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Abstract

A numerical model based on the upper bound elemental technique for prediction of extrusion pressure in three-
dimensional direct extrusion process is presented. Using square billets, the study of the effect of die land length has been
extended to the evaluations of the extrusion pressures to extrude complex sections such as square, rectangular, I, and T
shaped sections with power of deformation due to ironing effect at the die land taken into account. The extrusion pressure
contributions due to the die land evaluated theoretically for shaped sections considered are found to increase with die land
lengths for any given percentage reduction and also increase with increasing percentage die reductions at any given die
land length. The effect of die land lengths on the extrusion pressures increase with increasing complexity of die openings
geometry with I-shaped section giving the highest extrusion pressure followed by T-shaped section, rectangular, circular
shaped die openings with square section die opening, giving the least extrusion pressure for any given die reduction at any
given die land length. The proper choice of die land length is, therefore, imperative if excessive pressure buildup at the
emergent section is to be avoided so as to maintain the quality and metallurgical structure of the product. Comparison of
the least upper bounds extrusion pressures computed with the experimental results and SERR analysis shows that the up-

per bound method predicts reasonable extrusion loads well within engineering accuracy.

Key words: extrusion pressures, die land, shaped sections, % reduction in area, area ratio, upper bound

1. INTRODUCTION

Upper bound analysis of three-dimensional
metal forming processes in general and extrusion in
particular has remained a subject of continuum focus
of study due to its high productivity, lower cost and
increased properties. There are several analytical
approaches available to metal forming problems,
including slip-line field theory, upper bound and
lower bound analyses and finite element methods.
Although the FEM provides a more accurate de-
scription of the deformation and stresses than do
other methods, it demands an expert’s use of a lot of
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computer time. The upper bound approach has much
to recommend it, since, it is simple, takes less com-
puter time and expertise, and the results obtained are
within reasonable engineering approximations. As
regards the three-dimensional extrusion of shaped
sections, some analytical methods for predicting the
metal flow according to the optimum die configura-
tions have been proposed by some workers (Sahoo
& Kar, 2000; Yang & Lee, 1993; Wu & Hsu, 2000;
Kim et al., 1999; Kim et al., 2000). Kiuchi et al.
(1981) developed an upper bound based analytical
method to calculate power requirements, the extru-
sion pressure, the optimal die length in extrud-
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ing/drawing from round, square and rectangular
billets to rods, bars and wires with square, rectangu-
lar, hexagonal, L-type, T-type, H-type and flower-
type cross-sections. For this generalized formulation,
it also has the setback for neglecting to account for
the frictional forces at the die land region. Nanhai et
al. (2000) stressed the importance of proper simula-
tion of die land in the extrusion of shapes with flat-
faced die so as to avoid the generations of geometri-
cal defects and hence proposed a method of simula-
tion, using finite element method, that the metal
flow in extrusion and the die land can be adjusted
according to the simulation results. Ajiboye and
Adeyemi (2006) improved on Kiuchi et al. (1981)
formulations to account for power losses due to iron-
ing effect at the die land of an extrusion die with
circular die opening. Chitkara and Celik (2001) de-
veloped, based on upper bound theory, a three-
dimensional extrusion of non-symmetric T-shaped
sections from initially round billets. Extensive litera-
tures search revealed that, most of FEM simulations
(Duan et al., 2004; Venkata et al., 1995; Li et al,,
2001; Abrinia & Makaremi, 2008; Filice et al., 2008;
Kiuchi et al., 1996; Sheppard & Paterson, 1982)
were not on extrusion from square billet to other
shaped sections. Kar and Das (1997) reformulated
SERR technique so that it could be applied to ana-
lyze extrusion of bars of any cross section from bil-
lets of any other cross section when the product and
billet boundaries were defined by planar surfaces.
The effect of percentage reduction in area and the
die land length is seen to be more pronounced ex-
perimentally in I-shaped section than in T-shaped
section. Chitkara and Adeyemi (1997) investigated
the effect of percentage reduction in area on the
extrusion pressures of I and T-shaped die openings
with extrusion pressures of I-shaped section being
higher than for T-shaped section opening. All the
above mentioned authors limited their working ma-
terials to round billets except Kar and Das (1997)
and all excluded die land or straight portion of die.
There is, to the best of author’s knowledge, no re-
search work so far that has either been presented or
done on the three-dimensional extrusion of complex
shapes using UBET with the powers of deformations
due to ironing effect at die land taken into account.

