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Abstract 
 

Selected examples of applications of multi scale modeling in various areas of mechanics and materials science are 
presented in the paper. Advantages and disadvantages of these approaches are shown. Based on the literature review a 
classification of multi scale methods into two groups was pointed out. The first is upscaling group based on representative 
volume element. The second is concurrent group, where the method used to describe the fine scale is usually applied to a 
part of the whole domain of the solution. Detailed discussion of these two groups is based on the multi scale models de-
veloped by the Authors. The concurrent model is based on the combination of the molecular dynamic with the boundary 
element method and is applied to simulation of material failure. The upscaling model is called CAFE and is based on the 
combination of the cellular automata with the finite element method. Applications of this model to prediction strain local-
ization in materials subjected to plastic deformation are also demonstrated in the paper. 
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1. INTRODUCTION 

The accuracy of numerical simulations of metal 
forming processes depends, to a large extent, on the 
appropriateness of the description of the material 
flow, as well as the mechanical and thermal bound-
ary conditions. The former aspect is the topic of the 
present work. One of the challenges in simulations 
of thermo-mechanical processes is evaluation of the 
material flow parameters for various deformation 
conditions. The general procedure involves perform-
ing plastometric tests, such as compression or ten-
sion or torsion, and interpretation of the results of 
these tests, using preferably the inverse analysis 
(Szeliga et al., 2006). The main sources of errors, 

which further influence the accuracy of numerical 
simulations, are due to: 
− Inaccuracies in the plastometric tests. 
− Errors in the inverse analysis, particularly due to 

errors in evaluation of the friction conditions in 
the tests. 

− Inability of the selected material model to de-
scribe the real behaviour of this material. 
The general objectives of this paper are con-

nected with the development of a procedure that will 
guarantee development of accurate and reliable ma-
terial models. This paper is a continuation of an 
earlier publication (Pietrzyk et al., 2006), where 
critical analysis of experimental tests, application of 
a method for automatic interpretation of results of 
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the tests and, finally, mathematical description of the 
measured properties, were presented. The advan-
tages and limitations of various material models, 
including conventional models based on closed form 
equations, internal variable models and multi scale 
models, were also discussed. The present paper is 
focused on the third group of material models, that 
are based on multi scale analysis.  

Multi scale modelling has recently become very 
popular in various disciplines. The number of appli-
cations of these models is increasing rapidly and the 
variety of approaches to multi scale problems is 
large. Therefore, there is a need for classification of 
the available methods and systematisation of their 
applications. Several papers dealing with these prob-
lems can be found in the literature, with that focused 
on multi scale modelling in material science (De 
Borst, 2007) of particular note. The general objec-
tive of the present work is to focus on plastic defor-
mation of metals and application of multi scale 
models as constitutive laws in metal forming simula-
tions. The particular objectives of the paper are two-
fold. A review of available multi scale material 
models is presented first with the goal to outline the 
wide variety of these approaches and highlight main 
distinctions between them. The particular emphasis 
is on the capabilities and limitations of the various 
methods. Finally, this is followed by detailed discus-
sion focusing on particular case studies, that repre-
sent two main branches in multi scale models.  

2. MULTI SCALE MODELLING METHODS 

2.1. Motivation 
 
The development of reliable material models for 

metal forming simulations has been of interest to 
scientists for a number of years. A number of deter-
ministic models, based either on closed form equa-
tions describing the flow stress dependence on ex-
ternal variables (Grosman, 1997), or on differential 
equations describing the evolution of internal vari-
ables (Estrin, 1996; Roucoules et al., 2003) have 
been published in the scientific literature. These 
models are commonly used in simulations for the 
majority of metal forming processes and give rea-
sonably accurate results. These models fail, how-
ever, to describe the material behaviour when some 
special conditions of deformation occur, eg. fast 
changes in the deformation conditions or a strong 
tendency to strain localization. The main problem is 
to realistically describe the phenomena occurring in 
materials at lower length scales under the above 

complex conditions of deformation and to incorpo-
rate this into the continuum based approaches. Be-
yond this, accounting for the influence of such phe-
nomena as cracks, shear bands, Luders bands and 
Portevin-le-Chatelier bands in macro scale and such 
discontinuities as micro shear bands, grain bounda-
ries, phase boundaries in the micro scale, become 
necessary when the model aims to predict the prop-
erties of the final products. Finally, several of these 
phenomena are stochastic in nature and their realistic 
description by deterministic models may be limited.  

