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Abstract

It is shown that multicomponent nonequilibrium system relaxing by a diffusion process exhibit unique behavior dur-
ing evolution toward stationary state. The Darken’s postulate that the total mass flow is a sum of diffusion flux and trans-
lation are applied for the general case of diffusional transport in r-component solution (process defined as interdiffusion in
unidimensional mixture). The equations of local mass conservation (continuity equations), the Darken’s flux formulas, the
postulate of constant molar volume of the mixture (valid e.g. in solid solutions) and the initial and boundary conditions
form a self-consistent interdiffusion problem. The variational form of the interdiffusion problem is derived. It has been
proved that: i) there exists a weak solution of variational formulation of interdiffusion problem in open as well as in
closed systems, ii) a weak solution of variational formulation of interdiffusion problem is the unique solution, iii) the
standard deviation of molar ratio of mixture components in the closed system is monotonically decreasing to 0 when time
t — oo (i.e. mixture becomes homogeneous) and iv) in closed system the gradients of density of every mixture component

vanish at the mixture boundaries.
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ing the complexity
of the real system. The key models of the interdiffu-
sion base on the Onsager or Darken approach. The
Onsager method was a generalization of the Nernst-
Planck formulae (Nernst, 1888; Nernst, 1889; Planck,
1890a; Planck, 1890b). It was widely applied for
ternary and quaternary closed systems. The univer-
sality of the Onsanger model has become the subject
of long-standing debate (Danielewski et al., 2008). Its
discussion is beyond the aim of this work. Instead we
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will show that Darken method allows to overcome the
limitations of previous models.
The majority of phenomenological models of the

interdiffusion have neglected the effects due to varia-
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tion of medium properties with the composition. The
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mental Darken and Wagner equations are
ited to the two component systems and assume that
the partial molar volumes of the diffusing components
are constant (Wagner, 1951; Darken, 1948) and equal
(Darken, 1948). Some aspects of the Fick or Nernst-
Planck flux formulae and continuity equation, that are
a core of the Darken model, require closer examina-
tion.

Fick’s and more general Nernst-Planck consti-
tutive flux formulae (Nernst, 1888; Nernst, 1889;

ISSN 1641-8581



l
O
Z
=
)
%]
%]
—
<
&2
=
=
Z
%)
(@)
Q
I
&
=
a2
ol
=
2
[
=
Q
o

INFORMATYKA W TECHNOLOGI MATERIALOW

Planck, 1890a; Planck, 1890b) are equivalent to each
other in a case of ideal solution. The Nernst-Planck
formula alows to extend Darken model in a case of
non-ideal alloys, oxides and ionic solutions. These
equations and their application can be criticized for
several reasons (Buck, 1984). The main reasons are
the ”macroscopic, smooth nature of the model used in
its derivation” and the omission of “cross terms”. De-
spite these objections, they show usefulness and wide
aplicability. These objections seem to be of little im-
portance in the case of diffusional couple, since such
couples are relatively thick (with respect to Debye
length) and homogenous. Continuity equation is un-
doubtedly one of the main and unchallenged laws of
physics. It cannot be reasonably disputed. It provides
the basic relation between space and time changes of
concetration of all elements. Here it is used in reduced
form. Namely, the reaction terms (sink and/or source
of mass) are neglected, i.e. we do not consider the new
phase and/or species formation within diffusion zone.

This paper is an attempt to extend the Darken in-
terdiffusion phenomenology. The essence of this at-
tempt incorporate the postulate that the total mass
flow (the Darken’s flux) is a sum of diffusion and
translation fluxes.

A more detailed analysis of the concepts of drift
velocity, the choice of the proper reference frame
for diffusion, as well as the other consequences of
the proposed formalism have already been published
(Danielewski et al., 1994b; Danielewski et al., 1994a;
Holly et al., 1994).

A general phenomenological treatment of the in-
terdiffusion problem is given below. No assumptions
whatsoever are made as far as the mechanism of the
diffusion processes is concerned.

In this work it will be proved that: i) there exists a
weak solution of variational formulation of interdiffu-
sion problem in open as well as in closed system, ii) a
weak solution of variational formulation of interdffu-
sion problem is the unique solution, iii) the standard
deviation of molar ratio of mixture components in the
closed system is monotonically decreasing to O when
time t — oo (i.e., the mixture becomes homogeneous)
and iv) in closed system the gradients of density of ev-
ery mixture component vanish at the mixture bound-
aries.

2. MODEL OF INTERDIFFUSION

We consider a mixture of r-components (r > 2)

having the densities g1, ..., go» and molar masses

-32 -

My, ..., M,. Let us assume that components are
placed in the space delimitated by the surfaces at the
positions —A, A where A > 0.

As a result of diffusion the densities g1, ..., or
are altered all over the time. Thus we can write for
1=1,...,7r:

0i : [0, T) x [-A, A] — [0, c0).

By 51 we denote the density of the i-th compo-

nent at the moment ¢ = 0 (the initial -th component
distribution) forx € [-A, A], i =1, ..., r:

[e]

0i(r) = 0i(0, ). (1)

The diffusion process generates movement of each
component which is characterised by the velocity field
Vi

v : [0, T) x [-A, A] = R.

where R denotes a set of real numbers. In general, a
flow of mass can occur through the left (—A) and the
right boundary (A) fort € [0, T), i=1, ..., r:

Ji, L(t) = (eivi)(t, A), ji, r(t) = (0ivi)(t, A). (2)
Thus fori =1, ..., r
Ji.n.Ji,r 2 [0, T) — R.

When the interdiffusion process occurs in a closed
system, the mass can not be transported through the
boundary, then fort € [0, T'), i =1, ..., r

Ji,1.(t) = ji, r(t) = 0. (3)
The total mass of the i-th component of the mixture at
the fixed moment ¢ is given by:
m,(t) = j Qi(t, :C) dz. 4)
—A

The total mass of the mixture at the moment ¢ is the
sum:

mi(t)+ ... +my(t) =

A
:/ (o1(t, z) + ... + or(t, 2)) dx.

