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Abstract 
 

A numerical model based on the upper bound elemental technique for prediction of extrusion pressure in three-
dimensional direct extrusion process is presented. Using square billets, the study of the effect of die land length has been 
extended to the evaluations of the extrusion pressures to extrude complex sections such as square, rectangular, I, and T 
shaped sections with power of deformation due to ironing effect at the die land taken into account. The extrusion pressure 
contributions due to the die land evaluated theoretically for shaped sections considered are found to increase with die land 
lengths for any given percentage reduction and also increase with increasing percentage die reductions at any given die 
land length. The effect of die land lengths on the extrusion pressures increase with increasing complexity of die openings 
geometry with I-shaped section giving the highest extrusion pressure followed by T-shaped section, rectangular, circular 
shaped die openings with square section die opening, giving the least extrusion pressure for any given die reduction at any 
given die land length. The proper choice of die land length is, therefore, imperative if excessive pressure buildup at the 
emergent section is to be avoided so as to maintain the quality and metallurgical structure of the product. Comparison of 
the least upper bounds extrusion pressures computed with the experimental results and SERR analysis shows that the up-
per bound method predicts reasonable extrusion loads well within engineering accuracy. 
 
Key words: extrusion pressures, die land, shaped sections, % reduction in area, area ratio, upper bound 

 
 
 

1. INTRODUCTION 

Upper bound analysis of three-dimensional 
metal forming processes in general and extrusion in 
particular has remained a subject of continuum focus 
of study due to its high productivity, lower cost and 
increased properties. There are several analytical 
approaches available to metal forming problems, 
including slip-line field theory, upper bound and 
lower bound analyses and finite element methods. 
Although the FEM provides a more accurate de-
scription of the deformation and stresses than do 
other methods, it demands an expert’s use of a lot of 

computer time. The upper bound approach has much 
to recommend it, since, it is simple, takes less com-
puter time and expertise, and the results obtained are 
within reasonable engineering approximations. As 
regards the three-dimensional extrusion of shaped 
sections, some analytical methods for predicting the 
metal flow according to the optimum die configura-
tions have been proposed by some workers (Sahoo 
& Kar, 2000; Yang & Lee, 1993; Wu & Hsu, 2000; 
Kim et al., 1999; Kim et al., 2000). Kiuchi et al. 
(1981) developed an upper bound based analytical 
method to calculate power requirements, the extru-
sion pressure, the optimal die length in extrud-
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where x1, xo and zi, zo are the dimensions of die and 
billet respectively and y1 is the length of the die. By 
using equation (1), and the function zs(x, y) all of the 
strain rate components and the total powers of de-
formation can be calculated. 
The boundary limits for the die surfaces are  
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yy
yxzz

yxx

s

f

≤≤
≤≤

≤≤

 (2) 

2.1.1. Assumptions 

The following assumptions (Ajiboye, 2006) are 
used; 
i) the longitudinal velocity, Vy, is uniform at each 

cross-section of the material in the die and is 
equal to inlet velocity denoted by  Vo at the en-
try. 

ii) The Von-Mises yield criterion is assumed to be 
applicable. 
The generalized formulas of the kinematically 

admissible velocity field can be formulated as fol-
lows. At first, the condition of volume constancy 
may be expressed as 

 0=++ zyx εεε &&&  (3a) 

that is, 
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   (3b) 

From here, the kinematically admissible velocity 
fields are derived to be (Ajiboye, 2006) 

 
∫
∫

= )(

0

)0(

0

),(

)0,(
)( yx

s

x

so

y f

f

dxyxz

dxxzV
yV  (4) 

 [ ]dxyxzyV
yyxz

yxV
x

sy
s

x ∫ ∂
∂−

=
0

),().(
),(

1),(  (5) 

=⎥
⎦

⎤
⎢
⎣

⎡
∂
∂

+
∂
∂

−= ∫ )(),(),,(
0

dzyV
y

yxV
x

zyxV
z

yxz  

 ⎥
⎦

⎤
⎢
⎣

⎡
∂
∂

+
∂
∂

− )(),( yV
y

yxV
x

z yx   (6) 

Equations (4), (5) and (6) satisfy the condition of 
volume constancy and all of the kinematic boundary 
conditions. 