In the present study, three-dimensional analysis
for the extrusion of circular and complex sections
such as square, rectangular, I- and T-shaped sections
from initially square/rectangular billets is studied
and presented.

2. THEORETICAL ANALYSIS
2.1. Shape and dimension of die surface

Figures 1(a) and 1(b) respectively show the
schematic diagrams of the die surface and shape plus
dimensions of the linearly converging die, in Carte-
sian coordinates system used for the present numeri-
cal calculations. In the present modeling, the surface
in Cartesian coordinates system is represented by
z(x, ¥). In Cartesian co-ordinates system, the die
surface (Kiuchi et al., 1981; Ajiboye, 2006) is de-
rived using linearly converging straight lines as:

_ Zf(y)_zi(y)x

z,(x,y) +z,(y) (D)
xf()’)
where:
Zf()’) =(z _Zo)l"i'zo’
i
Yy
z(»)=(z,—2z,)—+2z,,
i
xf(y) = (xi _xo)l"'xo
32
(a)
Entrance
cross- Die Exi
secl‘ion
L N . i
%: ;%////d/f{/*
:‘% ! L
Yy, oo
1 Vy%
) .

0(y,=0)

Fig. 1. (a) Schematic diagram of the die surface in Cartesian
co-ordinate system Fig. 1 (b) Shape and dimensions of linearly
converging die
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where x;, x, and z,, z, are the dimensions of die and
billet respectively and y, is the length of the die. By
using equation (1), and the function z,(x, y) all of the
strain rate components and the total powers of de-
formation can be calculated.

The boundary limits for the die surfaces are

0<x<x,(»)
0<z<z(x,y) )
O<ys<y

2.1.1. Assumptions

The following assumptions (Ajiboye, 2006) are
used;

i) the longitudinal velocity, V), is uniform at each
cross-section of the material in the die and is
equal to inlet velocity denoted by V, at the en-
try.

ii) The Von-Mises yield criterion is assumed to be
applicable.

The generalized formulas of the kinematically
admissible velocity field can be formulated as fol-
lows. At first, the condition of volume constancy
may be expressed as

e te, +é.=0 (3a)
that is,
0

0 0
an(x,y,z)+5Vy(x,y,z)+§Vz(x,y,z) =0

(3b)

From here, the kinematically admissible velocity
fields are derived to be (Ajiboye, 2006)

v, ;f“”zs (x,0)dx

V.(y)= “4)

xr ()
[,

-1
z,(x,y)

Ken =S el o)

Km%ﬂ=%i§%@»+%nw%hz

0 0
—z{a V.(x,y)+ 5 Vv, (v )} (6)

Equations (4), (5) and (6) satisfy the condition of
volume constancy and all of the kinematic boundary
conditions.

3. STRAIN RATES’ COMPONENTS

The strain rates components are the derivatives
of kinematically admissible velocity fields of equa-
tions (4), (5) and (6). Now, differentiating velocity
equation (5) to get strain rate along x-axis i.e,

) 0
€ xx (xay):an(xay):

0 i) 0 )
—z (x,y A “s\Ws
ox ° 0 oy
-y (y)-—V, (y)-———V
- (5.7) (%) o () () ()
(7

The strain rate components along y-axis is ob-
tained by differentiating the kinematically admissi-
ble velocity field equation (4), i.e,

. 0
ny (y)zaVy(y)z

0 x,(y) O
) e L R M N S
Vo7 2, (x ) 2 J dy
M”%mwﬁ
@)

From equations (7) and (8), the strain rate along z-
axis, €,(x,y) is obtained as:

) 0 0
eﬂmw={anmw+5m@ﬁ<m

The other components of strain rates are defined
as follows;