—A

Accordingly, the local average density in the mixture
is the sum of the densities of the components

0=01+ ..+ or
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Physical laws.

1. We assume that each component of the mixture is

a continuous medium, i.e. it satisfies the local
mass conservation equation:
aQi 0

O D) =0 (=17 O

2. Following the Darken’s concept of the drift veloc-

ity in solids (Darken, 1948) we postulate that
fori=1,...,r

00;
0ivi = —0;(01, ..., Qr)a—i +oiv  (6)

tha arl-a ’n-l tha diffirginnal ~
e dinulil > _ uiv uliitudivulial + L e a AL
{ flow J { flux J { drift flux J

where v denotes the local drift velocity of the
mixture

v:[0,T)x[-A, A] = R
and ©); is a given diffusion coefficient of the i-th

component in the mixture. In general, ©; de-
pends on g1, ..., or

©;: [0, 00) X ... x [0, c0) — (0, c0)

r times

for: = 1, ..., r. Further we assume that O;
satisfies the Lipschitz condition.

3. The postulate of constant concentration of the

mixture:

01 Or

—+ = 7

M + + M, C; (7
where ¢ € (0, co) is the concentration of the
mixture.

From the law of mass conservation (1.) and
conditions (1)-(3) and (4) we get for ¢t € [0, T)
andi=1,...,r:
rA ot
mi(t) = / 0i(x) da+ / (i, L —ji, 1) (7) d7.
- ’ (8)
In the closed system the total mass of each com-
ponent does not depend on time, consequently
fort€ [0, T)andi=1,...,r

A
m;(t) = / 5,@:) dr = const. (9)
—A

The consequence of the law of mass conser-

vation (1.) and the postulate of constant con-

centration (3.) is that for any ¢ € [0, T') and
€ [—A, Al

0 (< (o)t z)\
%(;7&@ >_0. (10)

Consequently, from (2) and (9) it follows that at
the boundaries

ZT: (ji,L(t)]\}jz‘,R(t)) —0. (D

i=1 g

Equation (7) implies that
oi(x) €0, eM;] (i=1,...,7). (12)

The initial, boundary condition, physical laws
an] r‘]privpr] pnnth\nc renresent ﬂ'n:l pr\mn]pfp
veG Cquaul CPIcs COMpPace

description of the unidimensional r-component

m1vﬁn‘p n‘F conctant vn] 1mimeae an I‘] nnm 1{\“ T]’\P
LLALGIC Ul LULSWGLIL VULLLUL Guu pusiuUie. 1ub

key differences between the Darken’s model,
the numerous works of his followers and
present approach are: 1) the mixture composi-
tion (r > 2), 2) the finite dimensions and finally
3) the mass transport through mixture bound-
aries.

3. FORMULATION OF THE BOUNDARY
VALUE PROBLEM OF INTERDIFFUSION IN
THE r-COMPONENT ONE DIMENSIONAL
SOLID SOLUTION

In this section the problem of interdiffusion in a
r-component solid solution will be formulated.

Data:

1. M; € (0, c0) - molecular mass of the i-th
component of the mixture, e.g. an alloy,

G=1,...,71);

2. A € (0, c0) - right boundary of the segment
occupied by the mixture;

[0 oo) - initial density dis-

none nf 111 ﬂ'\n mivtnre
LPpoULCLL 1 IIIALULIC

(¢ = 1,...,r). We assume that the initial

n]r\hq] concentration of the mixture ic congtant
.................................................

and positive, i.e. Qi satisfies (7);

4. ©; : [0, cMq] X -+ x [0, cM,] — (0, o0)
- diffusion coefficient of ¢-th component
(e =1, ..., r), that satisfies the Lipschitz con-
dition;

- 33 -
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5.7 € (0, oo) - the examination time (time at
which measurements were carried out);

6. jiir : [0,7] — R - mass flow of the
i-th component through the left boundary
G=1,...,7)

7.j4i,r : [0,T] — R - mass flow of the
j-th component through the right boundary
(G=1,...,r).
We assume that for any ¢ € [0, 7] the total mass
of each component is nonnegative:

A t
mi(t) = / 0i(x) da +/ (ji,z — ji, ) dT > 0,
A 0 13)
fori=1,..., 7.

Also, the mass flows at the boundaries are con-
strained by (11).

The solutions of the boundary value problem of
interdiffusion in the r-component solid solution are
the functions g; (i = 1, ..., r) and v such that the
physical laws (5), (6), (7), the initial and boundary
conditions (1) and (2) are satisfied.

4. VARIATIONAL FORM OF THE PROBLEM

Upon multiplying by ﬁ the total flux of the i-th
component (6) and adding all the obtained equations,
one gets:

0 ~0;(01, -, 00) D01\
%(”_;—CMZ- o) =0 (4

Consequently for any time ¢t € [0, 7] there exists a
unique K (¢) € R such that for any x € [—A, A]:

v(t, x) = (15)
. Gi s ooy Ur 8 7
K(t) + Z(%Ti) (t, z).
i=1 ¢

where K (t) represents the barycentric combina-
tion of all mass fluxes in the mixture:

T
Qi
K(t) = ;- 1
(t) lzzl M, Ui (16)
Thus, K (¢) can be understood as the field of local ve-
locities of mixture forming particles and can be calcu-
lated from the boundary condition (2):

r 7 \

Z ,t\ T Z /t\
K(t):ZJC*JLW(i)(: J(}ﬁi))' (17)
=1

—34 -

Thus, (15) reduces the set of unknown functions of the
problem to g1, ..., or.