3. STRAIN RATES’ COMPONENTS 

The strain rates components are the derivatives 
of kinematically admissible velocity fields of equa-
tions (4), (5) and (6). Now, differentiating velocity 
equation (5) to get strain rate along x-axis i.e, 
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The strain rate components along y-axis is ob-
tained by differentiating the kinematically admissi-
ble velocity field equation (4), i.e,   
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From equations (7) and (8), the strain rate along z-
axis, ∈zz(x,y) is obtained as: 
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The other components of strain rates are defined 
as follows; 
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4. THE UPPER BOUND SOLUTION 

The total power consumption, J*, during extru-
sion through the die is the sum of the power losses 
due to the plastic deformation inside the die, (Ei), 
due to velocity discontinuities (Es), and that due to 
frictional resistance at the interface between the 
material and the die, (Ef). The upper bound on total 
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power dissipated is expressed as the sum of the indi-
vidual term for internal power, shear power and the 
power to overcome prescribed surface tractions. 
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where 
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where γ and β are the limits of integration in x and y 
axes, l is the die land length, a and b are die opening 

section lengths in x and y axes and y/ current billet 
height to die surface. Ho = billet height. 

5. SHAPE AND DIMENSIONS OF 
EXTRUDED PROFILES 

Using square billets, the frictional powers at the 
die land region, for T- and I- sections are evaluated 
from expressions such as: 
i) For T- section shape~ 

 
Fig. 2. T-die opening 
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where a/ = 2a + c 
ii) For I-die opening section shape 

 

Fig. 3. I-die opening 
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where b/ = 2b + 2b – t = 4b + t and a// = 4a + c 

6. COMPUTATIONAL METHOD 

The area and volume integrals of equations (15-
19 and 14 respectively) were performed, using the 
Gaussian quadrature integration techniques by trans-
forming the polynomial variable by: 
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where a and b are respectively the upper and lower 
limits of integrations of the zone of die surface ex-
pressed by zs(x, y). 

The area integrals of the friction losses, ∑
j

i
fE&  

and shear losses,∑
j

i
sE& were computed using the 

relation  

εηεηψεηεηψ ddWWdd ji
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ij
jp ),(),(

11
∑∑∫∫
= =
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   (24) 

where ( )ji εηψ , is the resultant velocity field and Wp 

Wj are assigned weightings or integration weight 
factors, m, n, k are the integration points. And for 
volume integrals, the internal powers of deformation 
(Wi) is given as  

dvGdGddG
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1 1 1
,,∑∑∑∫∫∫

= = =
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where ),,( kji Gεηψ is the resultant strain and vol-

ume under deformation. A computer program writ-
ten in C++ language was used (Ajiboye, 2006) to 
evaluate various components of equations (13) to 
determine dimensionless extrusion pressure ,/ 0σJ  
as follows: The dimensionless extrusion pressure 

0

*

σ
J

 is given by  

 
0

*

σ
J

=
oVA

J
σ00

*

 (26) 

7. RESULTS AND DISCUSSION 

7.1. Relative extrusion pressure, (P/Y),  
determinations 

7.1.1. I and T sections openings 

Figures 4 and 5 show ypical plots of relative ex-
trusion pressures, P/Y, versus relative die length, l/xo, 
computed for different area ratios, A2/A1, using a re-
duction in area of 58% for the T- and I-shaped sec-
tions at a given die land length of 15 mm. It can be 
seen from these figures that, for a given area ratio, the 
relative extrusion pressures, P/Y, decreases with in-
creasing relative die lengths, l/xo, to a minimum value 
at a known relative length. Beyond this relative 
length, increasing the relative die lengths, l/xo, lead to 

increasing relative extrusion pressures, P/Y. The rela-
tive die length that produced minimum relative extru-
sion pressures, Pmin/Y, gives the optimal relative ex-
trusion pressure for a given area ratio and for a given 
die land length of 15 mm. or normalized extrusion 
pressure, Pmin/Y, at a given area ratio A2/A1 = 0.45 for 
the given die land length of 15 mm considered.  

