1), (2) and (6) and
substituting equation (5) into the boundary condition

continuity

on =—N, on xeS°,
BIEs for the interfacial quantities
u;, t, (j=1,2,3) and the COD Au is obtained as

” (x.y.n
HU% (%)t (y)dS, -
~[[ 73 (xy.n€)Au

a system of seven coupled

(y)a’Sy +

ds. =0, xeS’,
(v)ds,
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O+ [[7i (o
jj y)ds, =0,
JIDs (o

”Sffk x,y)t, (y)dS, +
o

)dS —
xeS’,

u, (y)ds, —

+H Dy, (x,y,nc )Au (y)aISy =-N, (x) ,
o

xeS°. (7)
It should be remarked here that the BIEs (7) con-

tain hypersingular kernel D3A§3, strongly singular

kernels 7Y, T!

"+ » T, and weakly singular kernels U’/ ,

uU! & » which require special attention in the numerical

solution procedure. For the additive isolation of the
singularities, the BIEs (7) are rewritten as

=[] 7 (xyn
”U y)ds, -

(y)ds, +

Au(y)dsS, =0, xeS’,

II
J’J’ y)dS, +
7 )4 o ()5, -

(y)ds, -

”[ (xy)-U, xy]t )ds, =0, xeS',
”D333 X,y,n (Y)dSy+

J‘J‘D333 X,y,n C)Au(y)dSy+

s¢

+H[D§”§3 (x, y,n¢ ) - DY, (x,y,nc ) -

S(

Dy (xyn) [ au(y)ds, +
J-'[ng (x.y.n')u (y)ds, -
<

85 (x.y)s (y)ds, =
S,

xeS°€. (8)

—N;(x),

Here U, Ty (L=M,I)and D

Py 33 are the static

counterparts of the kernels

U, Th (L=M,I)and Di,, while D)%, is the
weakly singular part of D;; ,1.e

1
16nGL(1—vL)|x—y|

(x,—¥,)(x, — yk)]
-y |

Ui (xy)=

{(3—4\*)6/.,{ +

T (x,y,n)= ! {l:(l—2vL)8ik+
’ n(l—v )|x y| '

(x, = y,)(x, —yk)}(x,,, )
x—y[

3

n,(y)—
X~

[x=y]
GM
An(l—v")x -y

.(1_2VL)|:(xj -Y;) nk(y)—w’%(”}} ,
X-y

D3A;13( ,Y):

(7-12v" +8(v" Y )3, G"

DM =
i (%) 32n(1—vM)2|X—y|

)

The expressions in the square brackets in equa-
tions (8) are regular at |X—y| — 0. The advantage

of the rewritten equations (8) in comparison with
equations (7) is that the singular kernels in equations
(8) become real and have the elastostatic form.

For the regularization of the first six equations of
the system (8) the solution for the rigid body can be
used [2]. Then the weakly singular forms of these
equations are obtained as

0 ()= [T (v o )

x)] ds, +
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)dSy_

{foff (x.y)t (v
”[TM( xy.n')=T} (x.y.n') |u (v)ds, +
I (o) =03 () J (v)s, -

{ITf (x,y.n)Au(y)ds, =0,
17 (oyon o (3)
JIU,kxy ), + [[[74 (v
fjé(x,y,n’)]my)dsy—

[[[U} (x¥) =0} (x.y) ]t (v)ds, =0,

Sl

xeS’,

X)J ds, -

xeS’, (10)

Regularization of the last equation of the system
(8) considers the COD behavior at the crack front
properly by using

Au(x)=4/(a“) —x} —x; a(x),

where o(x) is a new unknown function, and the

analytical evaluation of singular integrals of the type

N2 .2 2 IR _ k
I;(X):.” \/(a ) =W (ylm xl) (yz xz) dSy,
¢ |X_Y|
xeS°. (11)

The singular integrals (11) can be computed ana-
lytically as

2

L= L) ="(2a) ~x ~x3).
Tl?2 TC2
Iﬁo(x):_Txp ]Sl(x):_7x29
1§o<x>— (4(a)—xf—3x§),
(x)— (4<a>—3xf—x§),

2

(X) = xlxz (12)

Substitution of the integrals (12) into the last
equation of the system (8) yields the regular version
of this equation in the form

G" ] { 130 (X)+(7—12VM +§(VM)2)
4rn(l1-v™) 8(1-v™)

o+ I (x )a“(") 1 00 228

| X,

(’)iM I éo (X):|

620L(x) ﬁzoc(x)

—130( X) 5132( ) L) ———

”\/(acf -y -7 5;;3(x,y,nc)x
]

azoc(x)
Ox,0x,

__ Oa(x) __\OoUx)
{a( ) =00 =04 =) =2 == 0= m) T
1 2 Ja) 1 0a(x)
) ox} 27 ) ox;
82
=2, —x,) 8X(:L(3()z)}dSy +
JIN@ =57 =2 D (x.y.n€)[e(y) (0 ]dS, +

(=57 ) )

D, (x,y,nc )]oc(y)dSy +

” 33k X AL

J.'!.S;;{k (X’y)tk (y)dSy ==N; (X)7

(y)dSy o
xeS°.  (13)

A system of linear algebraic equations is ob-
tained by collocating the BIEs (10) at the nodal
points of eight-nodes quadrilateral elements and six-
nodes triangular elements near the poles of the in-
clusion surface, where the boundary element mesh is
formed by a uniform division of the inclusion sur-
face in the direction of polar coordinates ¢ and O,
and quadratic shape functions are applied for the
parametrical description of the surface. To avoid the
weakly singular peculiarity in these equations a vari-
able change is used. For example, if the nodal and
the source points coincide at the point (—1,—1) of

the local coordinate system OE,&, with the origin at

the center of a unit square subdivided into two trian-

—34 -
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gles, the linear transformation of the coordinates is
given by