Fort € [0, T] and z € [—A, A] we define the de-
viation of the molar ratio, w;(¢, x), from its average
value in the mixture, m;(¢):

N Qi(t’ .’II) o 719y
wilt, ) = = 30 m;(t), {18)
i
where
m;(t
i

The following identities follow from (4) for any
tel0, T

D mi(t) =1, (20)
i=1
> wi=0, Q1
i=1
A
/ wi(t, ) dx = 0. (22)
—A

Equations (20) and (21) justify introducing the follow-
ing numeric space

It ={weR" |w+ ... +w, =0}

m;(t) _ 23)

(t. ) = M w; (t. x
Q’L(,J’) c zwz(wL)_" 2A

For such rescaled densities the diffusion coefficient
O;(o1, ..., or) takes on the following form

©i(o1 ...,00) =0 (w1 +my, ..., w +m,)
(24)
where

m(t) == (ml(t), mr(t)).

For the sake of further analysis we introduce func-
tions of time that attain values in the space of func-
tions of x variable defined as w(t)(z) = w(t, x), etc.
Equation (6) can be now written as follows

iV ) (t
(@(z\}( ) _ 05)
~ ow;(t)
—(@lo (w(t)+m(t) ) o+
K (1) (wilt) +mi(t)) +
/w /t\—r—“n/t\\ Tr‘/é O/w/t\—r“n’t\\\awk(t)
\z\/ z\)}L\k (WL) \U} o
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where the symbol ”o” denotes the superposition
of two functions.

For k € R" such that k1, ..., k, > 0 and
K1 + ... + kK = 1 one can define the operator
A, Tt SR

(And)i = Oi(K)& — ki D Or(K)&k,  (26)

k=1
foré €Ttandi=1, ...
(25) can be abbreviated to

(0ivi)(t) _
CM,‘

, r. Consequently, equation

27

ow(t)

~(Awimn Ty )+ K@) (wilt) + mi(h))

The equations (5) and definition (18) imply that

Ow; 0 (i)t x) .
WGJ) = _ac—]\/[i_mi(t)’ (28)

Where 1;11- denotes the time derivative of m;. Analo-

gously,
ow;(t, x) _ 1 doi(t, ac) (29)

ox cM; Oz

Upon introducing ¢ : [-A, A] — T+, ffA ¢dr = 0.
We can multiply (28) by ¢;, and integrate over the
range —A < z < A with the result:

A
ow;
[A 6ut) (t, x)q&l(:c) dr = (30)

/i(ai(gij\’l)()>¢ldx—/ ™ (8) ¢ da.

Since m;(¢) does not depend on z, the last term in (30)
equals zero and it follows that:

d A
— wi(t)qbi dx = (31)

dt
8w(t) ) Ipi

d
7 T +

( w(t)+m(t) "5

K () /

5:(0) (K(t mi(t) - 2ol ) -

(=) (Ko mte) - 210).

d+

Upon denoting

Ji, r()

Pa(t) = K1) mi(t) - 222,

a0 = Ko mi() - 2oL

and noting that:

> Trt)i=)Y TL(t)i=0.

For all mixture components, ¢ = 0, ..., r, equa-

tions (31) can be written in the vector form:
A

el = 2
o w(t)pde (32)
_ /A A ow(t)\ 09 .

 \Jw@m® "5, 8:1:

A d¢
() [ w5 dr+ oA — ST,
—A

where

TL(t) = (Cr(D1, ..., TL(t)) (e ), 6y

Cr(t) = (Ca(th, - Tr®)) (€ 1), G4

Let (]IL){fA’A} denote the space of all functions
{—A, A} — T*, then for any ¢t > 0
{_A?A}
T(t) = {(=A, To(t), (A, Tr(9)} € (T ,
(35
and

¢-T(t)| = o(MTR(E) — o(=A)LL(H).

Consequently, integration of (32) in the time
t
’ results in:
0

(0]e) . (5),. =
// ( w(r)+m(r)ag—§j)>a—d dr +
/OK ( |ax)L2d +/¢ AdT.

where (|-) 72 denotes the inner product in the real
Hilbert space L?>(—A, A; R") (Adams, 1975).

We assume the following regularity of fluxes for
1=1,...,7r

range

jir € L*0,T) and j; g€ L*0,T). (37)

- 35—
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From (7) it follows that
ke L*0,T) (38)
and (13) and (19) imply that
m e HY0, T; R") (39)

where H'(0, T; R") denotes the real Sobolev space
(Adams, 1975).

Consequently,

I, e LQ(O,IgHi) andIyze.L2(0 I’Hl)
) (40)
Our next step is to specify regularity conditions for w
and ¢ such that the integrals in (36) are well defined.
To do so we introduce the following spaces

A
H= {1/) € L3(—A, A; TH) | / Yide=0 for i=1,..., rl. (41)
L J—A )

l
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and
V={ypeH(-AANR)|peH}. (42

The space V' with the scalar product

Z/%%m (43)

is a Hilbert space and the inclusion V' — H is contin-
uous (Adams, 1975).

Equation (36) is a weak formulation of the prob-
lem (5)-(7) with the boundary and initial conditions
(1)-(3). Below we present general assumptions about

the regularity of w such that (36) is well defined.

Definition 4.1. A function w : [0, T| — H is a weak
solution of the boundary problem of interdiffusion in
the r-component one dimensional solid solution if

w is weakly continuous, (44)
for aimostalit € [0, T] : w(t) € V, (45)
we L0, T; V), (46)

forany t € [0, 7] and any ¢ € V' (36) holds. (47)

The condition (45) means that the set of ¢ € [0, T
for which w(t) ¢ V has the zero Lebesgue measure

(Rudin, 1974). The space L? (0, T'; V') in (46) is de-
fined in (Dautray et al., 1988).

The existence of the integral fg ¢-T'(1) |/i \ dr for
any t € [0, 7] is a consequence of (40). (45) implies
that the function w(t) : [0, T| — V:

is Borel measurable. Equation (39) yields that the
function

w+m: [0, T] — H'(=A, A; R")

- 36 -

is Borel measurable. From Lemma A.1 proved in Ap-
pendix A it follows that

ow(r) ow(r)
‘ Au’)(T)+m(T) or o < “A“LOC : H Oz
Since da(r)
w(T
7 < 7
%2 <t

The condition (46) implies that for any ¢ € [0, 7] and
peV

I,

and consequently the first integral in (36) is well de-
fined.