 
Fig. 4. Typical effects of area ratios on the extrusion pressures 
of T-die opening  

 
Fig. 5. Typical effects of area ratios on the extrusion pressures 
of I-die opening. 

 
Figures 6 and 7 reveal that, optimal relative extru-

sion pressures, Pmin/Y, decrease with increasing area 
ratios, until a minimum value is reached at a known 
area ratio. Beyond this area ratio, increasing area 
ratios cause increasing optimal relative extrusion 
pressures Pmin/Y obtained from the relative die length, 
l/ro, for a given die land length of 15 mm of figure 7. 
The correct optimal relative extrusion pressure, 
Pmin/Y, that corresponds to a minimum value obtained 
at a known area ratio of A2/A1 = 0.45, for a given die 
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land of 15 mm gives the correct optimal extrusion 
pressure or correct normalized extrusion pressures, 
P//Y, to extrude lead billet through T- and I-die open-
ing at a given percentage reduction in area (i.e. 58%). 

 
Fig. 6. Effects of die land lengths on the extrusion pressures of 
I-shaped section 

 
Fig. 7. Effects of die land lengths on the extrusion pressure of T-
shaped section. 

 
Fig 8. Typical effects of die reduction in areas on the correct 
normalized extrusion pressures of I-shaped section 

 
Fig. 9. Typical effects of die reduction in areas on the correct 
normalized extrusion pressures of T-shaped section 

7.2. Variation of normalized extrusion pressure 
with relative die land length 

7.2.1. I- and T-section openings 

Figures 8 and 9 show typical plots of the correct 
normalized extrusion pressures, P//Y, against nor-
malized die land lengths at varying die reductions in 
area indicated for I-shaped and T-shaped sections 
openings respectively. Similar figures were plotted 
for rectangular, square and circular die opening ge-
ometries. These figures indicate that the correct 
normalized extrusion pressure is found to increase 
with increasing percentage die reduction in area at 
any given die land lengths and also with increasing 
die land lengths at any given percentage reduction in 
area. Extrapolating each typical plot of figures 8 and 
9 and the likes, to intercept the extrusion pressure 
axis, give the values of normalized extrusion pres-
sure Po/Y corresponding to zero die land length for 
each reduction in area indicated (see table 1).  

7.2.2. Die land length and die geometries extrusion 
pressure contributions, ΔPO/Y,  

For each given reduction in area, this value sub-
tracted from the correct normalized extrusion pres-
sure value P//Y obtained for various die land lengths 
gives the extrusion pressure contribution of each die 
land length to the extrusion pressure as ΔPo/Y =(P/-
Po)/Y. The dimensionless die land length extrusion 
pressure contributions, ΔPo/Y, is seen to generally 
increase with increase die land lengths and also in-
crease with increase percentages reductions in area 
(see table 1) for all die openings geometries investi-
gated. It can be seen that, generally, die land lengths 
contribute significantly to the extrusion pressures for  
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Table 1. Die land extrusion pressure contributions, ∆Po/Y, at 
various percentages reductions in area for various die openings 
profiles 

 
all die openings geometries especially at higher die 
reductions and in particular for I- and T-die opening 
geometries. Higher perimeters of these geometries 
coupled with higher frictional effects may possibly 
account for the higher contributions of die land 
lengths to the total extrusion pressures (see Table 1). 