-z 0°
.2)=———V(x, 10
€. (x,),2) > &zxxw (10)
1 0
V) =——V (x, 11
Ewuy)2éwx@y) (11)
z| 62 0?

eyz (xayaz) =—

V.(x,y)+—V, 12
2 | yox (x,0) & (| 342)

4. THE UPPER BOUND SOLUTION

The total power consumption, J', during extru-
sion through the die is the sum of the power losses
due to the plastic deformation inside the die, (£;),
due to velocity discontinuities (E;), and that due to
frictional resistance at the interface between the
material and the die, (£;). The upper bound on total
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power dissipated is expressed as the sum of the indi-
vidual term for internal power, shear power and the
power to overcome prescribed surface tractions.

J =E+YE+)E (13)
n k

where

Egy'gde ,1.e.

’_G.”J‘\/ & +e + € +2(e +e + € )}dxdydz
(14)

. O-O
E = jrs ﬁ(AV)FS ds

where

(AV \/Vz(x h% )+V (x b% Z) (15)

- 77.[ N %(AV)R dS where 77= shape constant,

(Ar). = [VZ (x* +0, y,z)— V. (x* -0, y,z) (16)

ZEE

b/c +El

an

, Where

7.[ ﬁ|V (x, y, Z)|dxdy, where

Em/P \/— .[

0 0
V.(x,y,2) = —Z[—Vx(x,y) +—Vy(y)} (17
ox oy

E, = 2”1_0“ (H"_y/)J.:‘Vy(y)‘dxdz+

\/5 0

L wles ) oy
Eland = 2”’\’/%70 |:J.:J‘;‘Vj (y)‘dydz+ I:I;‘I/y(y)‘dde}
(19)
where
VJ'-“/(O)Z (x,y)dx
_ Y 0 s
V,(y) = Ty f:’(:(y)zs _— (20)

where y and £ are the limits of integration in x and y
axes, / is the die land length, a and b are die opening

section lengths in x and y axes and y' current billet
height to die surface. H, = billet height.

5. SHAPE AND DIMENSIONS OF
EXTRUDED PROFILES

Using square billets, the frictional powers at the
die land region, for T- and I- sections are evaluated
from expressions such as:

i) For T- section shape~

Fig. 2. T-die opening

land —

2mo, U [V, o)dvdz+ | [ V(y)dydz}

@

where @ =2a + ¢
ii) For I-die opening section shape

2b

2a

2

<

| 2b |

Fig. 3. [-die opening

2mo, D j V. (v)dxdz+ j [ V(y)dydz}

(22)
where b’ =2b+2b—t=4b-+tanda’ =4a+c¢

Siana

6. COMPUTATIONAL METHOD

The area and volume integrals of equations (15-
19 and 14 respectively) were performed, using the
Gaussian quadrature integration techniques by trans-
forming the polynomial variable by:
(b—a)z, +(b—a)

P(x;) = ’2 (23)
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where a and b are respectively the upper and lower
limits of integrations of the zone of die surface ex-
pressed by zy(x, y).

I
The area integrals of the friction losses, ZE P
i

J
and shear losses,ZES were computed using the

l

relation

[[v@.e)dnds =33 W, W, v(n,e)dnds

1=1 j=i

24
where l//(f]i,&‘ j)is the resultant velocity field and W,

W; are assigned weightings or integration weight
factors, m, n, k are the integration points. And for
volume integrals, the internal powers of deformation
(W) is given as

[[[wne,6)dndeiG = 335 wn,z, Gy

i=1 j=1 k=1

(25)
where w(7,,¢,,G;)is the resultant strain and vol-

ume under deformation. A computer program writ-
ten in C++ language was used (Ajiboye, 2006) to
evaluate various components of equations (13) to
determine dimensionless extrusion pressure J /0o,