Similarly, (38) and (46) imply that for any ¢ € [0, T']
andp €V

[ | (o] 52) |

Thus, the right hand side of (36) is well defined.
The left hand side is well defined too, because
w(0) =w e H.

In the subsequent sections we will discuss exis-

ow(r)\ 0¢
(Au—,(.,-)+m(7-)w> a—x’ dr dr < 00

dr < 00.

tence and uniqueness of the weak solution.
5. EXISTENCE OF THE WEAK SOLUTION

To prove existence of solution of the variational
problem (44)-(47) further assumptions about the dif-
fusion coefficients (:)1, ey O, are necessary. These
translate into additional properties that the operator A
has to satisfy.

From now on we assume that there exist constants
@ > 0and ¥ > 0 such that

o\ 0P
/(A‘f’ax) o= Ha_

2
2
— 9l
L2
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forany ¢ € H'(—A, A; R"), ¢1 + -+ ¢ = 1 and
1 € V. This assumption depends on properties of the
map 6. We present some conditions under which (49)
holds with ¥ = 0.

Remark 5.1. Assume that for every » € R" such that
i+ o+ =1,2>0,0=1,...,r

T
bt 3 (€i) = 6) >0,
k=1
m,, = min < s | there exists j € {1, ..
<0
where

S (6k -0

Then the estimation (49) is valid for some constant
u € (0, 00) and ¥ = 0.

The proof of Remark 5.1 is omitted. Remark 5.1
states that the operator o is strictly positive which is
a property common to many operators in mathemati-
cal physics. However it is difficult to provide an inter-
pretation of this property in the context of diffusion in
the multicomponent mixtures.

We will construct the weak solution of the vari-
ational problem (44)-(47) using the Galerkin approx-
imation of the Hilbert space V. This method is de-
scribed elsewhere (Dautray et al., 1988).

Theorem 5.1. There exists a weak solution of
the variational problem of the interdiffusion in 7-
component solid solution.

Proof. We define a family {é;};—;
inR"™:

r—1 of vectors

77777

- ] €1+”'+€j_ )
€= i+1< j G+l

fory=1, ...

, 7 — 1. The vectors €1, ..., &, form an
orthonormal basis in T+.

The family of curves:

{% cos %(1’4‘ A)éj}

wheren =1,2,... andj =1,...,r — 1, form a
Hilbert basis in H and a complete orthogonal system
in V' with the scalar product ((-|-)). The sequence of

subspaces of the space V:

- 37 -

r}|4r+z

where

(o}
g i
Il

m,, =0 in the case (

otherwise

1)0zk

=0
k#j

Xy = lin {% cos %(:{: + A)éj} ,
where n = 1,...,N, 7 = 1,...,r — 1, and
N=12 ...

X is a Galerkin approximation of the Hilbert space
V' (Dautray et al., 1988). This family is a Galerkin
approximation of H as well. We shall apply

Lemma B.3 with X = X, see Appendix B. Let z]Y)
denote the maximal solution x from that lemma. The
(B.7) implies that for almost every

te0,T)and ¢ € Xy

(%%wwlﬂz

A dw(t)\ 99
_/_A (A%<t>+m<t> or ) ar T

k() (¥o)g7) oo

and consequently
(@wlo) , - (@le) , =
N
[ ( )+mﬂﬁggv>.g§dxd7+
/ K(T1) (w( ) gf) dr +

/¢

From (B.10) and (B.11) it follows that there exist con-
stants C' and C such that for any ¢ € [0, T

1NN

Hw(t)H; <C (50)
and

[ el ar<a e
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Thus the sequence {%} is bounded in L2(0, T; V).
The Banach-Alaoglu theorem (Rudin, 1973) implies
that there exists a function € L?(0, T; V) and an
infinite subset A/; C N, such that

W — n weakly in  L?(0, T; V) as N1 3 N — oo.

The inclusion ¢ : V' — H is compact (Adams, 1975)
and the operator

n:H3hw (h])2 €V’
is linear and continuous. A simple computation shows

is bounded in
N=1,2,...

L?(0, T; V'). By the Dubinsky theorem (Dubinskii,
1965) there exist ¢ € L%(0, T; V') and infinite subset
N5 C N such that

N
that the sequence {7r oLo w}

Loﬁ[)—wog in L*0,T; H) as Ny>N — co.

Since

[ Gelo-0@),,ar-

T
| =0 ) drasne s N - o0

T
[ (@m-0@) , dr—

JO /L
| € =0 ), drasnss N — o0

the following follows
n=_¢.
By the Riesz-Fisher theorem (Rudin, 1974) there ex-

ists an infinite subset A3 C A5 such that for almost
every t € [0, T

N
Hw(t) — n(t)HL2 —0 as N3> N — occ.
The formula (49) implies that

2
@)z < €
for almost every t € [0, T7.

Fort € [0, T], N € N3 and ¢ € V we define:

aw(r)\ 9
1 (06 = f/ <wr)+m(r> ox ) B 4T
0 0
Ll(t)¢>:/0 /_A <An(T)+m(T) g(;)) 8¢d dr,

fwo= [ ko) (3| 32) ar

¢>/ (?)d

After elementary computations we get:

()¢ — u(t)o

Lév(t)gb—wz(t)gb} as N33 N — oo, (52)

The functionals ¢, vy, ¢3', 15 : V' — R are linear

and continuous. Moreover,

| (@®)|ys < Al VTCh, (53)

|Lév(t)|vl < ”I{”L2 VTC

forany ¢t € [0, T] and N € Ns.