Thus, the search for models that account more 
accurately for micro scale and even nano scale phe-
nomena has been the objective of research during 
last two or even three decades. The improvements in 
experimental techniques were major factors stimu-
lating this research. New experimental techniques 
have made it possible to visualize physical processes 
and to measure relevant parameters at fine scales. 
Examples connected with new experimental equip-
ment allowing research on mechanics of deforma-
tion are atomic force microscopy (AFM), nano in-
dentation tests, computer tomography, electron back 
scattered diffraction (EBSD) etc. These techniques 
are supported by the established approaches such as 
scanning and transmission electron microscopy. The 
knowledge obtained about mechanisms of deforma-
tion from these experiments has been recently com-
bined with the idea of multi scale modelling of mate-
rials to develop models with new predictive capabili-
ties. 

 
2.2. Classification of multi scale modelling  

methods 
 
The modelling of discontinuities is now playing 

a more important role in analysis of material behav-
iour during plastic deformation. As mentioned 
above, the conventional material models are not 
amenable to capture of discontinuities. Accordingly, 
next to multi-physics phenomena and multi scale 
analysis, capture of these discontinuities is the third 
major challenge in contemporary computational 
mechanics of materials (De Borst, 2007). A fourth 
challenge constitutes the further development of 
computational methods to assess the probability of 
failure. The methods to cope with these challenges 
are usually classified into two groups: upscaling 
methods and concurrent multi scale computing (De 
Borst, 2007). 

In the upscaling class of methods, constitutive 
models at higher scales are constructed from obser-
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vations and models at lower, more elementary 
scales. The idea of the representative volume ele-
ment is employed here. By a sophisticated interac-
tion between experimental observations at different 
scales and numerical solutions of constitutive mod-
els at increasingly larger scales, physically based 
models and their parameters can be derived at the 
macro scale, see for example (Das et al., 2002). The 
methods of computational homogenisation, eg. 
(Mieche, 2003), are considered to belong to this 
group of methods.  

In concurrent multi scale computing one strives 
to solve the problem simultaneously at several scales 
by an a priori decomposition. Two-scale methods, 
whereby the decomposition is made into coarse scale 
and fine scale, have been considered so far.  

Both groups of methods have been intuitively 
used for decades. The solution of microstructure 
development equations in each Gauss integration 
point in the finite element (FE) model, and returning 
information regarding the flow stress accounting for 
microstructure, is a typical example of upscaling 
(Pietrzyk, 1990). An approach presented in (Hirt et 
al. 2007) is an example of concurrent computing. 
Recent years have, however, witnessed the rapid 
development of the multi scale methods in various 
areas of science and applications in deformation 
processes are particularly frequent. Various discrete 
methods have been applied to describe material be-
haviour at the micro and/or nano scales, eg. cellular 
automata (CA), molecular dynamics (MD), monte 
carlo (MC) methods. For example analysis of (Ga-
wad & Pietrzyk 2007, Yazdipour et al. 2007) and 
(Rondanini et al. 2006; Yu & Esche 2005) can re-
veal differences in the application of CA and MC 
methods, respectively, to simulate recrystallization 
phenomena. Coupling between fine scale and coarse 
scale is now completed in a more systematic man-
ner. Figure 1 shows the general idea of the distinc-
tion between upscaling models and concurrent multi 
scale computing. 

In the concurrent multi scale computing the 
method used to describe the fine scale is applied to a 
part of the whole domain of the solution. It can be 
either the same method, which is used in the coarse 
scale, for example the FE method, or it can be one of 
the earlier mentioned discrete methods (CA, MC). In 
the former case the extended finite element (XFE) 
and the multi scale extended finite element (MS-
XFE) methods are examples. In the XFE solution 
special elements capable to accommodate a discon-
tinuity are introduced (Figure 2). 

 
Fig. 1. The idea of distinction between upscaling models and 
concurrent multi scale computing. 

 
Fig. 2. Illustration of the finite element approximation of the 
unit jump function, which is the basis of the XFE approach 
(where: ke, ie, je nodes, Se – discontinuity path, ne – the normal 
vector to Se). 