as follows: The dimensionless extrusion pressure

*

— 1is given by
Oy

J T

—_—= (26)
O-O AOI/OO-O

7. RESULTS AND DISCUSSION

7.1. Relative extrusion pressure, (P/Y),
determinations

7.1.1. I and T sections openings

Figures 4 and 5 show ypical plots of relative ex-
trusion pressures, P/Y, versus relative die length, //x,,
computed for different area ratios, 4,/4;, using a re-
duction in area of 58% for the T- and I-shaped sec-
tions at a given die land length of 15 mm. It can be
seen from these figures that, for a given area ratio, the
relative extrusion pressures, P/Y, decreases with in-
creasing relative die lengths, //x,, to a minimum value
at a known relative length. Beyond this relative
length, increasing the relative die lengths, //x,, lead to

increasing relative extrusion pressures, P/Y. The rela-
tive die length that produced minimum relative extru-
sion pressures, P,;,/Y, gives the optimal relative ex-
trusion pressure for a given area ratio and for a given
die land length of 15 mm. or normalized extrusion
pressure, P,;/Y, at a given area ratio 4,/4, = 0.45 for
the given die land length of 15 mm considered.

4.9 -

—e—Arearatio =0.5
44 | —8— Arearatio =0.30
—aA—Arearatio =045
—>¢—Arearatio =0.60
—¥—Arearatio =0.75
—@— Arearatio =0.90

3.9

Relative extrusion pressure (P/Y)

3.4

29 \‘_.—‘/k././-

24 : ‘ ‘ : ‘
0 05 1 15 2 25

Relative die length (I/x0)

Fig. 4. Typical effects of area ratios on the extrusion pressures
of T-die opening

4.9

—&— Arearatio =0.15

—&— Arearatio =0.30
—aA—Arearatio =0.45
—>¢—Arearatio =0.60
—¥—Arearatio =0.75
—e— Arearatio =0.90

4.4 4

3.9 4

Relative extrusion pressure (P/Y)

3.4 -

] W

24 ‘ \ \ \ \
0 0.5 1 1.5 2 25

Relative die length (I/x0)

Fig. 5. Typical effects of area ratios on the extrusion pressures
of I-die opening.

Figures 6 and 7 reveal that, optimal relative extru-
sion pressures, P,;/Y, decrease with increasing area
ratios, until a minimum value is reached at a known
area ratio. Beyond this area ratio, increasing area
ratios cause increasing optimal relative extrusion
pressures P,,;,/Y obtained from the relative die length,
I/r,, for a given die land length of 15 mm of figure 7.
The correct optimal relative extrusion pressure,
P,.;,/Y, that corresponds to a minimum value obtained
at a known area ratio of 4,/4, = 0.45, for a given die
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land of 15 mm gives the correct optimal extrusion
pressure or correct normalized extrusion pressures,
P'/Y, to extrude lead billet through T- and I-die open-

ing at a given percentage reduction in area (i.e. 58%).
48 4 —e— Die land = 1mm
—&— Die land = 5mm
43 | —a— Die land = 10mm
—x—Die land = 15mm

—¥— Die land 20mm

3.8 -

3.3 1

281 .\-\.__./I/"
e

2.3 1

Optimal relative extrusion pressure (P/Y)

1.8 ‘ ‘ ‘
0 02 0.4 0.6 0.8 1

Area ratio (A2/A1)

Fig. 6. Effects of die land lengths on the extrusion pressures of
I-shaped section

434 —e— Die land = 1mm
b= —&— Die land = 5mm
. —a— Die land = 10mm
2 35| —— Die land = 15mm
a2 —x— Die land = 20mm
3
s
§ 331
2]
2
=
2 2% \\_.——a—fi/‘t
(0]
=
©
[
5 231
£
s
1.8 ‘ ‘ ‘ ‘ ‘
0 0.2 0.4 0.6 0.8 1

Area ratio (A2/A1)

Fig. 7. Effects of die land lengths on the extrusion pressure of T-
shaped section.