Let Py : L?(—A, A; R") — Xy be the orthog-
onal projection. Fix ¢t € [0,T] and ¢ € V. If
on = Py ¢, then

(@) , = (bwlon) , =
<’1C1)}|¢N) — () pn+i5 (1) ¢N+/ & T)’

Since ¢ — ¢ in V for N — oo, therefore oy — ¢
in L>(—A, A; R"). Thus

(), —
(6]¢) , —u®)d+ut)e+ J/Ot¢> : F(T)}:‘ dr

for N3 > N — oo.

(b0},

is dense in H , the sequence {w(t }
NeN:

It means that the sequence

15 weakly convergent in V. Because V'

is weakly

convergent in H either. Consequently, there is a

unique vector w(t) € H such that for every ¢ € H
w:[0,T] — H.
It is obvious that forany ¢ € [0, T] and ¢ € V
w(t)|9) . =

o /t A
(w|q5\ —11(t)d + 12(t)p + d)l"(’r)|
\ /e Jo Y
Tn narticnlar o0 (0) — o
1 l.lalll\pulal W\U} w

By the Mazur theorem (Megginson, 1998) and
(49)
2
[w(@®): < C.

forany ¢ € [0, T]. Lett, € [0, T] and t;, — t as
k — oo. Since the functions ¢ and ¢ are continuous
we compute that

kll_)II;C (w(tk)‘gb)L2 - (u7(t*)‘¢)[]2

— 38—
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for any ¢ € V. Since V is dense in H, the curve
w : [0, T| — H is weakly continuous and the condi-
tion (44) of Definition 4.1 is satisfied.
By the definition of w and

w(t) = n(t) (54)
for almost every ¢ € [0, T, and consequently (45)
and (46) hold. Thus, from (52) and (54)

(w(®)]8) . = (55)

(1?)!(;5)];2—
Lo w(t)\ 0
/0/—A (Aw(7)+m(7) o >(9 dx dr +
t (9¢
/O K(r) <w(f)‘%>p dr +

t A
/0 ¢-F(T>‘_Ad7'

which means that (47) is true. This completes the

neaof (]
P1oolL. L

From (44), every weak solution w : [0, T| — H

of the variational problem is weakly continuous. Be-
low we show that w is actually continuous.

Proposition 5.1. Every weak solution of the varia-
tional problem (44)-(47) w : [0, T| — H is a contin-
uous function. For any ¢ € [0, T7:

1 2
5 (Lo - &1, ) =
b ow(r)\ Oow
_/0 /_A (Aw(7)+m(7') pe ) %daﬁdT-{—

/0 "K(r) <w(T) a;“f)ﬂ dr +

/0 w(T) - F(T)‘:A dr

Proof. ForT € [0, T] suchthatw(7) € Vand ¢ € V
we define:

o
w

A ow(r ow
A == [ (Auimn 252 ) - S o

2@ =K (w52
f3(7)(9) =¢ - T(7)|

One can check that for almost every 7 € [0, T

f1(7), fa(7), f3(7) € V' and

A1 ()l < Al oo lw ()l
[y < [K(O) ()l

1£3(T)lys < \/?(\FR(T)I +ICL(7)])-

A

-39 —

Consequently
f=h+fat fz3€ L0, T; V). (56)

By (55),foranyt € [0, T] and ¢ € V

(t)|o) Lz_ w|¢ /f p)dr. (57)

It follows that for almost every ¢ € [0, T]

d

= (w(t)]8) 2 = F)(6).

Let 7 € w (V) such that (57) holds and let
t, — 7T as k — oo. By (57), the sequence

w is weakly bounded. Thus it is bounded in
the norm ||-|| ;2. This implies that w is continuous in
7 and
F(r)(w(r)) = (58)

d

= (wO)]w(n) ] =

1d

oz @Iz

Consequently, for almost every 7 € [0, 7] w is
continuous. Since w is weakly continuous then w is
continuous for any 7 € [0, 7.

Integrating (58) we get:

1 0|12 !
5 (ol - Ja],) = [ 10w
for any ¢ € [0, 7] and the proof is completed. U

6. UNIQUENESS OF THE WEAK SOLUTION

Theorem 5.1 guarantees that at least one weak so-
lution w : [0, T] — H of the variational problem
(44)-(47) exists. However, to show that it is unique
we will need to strenghten (46), namely

T
/ ()Y dr < oc. (59)
0

Theorem 6.1. Let w and w be weak solutions of the
variational problem (44)-(47). If w satisfies (59), then

g
I
g

ol
O
4
=
(@)
&
%]
—
<
=
=
<
=
Z
%)
a
o
T
&
=
24
=
5
(a9
=
O
V)
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Proof. For almost all 7 € [0, 7] and any ¢ € V de-
fine f in similar manner as f:

Fr)(6) =
-/, (Aw(f)+m<r> agiT)> : % dx +
k() (0] 32)
61|

As for f, it is evident that f € L?(0, T'; V') and for
te0,T]and p € V

(w( \@)Lz— w\cb /f ¢)dr. (60)

Since for almost every ¢ € [0, T'], w(t) € V' then we
can replace ¢ in the formulae (57) and (60) by w(t).
Then for almost every ¢ € [0, T]

@ (t)) . = (61)

lo(t)]12: — (w(®)|a(®)) .
/0 (F(r) — £(7) (@(r)) dr.

It is obvious that the same formula is valid if we swap
w and w, f and f. Consequently, for almost every
tel0,T]

lw(®)72 = (w®)|@()) . = (62)
/0 (f(T) — f(T)) (w(T)) dr

Upon adding (61) and (62) we get

t A =
aw(T))
— ApHamr) —— | dedr +
/O/_A( (D+m(r) 5,

—40 -

for almost every t € [0, T]. Below we will estimate
each term.