In the MS-XFE method a very fine mesh is gen-
erated in the area of particular interest that is se-
lected before simulation. The example is the area 
around the front of a crack propagation in a simula-
tion of fracture, as shown in Figure 3 (Allix, 2006). 
The methods of mesh adaptation, eg. hp adaptation 
(Demkowicz et al., 2002; Paszyński et al., 2006), 
multi grid method (Dumett et al., 2002) and varia-
tional multi scale (VMS) methods (Volker et al. 
2006) are also considered to belong to the concur-
rent multi scale computing group. 
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An example of the upscaling method based only 
on the FE method is presented in (Milenin & 
Muskalski 2007). The two scale model based on the 
FE method combined with the representative volume 
element (RVE) approach is proposed to simulate the 
influence of colony composed of ferrite and cemen-
tite on the macroscopic behaviour during wire draw-
ing. The deformation of the pearlitic colony and 
changes in orientation of cementite lamellas during 
the multi-pass drawing is investigated. The macro 
scale model uses a two dimensional rigid-plastic 
method that provides the boundary conditions for the 
micro scale model. To impose the boundary condi-
tions on the grain boundary the penalty method is 
applied. As a result of the micro scale simulation the 
friction coefficient is modified in the macro scale 
solution. This work can be classified as conventional 
multi scale model based on the FE solution of the 
problem in two different scales within the up scaling 
group.  

A large group of multi scale methods is repre-
sented by the multilevel models (i.e. Van Houte et 
al., 2006). Here parameters for the macro scale 
model are identified by the multilevel model. Usu-
ally multilevel models are composed of two or three 
levels i.e. (macro-meso scales or macro-meso-micro 
scales, respectively). The multi scale model was 
implemented in the finite element framework using 
the homogenization procedures to exchange infor-
mation between scales all the way up to the macro 
scale. This approach is mainly based on the crystal 
plasticity models (Lamel Model, Advanced Lamel 
Model, Grain Interaction Model, Crystal Plasticity 
Model) that take into account interactions between 
particular grains as well as their rotations during 
deformation at the micro scale. In such an approach 
grains are usually represented by one finite element 
or in more advanced cases by many finite elements, 

which increases the computational time. 
This work can be classified as conven-
tional multi scale model within the upscal-
ing group.  

However, not only is the FE method 
used to create multi scale approaches. The 
boundary element method (BEM) is also 
widely used e.g. (Sfantos & Alibadi, 
2007). In that work a two scale model 
based on the combination of the macro 
BEM with the micro BEM as well as 
macro FE with micro BEM are considered 
for simulation of intergranular micro frac-
ture in polycrystalline brittle materials. To 
investigate material behaviour at the lower 

scale a set of RVEs is assigned to the points. The 
attached RVEs represent grains of the microstructure 
in the infinitesimal neighbourhood of the macro 
scale points. The macro scale solution, related 
mainly to the stress and strain fields are treated as 
boundary conditions for the micro scale problem. 
The exchange of information is based on the averag-
ing theorem (Nemat-Nasser, 1999). On the other 
hand the micro scale solution is used to update the 
constitutive laws at the macro scale when micro 
damage is possible. This eventually results in strain 
softening at the macro scale.  

An interesting multi scale model based on the 
mesh free methods has been developed in (Mis-
soum-Benziane et al., 2007), where a two scale ap-
proach using a constrained natural element method 
(CNEM) is applied to simulate linear elasticity prob-
lems. The model has the ability to take into account 
the microstructure changes and their influence on 
macroscopic behaviour. The analyzed domain is 
divided in two regions, a microscopic one that repre-
sents microstructure evolution in the entire macro-
scopic domain, and one called the complimentary 
domain that describes the macro scale (Figure 4).  

 

 
Fig. 4. Division of domain applied by (Missoum-Benziane et al., 
2007). 

The constitutive relations are defined only at the 
micro scale level and are then extended by the inter-
polation to the complimentary domain.  