= —e— Reduction in area = 58%
a 45 —a— Reduction in area = 69%
3 :
a —a— Reduction in area = 76%
=
S 4]
=
is
3 3’
N
‘©
E 3
[s}
o
g 25
S
o
2 T T T T )
0 0.2 0.4 0.6 0.8 1

Normalized die land length (x/Ho)

Fig 8. Typical effects of die reduction in areas on the correct
normalized extrusion pressures of I-shaped section

4.3 4
g —e— reduction in area = 58%
§ 28 —&— reduction in area = 69%
> —a— reduction in area = 76%
g
2 331
X o~
o>
S
N 2.8 4
(]
£
o
c
5 2.3 4
o
3
1.8 . . . T )
0 0.2 0.4 0.6 0.8 1

Normalized die land lengths (x/Ho)

Fig. 9. Typical effects of die reduction in areas on the correct
normalized extrusion pressures of T-shaped section

7.2. Variation of normalized extrusion pressure
with relative die land length

7.2.1. I- and T-section openings

Figures 8 and 9 show typical plots of the correct
normalized extrusion pressures, P’/Y, against nor-
malized die land lengths at varying die reductions in
area indicated for I-shaped and T-shaped sections
openings respectively. Similar figures were plotted
for rectangular, square and circular die opening ge-
ometries. These figures indicate that the correct
normalized extrusion pressure is found to increase
with increasing percentage die reduction in area at
any given die land lengths and also with increasing
die land lengths at any given percentage reduction in
area. Extrapolating each typical plot of figures 8 and
9 and the likes, to intercept the extrusion pressure
axis, give the values of normalized extrusion pres-
sure P,/Y corresponding to zero die land length for
each reduction in area indicated (see table 1).

7.2.2. Die land length and die geometries extrusion
pressure contributions, APy/Y,

For each given reduction in area, this value sub-
tracted from the correct normalized extrusion pres-
sure value P//Y obtained for various die land lengths
gives the extrusion pressure contribution of each die
land length to the extrusion pressure as AP,/Y =(P-
P,)/Y. The dimensionless die land length extrusion
pressure contributions, AP,/Y, is seen to generally
increase with increase die land lengths and also in-
crease with increase percentages reductions in area
(see table 1) for all die openings geometries investi-
gated. It can be seen that, generally, die land lengths
contribute significantly to the extrusion pressures for
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Table 1. Die land extrusion pressure contributions, AP,/Y, at

section, rectangular, circular shaped die openings
various percentages reductions in area for various die openings

with square section die opening, giving the least

profiles . . . .
extrusion pressure for the given 58% die reduction at
Extrapolated | Die land length contribution to | any given die land lengths.
Die % extrusion extrusion pressure AP,/Y
opening %‘eductlo; Prgsjure 1 5 10 15 20 6 - — - & - - computational results
geometry | in area, 1\(/[1\01mY)2 mom | mm | mm | mm | mm 555 | xfuﬁ]eg;erence [18] /..
el ) 7. /7
58 140 |0.03]0.080.13]|0.18 | 0.23 S 5 AT Bperment fesuls of /a
Square 69 186 |0.04]0.11]0.18]0.25 | 0.32 2 eference (19] 4
76 1.98 0.04]0.1310.22]0.31| 0.40 &
c
S
58 1.61 0.03]0.080.12]0.17 | 0.22 §
Circular 69 1.98 0.04]0.110.180.25] 0.32 E
76 2.18 0.04]0.130.24]0.37| 0.46 ks
T
£
Rectaneu- 58 2.14 0.0410.09|0.17]0.24 | 0.31 g
et 69 240 0.09]0.19 030 0.40 | 0.51 2 | | |
76 258 |0.08]0.21]0.34]048 | 061 06 07 08 09
58 230 [0.04]0.11|0.25] 040 0.74 Reduction in area
T-shaped 69 242 0.0410.12 1 0.27| 043 | 0.78 | Fig. 11. Comparison of the average extrusion pressures in the
76 3.01 0.07]0.14 1 0.30| 0.51 | 0.81 | extrusion of I-shaped section with other works in literatures.
58 251 10.0510.1510.3110.60 | 0.97 | 7.3 Comparison with other works in literatures
I-shaped 69 2.90 0.05]0.16 {034 0.65| 1.1
76 3.40 0.06]0.180.37]0.72 | 1.45 . .
Figure 11 shows the comparison of the average

extrusion pressures computed in this study with

all die openings geometries especially at higher die
reductions and in particular for I- and T-die opening
geometries. Higher perimeters of these geometries
coupled with higher frictional effects may possibly
account for the higher contributions of die land
lengths to the total extrusion pressures (see Table 1).
4 - —o— kshaped section
—a— T-shaped section