By (49) for ) = w we obtain

A ow(T) ow(T)
_ . >
/_A (Aw(T)er(T) Ox ) ox dr 2

ow(r) |2
H H oz

Forz € [-A, Aland 7 € [0, T, Lemma A.2 implies

— I o(r)|[72.  (63)

L2

| Aw(r)am(r) = Aw(r)tmn)| <

Lalw(r, z) —w(r, )] < La|[@(7)]| oo -

Since for almost every 7 € [0, T']

ow(r)

15(7) e < VEIB(I 2 | Z5

)

L2

then, by the Holder’s inequality:

A
/_ R | A(r) tm(r) = Aw(r) tm(r)]

ow(t)| || 0w(T)
ox ox

< V2L [B(7)]|Z, [w@ly @) 2. (64)

dr <

Applying the Young’s inequality with 4 and % we get
forany 6 > 0

VRLA [0 llo(P) Iy 1150 1 <

1 S _ 3 4
< (324) 1B 13N+ 508 ol
(65)

It remains to estimate

‘K(T) (@(7)‘%;7)) BE

KONEOI (8l <
KR [ + 28

for any 6 > 0. Since the function:

PR - ST [ BSOS
\U, 00) 2 0> 703 + 507 € (U, UU) is continuous

then there exists §, € (0, co), such that

(66)

3.4 1
~08 2ol =
4 + 2
Upon combining (63), (64) and (66), we finally obtain
[z < (67)

JE (w(@j) Ol + 55 <T>2>

|1@(7) 172 dr
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for almost every ¢ € [0, T]. Since w : [0, T] — H
is a continuous function the inequality (67) holds for
every t € [0, T'). The Gronwall’s inequality implies
that for almost every ¢t € [0, T')

lw(t)|)72 =0

and the continuity of w results in
w = 0.

Consequently, w = w and the proof is completed. [

7. THE PROBLEM OF INTERDIFFUSION FOR
TIMES 0 <t < o0

We formulated the boundary value problem of
interdiffusion in the r-component one dimensional
solid solution so that the examination time was finite
T < o0. Inthis section we examine the situation when
T = oo. The classical boundary value problem in
Section 3 requires only replacement of the compact
interval [0, T'] by the unbound interval [0, co) and all
assumptions about the data and unknowns will remain
intact. Such a substitution would be too restrictive for
the variational problem (44)-(47).

Definition 7.1. A function w : [0, o0) — H is a weak
solution of the boundry value problem of interdiffu-
sion in the r-component one dimensional solid solu-
tion if

w is weakly continuous; (68)

foralmostall ¢ € [0, 00) : w(t) e V;  (69)

T

forany 7 >0 / Jw(t)|)} dt < oo0;  (70)
0

forany t>0 and ¢ €V (36)holds. (71)

Existence of a solution the problem (68)-(71) can
be concluded from the proof of Theorem 5.1.

Theorem 7.1. Let the assumptions for Theorem 5.1
hold. Then there exists a solution of the variational
problem (68)-(71).

Proof. Forafixed T > 0letwr : [0, T] — H denote
the solution constructed in the proof of Theorem 5.1.
If Ty < T, then for t € [0, T

wry (t) = wr, (t)

since wp, and wr, are solutions of the problem
(Lemma B.3) with the same initial condition. Con-
sequently, the function

is well defined for ¢ > 0. Veryfying that w satisfies
(68)-(71) is straight forward. O

If w: [0, c0) — H is a weak solution and 7" > 0,
then w|[, 7 is a solution of the variational problem
(44)-(47). Hence w satisfies Proposition 5.1. Also, if
(59) holds for any 7" > 0, then w is a unique solution
of the variational problem (68)-(71).

Suppose that the constant ¥ from the Garding’s
inequality (49) equals zero. For the closed system,
there is no flux of mass through the boundaries which
means that K = 0, ' = I';, = 0. Then the follow-
ing asymptotic behavior of ||w||3, for large times can
be determined.

Theorem 7.2. Let w : [0, c0) — H be a weak solu-
tion of the variational problem (68)-(71) with K = 0,
I'r =0and I';, = 0. Assume additionally that

& ow(T) ow(T)
/ (Aw(T) m(r) 75 ) 3 dx

p /i ow(r) |?

d 72
O z  (72)
for almost every 7 € [0, o). Then w : [0, o0) — H

is continuous and bounded,

I

the function [0, c0) 3 t +— [lw(t)|?> € [0, c0) is
decreasing and

2

dr < o0,

LQ

. ) 2 _
Jim ()2 = 0.

Proof. For the closed system K = 0, I'r=0
and I'y =0.
w : [0, co) — H is continuous and

1
5 (oo - [, - 73)

b ow(r)\ ow(r)
_ A .
/O /—A ( w(T)+m(T) Oz > O dx dr

forany t € [0, o). Applying the assumption (72)

Proposition 5.1 implies that

o

w

we can estimate for any ¢ € [0, co):

o 12
w
2

t
mem+wénwm@wz

Hence

o2
w

o
sup [w(®)lF: < ]|,

te[0, 00)

Ll
O
Z
=
0
%)
%]
—
<
4
=
<
=
Z
%)
a)
o
T
&
=
e
=
>
o
=
o
v
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and
o0 ° 2
[ ar< |, ow
0 L2

Upon differentiation (73) and taking into account the
assumption (72) we get for almost every ¢ € [0, c0)

1d ow(r)|?

el 2 <
5 g WOz < —p || —-

L2

Thus [0, 00) 3 t — |lw(t)||72 € [0, 00) is a decreas-
ing function. The inequality (74) implies that there
exists a sequence {tj},.y such that ¢, — oo and
|w(t)||3 — 0 as k — oo. Consequently, w(t;) — 0
in V and also w(tg) — 0 in H. It means that

. 2
Jim [luw(®)[2: = 0.

That is the end of the proof. U

The above theorem has a fundamental interpreta-
tion. Since w is a vector representing the local devi-
ation of the molar ratio of the mixture components,
consequently the above integral represents the ran-
dom deviation (variance) of molar ratio of the mixture
components. Thus, Theorem 7.2 asserts that stan-
dard deviation of molar ratio of mixture components
in the closed system is monotonically decreasing to
zero when time ¢ — oo. In still simpler words it says
that in the closed system and for the long observa-
tion time, the mixture becomes homogeneous. Ac-
cordingly the mathematical model has the property of
a real mixture.