 
Fig. 3. Idea of MS-XFE scale decomposition. 
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Despite large interest in conventional multi scale 
models based on eg. FE or BEM there has been a 
recent interest in the development of alternative 
methods that represent concurrent, as well as upscal-
ing, approaches. For example, Rondanini et al. 
(2006) used the MC method to describe the growth 
of layers in the chemical vapor deposition (CVD) 
process. This solution is coupled with FE, which 
predicts the temperatures and stresses in the result-
ing multi layer coating. The interesting application 
in material science is presented in (Yu & Esche, 
2005), where a multi scale model based on the FE 
with the MC pots method was used to simulate static 
recrystallization and grain growth during annealing. 
The FE method is used to simulate the macroscopic 
plastic deformation. The field variables obtained in 
the macro scale are then input data for the MC 
model for simulation of the microstructure evolu-
tion. In order to reduce the computational time the 
microstructure models based on MC are only con-
sidered in a few representative elements of the FE 
mesh. Information about the microstructural changes 
are finally sent back to the FE code, or are compared 
with the experimental results to optimize the process 
parameters. Another alternative model developed by 
Mrozek et al. (2007) uses the MD method coupled 
with the BEM to describe crack initiation and 
propagation. This approach will be described in 
detail in the following section. A very interesting 
method that is based on the molecular dynamics 
framework was developed in (Abraham et al., 1998), 
for the rapid brittle fracture of a silicon slab under 
uniaxial tension. The main idea of the approach is to 
divide a domain into three regions. The first is lo-
cated away from the crack tip and is simulated by 
the continuum FE method. The second is located 
near the crack tip and is modelled by molecular dy-
namics, while the last region is located at the crack 
tip. This region is simulated using the tight binding 
(TB) method, which is a quantum method containing 
electronic information and is commonly used in the 
description of matter.  

When the interface between continuum and mo-
lecular dynamic is considered all finite elements in 
this region are refined to match exactly with the 
atomic positions. Through these interfaces informa-
tion exchange between two methods is performed 
which makes it also an example of the concurrent 
approach.  

Another similar approach by (Tadmor et al., 
1996), uses the multi scale quasicontinuum (QC) 
method to simulate macro scale nonlinear deforma-

tion of crystalline material again using molecular 
mechanics. In the method the material is divided into 
two main regions. The first is related with the sur-
rounding material where no nonlinear behaviour is 
observed, and this region is simulated using only the 
finite element approach. The second region is related 
to nonlinear behaviour, where the molecular dynam-
ics and finite element approaches coexist. To reduce 
computational time in the regions of small deforma-
tion atoms are segregated into two groups: non rep-
resentative and representative. In this region the 
position of non representative atoms is interpolated 
based on the position of representative atoms that 
are positioned at nodes of the FE mesh (Figure 5). 
However, in the most interesting region, where we 
obtain larger deformation, the FE mesh is refined to 
match all atomic positions.  

 

 
Fig. 5. Material division to non representative and representa-
tive atoms used in (Tadmor et al., 1996). 

Another group of alternative methods is the 
CAFE approach based on the combination of the CA 
and FE methods. Four major directions of develop-
ment of the CAFE approaches can be identified here. 
The first proposed by (Gandin et al., 1994), can be 
classified as a concurrent multi scale method. In this 
work (Gandin et al., 1994) the sample area is over-
laid by the two separate meshes: FE and CA. The 
square CA space is defined to be more dense than 
the FE triangular mesh. A CAFE method is applied 
to model the development of dendritic structures 
during solidification. In this approach a differential 
equation describing the temperature field is solved 
using the FE model. However, a CA method was 
applied to model microstructure development and 
heat generation during solidification. This approach 
is still under further development (Gandin & Rap-
paz, 1996; Takatani et al., 1999; Thevoz & Gandin, 
2001; Lee at al., 2004). A similar model for solidifi-
cation simulations has also been applied by other 
authors (Quested & Greer, 2005; Vandyoussefi & 
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Greer, 2002). Another interesting work based on the 
previous CAFE model (Lee et al., 2004) is also re-
lated to solidification, in particular dealing with 
prediction of micro segregation and its influence 
upon micro porosity during the casting of automo-
tive components. The micro scale approach is 
a combination of stochastic and deterministic meth-
ods such as CA and the finite difference (FD) 
method and deals with multi component diffusion in 
a three-phase system: liquid, solid, gas. During these 
micro scale simulations the nucleation and growth of 
grains and pores is calculated. The FE model pro-
vides information regarding heat transfer and fluid 
flow to the micro scale model. This model is partly 
similar to the work by Gandin (Gandin et al., 1994) 
and can also be classified as a concurrent method. 
Combination of the CA and FD method has also 
been applied to simulate the development of den-
dritic structures, but only at the micro scale (Yang et 
al., 2004). Application of the FD method to support 
CA calculations in the micro scale is also commonly 
used during phase transformation (Kumar et al., 
1998; Zhang et al., 2003; Kundu et al., 2004). FD is 
applied to solve the diffusion equation while CA 
was usually used to track the state of particular cells 
in the domain to investigate the fraction trans-
formed. 