1 1 1
& _Z(l_nz)(l"'nl)_5(1_n1)+z(1+n2)(1+n1),

1 1 1
&, —Z(l—ﬂz)(lﬂh)—E(l—m)—z(Hﬂz)(Hm),
{-1<m, <1, -1<n, <1} (14)

The discretization of the BIE (13) is realized by
a collocation scheme, where the boundary element
mesh is formed by a uniform division of the planar
crack surface in the direction of the polar coordi-
nates » and ¢, and an additional circular element
located at the centre of crack. In this analysis, linear
approximation within each element is used for the
interfacial quantities u; and ¢, while constant ap-
proximation is adopted for the crack-domain func-
tion o(x). In the numerical calculations, the inclu-

sion surface was divided into 144 elements and the
crack surface was discretized into 161 elements.

3. NUMERICAL RESULTS

Numerical analysis is focused on the mode-I dy-
namic SIF K, which is related too by

G [ C
KI ((p):z(l—fav)(l(X)xl:a(cos(p; (15)

—C Qi
X,=a‘sin¢,

where ¢ is the angular coordinate of the crack front
(figure 1).

As an example, interacting penny-shaped crack
and spherical inclusion of the same radii
a® =a' =a are considered. The crack is subjected
to a tensile loading of constant amplitude N, . The
mass densities and Poisson’s ratios of the matrix and
the inclusion are taken as equal, i.e., pM = p[ and
v =v' =0.25, and the materials dissimilarity is
provided by the different shear modulus with the
ratio G = GI/GM . The static SIF KI* =2N,\/a/n
is chosen as a normalization factor for the dynamic
SIF, so that K, =|KI |/KI* .

Since the problem for the considered crack-
inclusion configuration is not axially symmetric with
respect to the Ox;-axis, the mode-I dynamic SIF

changes from point to point around the crack front.

09 1 1 1
0 n/4 /2 3n/4 0]

Fig. 2. Normalized amplitudes of the mode-I dynamic SIF along

the crack fiont near a “soft” inclusion: d =3a; G=0.2;
l-0,a=032-0w,a=053-0w,a=0.7, marked

lines are for a single crack.

1.2
1.1}
10 3\
vo o—o0 T o— . o—0 T —=0
0 /4 /2 3n/4 P

Fig. 3. Normalized amplitudes of the mode-I dynamic SIF along
the crack front near a “hard” inclusion: d =2.5a; G=5.0;

l1-®,a=082-0,a=10;3-o,a=12; marked lines

are for a single crack.

This fact is demonstrated in figures 2 and 3, where
K ;. as a function of the angular coordinate ¢ of the

crack front for different normalized wave numbers
®,,,a is presented. For the purpose of comparison,

IZI for a single crack is taken from [9] and shown

by the marked lines. At low frequencies the interac-
tion of a “soft” inclusion and a crack (figure 2)
causes an increase of the mode-I SIF amplitudes in
comparison with that for a single crack. In other
words, such inclusion provides an amplification
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effect for the crack. An opposite shielding tendency
is observed for a ,hard“ inclusion near a penny-
shaped crack (figure 3). The dynamic overshoot

(undershoot) in I?I is mostly obvious at the crack
front points nearest to the inclusion. With increasing
frequency the [ZI -factor can be either smaller or

larger than that for a single crack depending on the
position at the crack front. Furthermore, the role of a
“soft” inclusion changes from amplification to

shielding at a high wave number ®,,,a =0.7 . Simi-
larly, a ,hard* inclusion acts as an amplification
object for the K ,-factor at ®,,,a=1.2.
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ZALEZNOSC POMIEDZY POWSTAJACA SZCZELINA
KOLOWA A SFERYCZNYM TROJWYMIAROWYM
WTRACENIEM W KOMPOZYTACH
CZASTECZKOWYCH: OBLICZENIA DYNAMICZNEGO
WSPOLCZYNNIKA INTENSYWNOSCI NAPREZENIA
TYPU-1 Z WYKORZYSTANIEM BIEM

Streszczenie

Tematem niniejszej pracy jest analiza zaleznosci pomigdzy
powstajaca szczeling kotowa a sferycznym sprezystym wtrace-
niem osadzonym w nieskonczonej sprgzystej osnowie, ktora
poddana jest harmonicznemu obciazeniu w plaszczyznie pgka-
nia. Metoda brzegowych réownan catkowych (BIEs) zostata
zastosowana do numerycznego rozwiazania problemu w dzie-
dzinie czgstotliwosci. Eliminacja osobliwosci i1 techniki mapo-
wania sa polaczone ze schematem kolokacji i zaimplementowa-
ne w celu regularyzacji i dyskretyzacji catkowych rownan brze-
gowych poprzez uwzglednienie lokalnej struktury rozwiazania
w obszarze wierzchotka peknigcia. Jako przykiad rozwazono
peknigcie pojawiajace si¢ w warunkach rozciagania ze stata
amplituda. W tym przypadku $rodek czastki lezy w plaszczyznie
peknigcia. Whasnosci wzmacniajace wynikajace z obecnosci
wtracenia ujawniaja si¢ poprzez dynamiczny wspolczynnik
intensywnosci napr¢zenia (SIF) typu-I, ktory jest funkcja kato-
wa wspotrzednej frontu peknigeia dla réznych czgstotliwosci
i kombinacji materiatu osnowy i wtracenia.
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