8. SUMMARY

1. The chemical interdiffusion problem in one-
dimensional r-component mixture (in which
the diffusivities of every component can be a
function of composition) has been formulated.
The model bases on the concept of Darken’s
flow, the law of mass conservation and on the
retarded form of equation of state (i.e. on the
assumption of the constant molar volume of the
mixture).

2. The mathematical model results in the formu-
lation of the variational form of interdiffusion
problem.

3. The proof of existence and uniqueness of a
weak solution such problem is presented.

4. The asymptotic behavior of the weak solution
when ¢ — oo was investigated.

5. It has been proved that when the mixture is in
the closed system, the gradients of density of
every mixture component vanish at the mixture
boundaries.

A. APPENDIX

Below we prove some properties of the map A that
are necessary for analysis of the variational problem.

Lemma A.1. The mapping
A:{zGRQVq—l— ~--+%T=1}9%|—>A%,

where A,, € End (]IJ-), is bounded and satisfies the
Lipschitz condition. End (I') is the space of all en-
domorphisms of I with the standard norm.

Proof. By (24) the mappings 61, ...,6, satisfy
the Lipschitz condition. Thus, there are constants

Ly, ..., L. > 0 such that for s¢1, 30 € dom A

‘@i(%l) = éz(ﬂg)‘ S Li |%1 = %2| 3

Let & € I*. One can easily estimate

‘Aﬂl (5) - A%z (£)| %
i=1 i=1
Therefore
|4, (§) — A ()| < La|sa — 52,

where Ly = (3074 Lf)% + >y Li. Since for
» € domA

)

14, <2[6(9)

and the mapping © is bounded, so is the mapping A.
That completes the proof. |

Lemma A.2. The mapping

W _ 1o 7l
(6 %) = Ay €L (—A, AT ) (A1)
where

(@ p)e{p€ H'(=A LR") [$1+---+ ¢ =1} <V,
satisfies the Lipschitz condition on every bounded set
in HY(—A, A; R") x HY(—A, A; R™) and

b b
i < -7
HA¢ ox , = ||A”L°° ox

L L2

—-42 -
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Proof. Since the inclusion
j:HY (=A, A; R™) — L% (A, A; R")

is continuous (Adams, 1975), one can estimate

o 0
HA¢>1 Ep Am% LS
oY
Lallér - mnm\ -y
[| oz |2
(¢ ¢
il |22 <
[l .2

maX{LAlyl lellHl (Al }
(1 = @l + 191 — 2l )

for (41, 1), (o2, 12) in the domain of the func-
tion (A.1). Thus the mapping is Lipschitz on every
bounded set in H'(—A, A; R") x HY(=A, A; R").
If we take ¢1 = ¢2 and @)1 = const in the above
estimation we get

O 0P
4652 | <t~ |52 |
That is the end of the proof. ]
B. APPENDIX

In this appendix we derive a priori estimations of
solution of the approximate problems in the finite di-
mensional subspaces of V' that form a Galerkin ap-
proximation of V' (Dautray et al., 1988).

Definition B.1. Let X be a Banach space. Consider
the problem
T =F(t, x), (B.1)

where F' : Rx X —e» X. The symbol —~ means that
dom F' C R x X. An absolutely continuous curve
r : R — X is a solution of the problem (B.1) if
and only if dom w 1is a connecied subset of R and for
almost every ¢t € dom x

@(t) = F(t, z(t)).

The problem (B.1) is solvable if for any
(to, xo) € dom F there is a solution of this problem
such that:

x(to) = ZXg-. (B.Z)
The problem (B.1) is uniquely solvable if for any
(to, xo) € dom F' the problem: (B.1), (B.2) has the
unique solution. The above definition can be used to
formulate the Picard’s type theorem.

—-43 -

Theorem B.1. Assume that the map F' has an open
domain and satisfies locally the Lipschitz condition
with respect to the second variable. If for any contin-
uous function v : R —e» X such that v C dom F', the
curve t — F(t, v(t)) is locally summable, then the
problem (B.1) is solvable.

The proof of Theorem B.1 is based on the proof
of the Picard theorem (Coddington et al., 1955).

Lemma B 1. Let X C Vbea subspace of H which
T@T\ ‘XIP

denote by B((;S) the only vector in X such that for any
peX

A 8¢ B A
/;¢~EEMui[ABw)¢d$ (B.3)

Forv = (vz, 7r) € R" x R" we denote by G() the
only vector in X such that for any v € X

V(M) vr — p(=M)vr = /_/:\ G(v) ¢dz. (B4)
Then
1. The differential equation:
x(t) = (B.95)
—-B (Ax(t)+m(t) (’)giﬂ) +
K(t)B( () + G(I'(2))
has an unique solution;

2. Every maximal solution x of the equation (B.5)
such that
x(0) = Pxw, (B.6)

where Px is the orthogonal projection of
L?(—A, A; R") onto X, has the domain
domx = [0, T).

Moreover

(a) foralmostevery t € [0, ) and any ¢ € X
@wwp= (B.7)

ox(t)\ 9¢
_/ kAx(t +m(t) o ) % dx +
mw@wbﬁp+
Lr(t) - ¢(A) —TL(t) - o(—A),
(b) forany t € [0, T')
t «
/0 Ix()[f} dr < C (B.8)
and
Ix(t)]|%. < C (B.9)
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where

¢ = (NolBa + 5 / () df)

exp (219T + % /0 K(7)? dT)

(B.10)
and
Cy =
1 /11012 4A [T
- < w|| +— [ () d7'> +
Iz L2 3p Jo
1 1T )
20— (9T + — K(r)“dr ).
K HJo

(B.11)

Proof. We apply Theorem B.1. Here the map F' has
the form

F(t7 ¢) = Fl(ta w) + F2(t7 ¢)

for (¢, ) € [0, T) x X, where

(B.12)

0
Fl(ta ¢) =-B (Aw—i-m )aif>

and

By(t, ¢) = K(t)B(¢) + G(I'(2)).