A second group represents the upscaling ap-
proaches, where separate cellular automata are at-
tached to each particular gauss point in the FE mesh 
(Das et al., 2002, Shterenlikht & Howard 2006, 
Madej et al., 2007). The main advantage is a back 
propagation between methods in every time step, 
which increases the accuracy of computation. In the 
papers by (Das et al., 2002) a multi scale CAFE 
method was applied to model fracture phenomena 
occurring during various forming processes. The 
model predicts the microstructure development, as 
well as crack propagation in the surface layer during 
rolling operations. Microstructural features such as 
grain boundaries, other phase particles and grain 
interior are included during simulation in the CA 
spaces. The developed algorithm incorporates three 
major steps: development of the primary microstruc-
ture, flow of the macroscopic parameters obtained 
from the FE simulation to the CA mezo scale and, 
finally, back propagation of the parameters calcu-
lated in the CA spaces to the FE model.  

This model (Das et al., 2002) was the motivation 
for the CAFE model created by Shterenlikht (Shter-
enlikht & Howard 2006). This approach describes 
propagation of the brittle and ductile fracture during 

a Charpy test. In this approach, two 3D cellular 
automata spaces are introduced. The first, called the 
ductile space, describes phenomena connected with 
ductile fracture, while the second one, termed the 
brittle space, describes phenomena connected with 
brittle fracture during the Charpy test. Because the 
sizes of brittle and ductile fractures differ, a different 
number and different dimensions of the CA cells are 
used in those CA spaces. The model then provides 
information about the cracks to the macro scale FE 
model. A further example of a CAFE model dealing 
with fracture can also be found in the work by 
Khvastunkov & Leggoe (2004).  

Another interesting application of the multi scale 
CAFE approach is applied to simulate dynamic re-
crystallisation (DRX) (Gawad & Pietrzyk, 2007). 
Here there are three layers representing the macro, 
mezo and micro scales. The first layer is based on 
FE and provides the macroscopic description of the 
material. The constitutive law is based on the Levy-
Mises flow rule, in which flow stress σf is the only 
material parameter. The second layer is a connection 
between the macroscopic and microscopic models, 
and includes calculation of σf, which is sent to the 
FE code. The local parameters, such as temperature 
and strain rate, are transferred in the opposite direc-
tion. The third layer, which is based on the CA cal-
culations simulates the evolution of the microstruc-
ture and dislocation density.  

Application of the CAFE model to simulate 
strain localization (Madej et al., 2007) in the mate-
rial will be described as a case study in more detail 
in the following sections.  

The third group of methods does not utilise back 
propagation and the flow of information is in one 
direction i.e. from the FE to CA models (Lan et al., 
2005). Usually the area of the sample is limited to 
a few grains to reduce calculation time because sev-
eral finite elements are applied to describe each par-
ticular grain. The amount of energy accumulated 
during deformation, as well as the grain crystallo-
graphic orientation, is obtained from the single crys-
tal plasticity FE model and used as input data for the 
CA calculations of the austenite-ferrite phase trans-
formation process after deformation. The detailed 
description of the CA model itself can be found in 
another work (Lan et al., 2004). These methods may 
be classified as concurrent approaches.  

The final group of methods is related to various 
combinations of the CAFE method with other com-
putational approaches such as Neuro Expert Cellular 
Automata Finite Element models (NESCAFE). 
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NESCAFE modelling is a very interesting approach 
dealing with hybrid microstructural models to take 
into account, in an explicit manner, development of 
microstructural features over various length scales. 
One of the examples of such an approach is a com-
bination of Neuro- Fuzzy (nF) and Cellular Auto-
mata (CA) techniques attached to the FE code. The 
CA hold information concerning the material i.e. 
grain boundaries and grain interiors, subgrains, 
misorientation while the nF predicts the flow stress 
behaviour model based on this information (Das et 
al., 2007). Another model takes into account more 
microstructural details i.e. micro bands. The CA 
model describes grain interiors and grain boundaries 
and also the periodic function (φ). This function (φ) 
represents the spatial development of micro bands 
which depends on the initial orientation of CA cells. 
These hybrid methods are mainly classified as up-
scaling approaches.  

Summarizing, it should be emphasized that a va-
riety of possible multi scale approaches are com-
monly used. These approaches are distinguished as 
upscaling and concurrent multi scale computing but, 
in general, various continuum (FE, BE, natural ele-
ment method) and discrete (CA, MC) methods can 
be used in both approaches. The distinction between 
the two groups of approaches is based on how the 
domain of the solution is handled. In the upscaling 
group of methods the coarse scale method covers the 
whole domain of the solution, and the lower scale 
methods are applied at selected points (the RVE 
idea) and they usually calculate the material parame-
ters required in the constitutive law of the macro 
analysis method. In the concurrent multi scale com-
puting approach various parts of the domain are 
covered by various methods. As shown above, all 
possible associations of the continuum methods and 
discrete methods are possible.  