 
Fig. 10. Effect of die opening shape on the optimal relative 
extrusion pressure at a given die reduction in area of 58% 

Figure 10 shows the plot of the correct relative 
extrusion pressure, P/Y versus increasing relative die 
land lengths at a given die reduction of 58% for 
circular, rectangle, square, T and I-sections shaped 
die openings. The I-shaped section die opening gives 
the highest extrusion pressure, followed by T-shaped 

section, rectangular, circular shaped die openings 
with square section die opening, giving the least 
extrusion pressure for the given 58% die reduction at 
any given die land lengths. 
 

 
Fig. 11. Comparison of the average extrusion pressures in the 
extrusion of I-shaped section with other works in literatures. 

7.3. Comparison with other works in literatures 

Figure 11 shows the comparison of the average 
extrusion pressures computed in this study with 
other relevant works in literatures (Kar & Das, 1997; 
Chitkara & Adeyemi, 1977). It is seen that there is 
good agreement between the present author and 
others in literatures. The higher values obtained in 
the present work compared to the experimental re-
sults of Chitkara and Adeyemi (1977) is, probably, 
due to the fact that the present work gives upper 
bound results. The close agreement between the 
present results and the computed results of Kar and 
Das (1997) give further support to the present 
model.  

8. CONCLUSION 

Using square or rectangular billets and upper 
bound analysis, the effect of the die land lengths on 
the extrusion pressure is formulated in Cartesian 
coordinates system for complex extruded sections 
such as square, rectangular, I- and T-shaped sections 
with power of deformation due to ironing effect at 
die land included. The extrusion pressure contribu-
tions due to the die land evaluated theoretically for 
shaped sections considered are found to increase 
with die land lengths for any given percentage re-
duction and also increase with increasing percentage 
die reductions at any given die land length. The ef-
fect of die land length on the extrusion pressure in-
creases with increasing complexity of die openings 
geometry with I-shaped section giving the highest 
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extrusion pressure followed by T-shaped section, 
rectangular, circular shaped die openings with 
square section die opening, giving the least extrusion 
pressure for any die reductions at any given die land 
lengths. Comparison of the least upper bounds com-
puted with the experimental results and SERR 
analysis shows that the upper bound method predicts 
reasonable extrusion loads well within engineering 
accuracy. 
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ANALIZA PROCESU WYCISKANIA W MATRYCACH 
O RÓŻNYCH KSZTAŁTACH Z WYKORZYSTANIEM 

TRÓJWYMIAROWEJ METODY GÓRNEJ OCENY 

Streszczenie 
 
W niniejszej pracy zaprezentowano możliwości przewidy-

wania zmian pola ciśnień podczas wyciskania współbieżnego 
z wykorzystaniem metody górnej oceny. Analizie poddano 
wpływ kształtu matrycy z uwzględnieniem stopnia docisku na 
ewolucje pola ciśnień podczas wyciskania profili o złożonych 
przekrojach: kwadratowym, prostokątnym, I oraz T. Badania 
profili wykazały, że wkład ciśnienia generowanego podczas 
przejścia przez oczko matrycy zwiększa się wraz ze zwiększe-
niem się długości oczka dla danego stopnia redukcji przekroju, 
jak również zwiększa się wraz ze zwiększeniem się stopnia 
przekroju dla danej długości oczka matrycy. Wpływ długości 
oczka matrycy na ciśnienie zwiesza się również wraz ze wzro-
stem skomplikowania przekroju wyrobu. Najwyższy wpływ 
zaobserwowano dla przekroju typu I a następnie T, prostokątne-
go oraz kwadratowego. Analiza wyników wykazała istotność 
doboru kształtu matrycy na osiągniecie wymaganej jakości oraz 
struktury metalurgicznej wyrobów gotowych. Przeprowadzona 
analiza porównawcza wyników eksperymentalnych oraz obli-
czeń wykazała, że metoda górnej oceny przewiduje krytyczne 
wartości sił z zadowalającą dokładnością dla zastosowań inży-
nierskich. 
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