3.5 - —aA— rectangular

—x—circular
—¥— square

Normalized extrusion pressure (P/Y)

0 0.2 0.4 0.6 0.8 1
Normalized die land length (x¥Ho)

Fig. 10. Effect of die opening shape on the optimal relative
extrusion pressure at a given die reduction in area of 58%

Figure 10 shows the plot of the correct relative
extrusion pressure, P/Y versus increasing relative die
land lengths at a given die reduction of 58% for
circular, rectangle, square, T and I-sections shaped
die openings. The I-shaped section die opening gives
the highest extrusion pressure, followed by T-shaped

other relevant works in literatures (Kar & Das, 1997;
Chitkara & Adeyemi, 1977). It is seen that there is
good agreement between the present author and
others in literatures. The higher values obtained in
the present work compared to the experimental re-
sults of Chitkara and Adeyemi (1977) is, probably,
due to the fact that the present work gives upper
bound results. The close agreement between the
present results and the computed results of Kar and
Das (1997) give further support to the present
model.

8. CONCLUSION

Using square or rectangular billets and upper
bound analysis, the effect of the die land lengths on
the extrusion pressure is formulated in Cartesian
coordinates system for complex extruded sections
such as square, rectangular, I- and T-shaped sections
with power of deformation due to ironing effect at
die land included. The extrusion pressure contribu-
tions due to the die land evaluated theoretically for
shaped sections considered are found to increase
with die land lengths for any given percentage re-
duction and also increase with increasing percentage
die reductions at any given die land length. The ef-
fect of die land length on the extrusion pressure in-
creases with increasing complexity of die openings
geometry with I-shaped section giving the highest
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extrusion pressure followed by T-shaped section,
rectangular, circular shaped die openings with
square section die opening, giving the least extrusion
pressure for any die reductions at any given die land
lengths. Comparison of the least upper bounds com-
puted with the experimental results and SERR
analysis shows that the upper bound method predicts
reasonable extrusion loads well within engineering
accuracy.
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ANALIZA PROCESU WYCISKANIA W MATRYCACH
(0] ROZNYCH KSZTALTACH Z WYKORZYSTANIEM
TROJWYMIAROWEJ METODY GORNEJ OCENY

Streszczenie

W niniejszej pracy zaprezentowano mozliwosci przewidy-
wania zmian pola cis$nien podczas wyciskania wspotbieznego
z wykorzystaniem metody gornej oceny. Analizie poddano
wplyw ksztattu matrycy z uwzglednieniem stopnia docisku na
ewolucje pola ci$nien podczas wyciskania profili o ztozonych
przekrojach: kwadratowym, prostokatnym, I oraz T. Badania
profili wykazaly, ze wklad cis$nienia generowanego podczas
przejscia przez oczko matrycy zwigksza si¢ wraz ze zwigksze-
niem si¢ dtugosci oczka dla danego stopnia redukcji przekroju,
jak rowniez zwigksza si¢ wraz ze zwigkszeniem sig stopnia
przekroju dla danej dlugosci oczka matrycy. Wptyw dhugosci
oczka matrycy na ci$nienie zwiesza si¢ rOwniez wraz ze wzro-
stem skomplikowania przekroju wyrobu. Najwyzszy wplyw
zaobserwowano dla przekroju typu I a nastgpnie T, prostokatne-
go oraz kwadratowego. Analiza wynikow wykazala istotnos¢
doboru ksztaltu matrycy na osiagniecie wymaganej jakosci oraz
struktury metalurgicznej wyrobéw gotowych. Przeprowadzona
analiza poréwnawcza wynikow eksperymentalnych oraz obli-
czen wykazata, ze metoda gornej oceny przewiduje krytyczne
wartosci sit z zadowalajaca doktadnoscia dla zastosowan inzy-
nierskich.
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