Since the map (A.1) satisfies Lipschitz condition on
every bounded set, then one can easily check that £
is a locally Lipschitz map with respect to the second
variable. Lett € (0, T'), 11 € X 3 1)o. Estimate:

”FQ(t’ ¢L) - F2(t7 7;bR)”V <
K@) B (Y1 = ¢2)lly <
IKOLIBI 11 — p2llpz2 »

where we apply the fact that the operator
B:L*(—A AR — X
is linear and continuous. Since the inclusion
V s L*(—A, A; R7)

is continuous, it follows that F is a Lipschitz function
with respect to the second variable. Consequently, £
focally satisfies the Lipschitz condition.

Let v : R —» X be a continuous funtion. The
curve t — Fi(t, v(t)) is continuous. Therefore it is
locally summable. Since the functions K and I' are
locally summable (see (38)-(40)), it follows that the
curve t — Fy(t, y(t)) is locally summable as well.

Thus F' satisfies all assumptions of Theorem B.1.
Consequently, the proof of (a) is complete.

Let x : R —» X be a maximal solution of
the problem (B.5) such that x(0) = Pxw. Since
dom F' = [0, T') x X, then domx is open in [0, T').
Let 7 € dom x, multiplying both sides of the equation
(B.5) by ¢ we get:

(X(T)‘¢)L2 -
_ (AX(T)+m(T)a);—i;T) %>L2
K(7) <x( ) a¢) *

ox
¢(A) - Tr(T) = ¢(=A) - T'L(7).

Upon substituting ¢ = x(t) we get:

(B.13)

(x(7)|x(7)) 1> =

Consequently,

o ()2 = (%) (7)o <
ox(1)|ox(t
< x(1)+m(T) "5 ) a(x ))L2 +

K () ()l 2 ()l +
H (Dl oo (ITR(T) +TL(T)]) -

Since, by (49)

ox(1) | 0x(T) 9
(A B2 | ) =l =i
and
[oA |l ox(7) I
o0 < )
e <2 |22
for & > 0 we can estimate
1d 9
575 XTIz < (B.15)
TSN T W N T 1 (2 N~ ()12
HAIAT )y T U A ) L2 T 452“\’} &)Lz ™

P + 17 NP 2 48 ()l =

(26% = u) Ix(0) Iy, +

(9+ K0P ) IO + 5 IO

44 -
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where |['(7)| =

0= \/g we get:

ITr(7)| + |Tn(7)|. Substituting

d 2 1 2 2 2A
_ < — -
i Il < (20+ LK) Ix(r) 5

Thus forevery t € domxandt < T

2
%@z <

2

o

w +

2
/ot (219 + iK(Tf) Ix(r)[17> dr +

2A
3p

T
|1"(7‘)|2 dr.

From the Gronwall’s inequality we get:

Ix(t)72 <

o2 2A (T 9
(e, +2 [ o)

w
! 1 ‘
exp </ (219 + ;K(T)2> d7'> <C.
0

4 in (B.15) it follows:

Upon substituting 6 =

d
k(I <

—pt|l()II +
2 4A
20 + ZK(1)? 2+ = r()?.
(20+ 2KG2) IR + 35 00
Consequently,
Ix(7)]172 <

t
2
- d
w u/o (Il dr +

T
20 (ﬁTJr %/ |K ()2 dT) -
0

4A
3p

T
[D(r)[* dr

and finally

t
/0 Ix()I2 dr <
2 (el
4A

312

|2 dT)) +

, +2C KﬁT-i— /

| (NI dr.

It remains to proof that dom x = [0, T').

Since x is a maximal solution of the equation
(B.5) it is sufficient to show that [0, 7') C dom x. We
shall apply the theorem on extension of the solution of

—-45 -
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differential equations analogous to the equation (B.5)
(Coddington et al., 1955). Accordingly, the proof will
be complete if for any 0 < 7™ < T and a solution of
equation (B.5) y : [0, 7] — X we have

T*
/O 17()lly dr < oo

Lett € domy. Since y satisfies (B.5) we can esti-
mate

Iy @®lly <
+

o2
O+mt) "5 v
K@) By @)y + G T@)y -

ma A.2 and (B.9)
[y @Olly <

1Bl 1Al ly @]l +
[K(®)[|B]C2 +|G]|T()]-

By Lemm

Since [, |K(7)| dr < coand [ |T(1)| dr < o,
thus we have obtained necessary condition. That com-
pletes the proof. U
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INTERDIFFUSION IN R-COMPONENT (R >2) ONE
DIMENSIONAL MIXTURE SHOWING CONSTANT
CONCENTRATION

Streszczenie

Pokazano, iz procesy dyfuzji w wielosktadnikowej miesza-
ninie prowadza zawsze do jednoznacznie okre$lonego stanu
stacjonarnego. Do opisu procesu zastosowano postulat Darkena
stwierdzajacy, iz strumien masy w r-skfadnikowej mieszaninie
sktada sig¢ z strumieni konwekeji 1 dyfuzji (proces okreslany jako
jednowymiarowe zagadnienie dyfuzji wzajemnej). Prawa za-
chowania masy dla wszystkich sktadnikow, strumienie wyrazo-
ne zgodnie z postulatem Darkena, postulat stato$ci calkowitego
stgzenia w mieszaninie (spetniony, np. dla stopéw metali) oraz
warunki poczatkowe i1 brzegowe tworza wewngtrznie spdjne
sformutowanie problemu dyfuzji wzajemnej. Wyprowadzono
wariacyjng posta¢ problemu i udowodniono: 1) istnienie stabego
rozwigzania w ukladach otwartych i zamknigtych, 2) jedno-
znaczno$¢ takiego rozwiazania, 3) homogenizacj¢ mieszaniny
dla dlugich czaséw t — o oraz 3) zerowanie gradientéw stgzen
sktadnikow na brzegach uktadéw zamknigtych.
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