However, for full understanding 
of the differences between the con-
current and upscaling approaches 
the detailed case study is necessary. 
To provide this the two models de-
veloped by the authors will be dis-
cussed in depth in the following 
sections with particular emphasis on 
capabilities and limitations of these 
approaches.  

 
 
 

3. CONCURRENT MULTI SCALE 
CALCULATIONS – CASE STUDY 

Various continuum methods can be used to 
simulate the macro behaviour of materials. As men-
tioned in the concurrent multi scale calculations one 
method can be used for both the coarse and fine 
scales, or the macro scale method can be combined 
with the discrete methods (MC, CA, MD). In the 
former approach usually FE is able to replicate real 
phenomena that take place in the materials at differ-
ent scales. This is the reason that various new ver-
sions of this method have recently been developed 
(XFE, MS-XFE) and are commonly used in the 
multi scale analysis. The latter case is considered as 
the case study in this paper. Finite and Boundary 
Methods are often applied to obtain complex de-
scription of material behaviour under loading and 
this method is considered in the following section of 
the paper. Thus, the continuum (FE/BEM) approach 
is used to describe model at the micro scale, and the 
molecular static is applied at the nano level. 

 
3.1. Coupled Boundary and Finite Element 

Methods with Atomic Model 
 
The multi scale algorithm based on the finite and 

boundary element methods (Burczynski, 1995) cou-
pled with a discrete atomistic model is described in 
this section. Usually, the continuum model is con-
sidered in the framework of the finite element 
method. The idea of the application of BEM in multi 
scale modelling was proposed in (Mrozek et al., 
2006). In this approach, the material behaviour at the 
atomic level can be simulated and the total number 
of degrees of freedom is reduced, because in most 
cases only a small part of the multi scale model con-
tains atoms and BEM does not need discretisation of 

 
 

 
Fig. 6. The coupled continuum-atomic multi scale model. 
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the continuum’s domain. The discrete scale is mod-
elled using the Lennard-Jones potential, but for more 
realistic computations, more complex potentials 
such as the Embedded-Atom-Method (Daw & Bas-
ket, 1983) should be used. The presented multi scale 
algorithm can be used for different types of intera-
tomic potentials. The potential parameters in the 
atomic scale can be obtained using results from ab 
initio computations (Mishin & Farkas, 1999). 

The illustration of this multi scale model is 
shown in the Figure 6. The discrete atomic model 
occupies only a rather small area of the model, 
where the simulation at the nanoscale should be 
performed. The rest of the considered structure is 
modelled using FE or BEM, respectively. 

The algorithm to solve the coupled multi scale 
model is presented in the Figure 7. 
 

 
 

Fig. 7. The algorithm of solving coupled atomistic-FE/BEM 
model 

In the first step, the micro scale boundary condi-
tions are applied and the continuum model is solved 
(Figure 7). Displacements of the interface atoms are 
obtained and introduced as initial displacements of 
the outer boundary of the atomic lattice. In the next 
step, the equilibrium positions of the atoms in the 
nano scale model are computed, using the method 
described in the previous section. Finally, forces 
acting on the interface atoms are computed and in-
troduced as nodal forces to the continuum model. 
These computations are repeated iteratively until the 
stop condition is satisfied. The stop condition is 
executed when the difference between displacements 
of the embedded atoms during two iterations is less 
than an assumed admissible value. 
 
3.2. Numerical examples 

 
Some numerical examples are presented in the 

following section to illustrate this approach. For 
simulation of the material behaviour at the nano 
scale, rectangular plates with different shaped 
notches are considered.  

The plate under shearing load is shown in the 
Figure 8. The centre of the notch is modelled as 
a discrete atomic lattice (Figures 9, 10). The bench-
mark was performed using both FE and BEM, cou-
pled with a molecular model. The meshes are pre-
sented in the Figure 9a and 9b, respectively. 

 

 
Fig. 8. Benchmark - plate with U-notch 

The left side of the plate is con-
strained and the shear load is ap-
plied on the opposite side. Dimen-
sions of the plate are 18x12 [nm2]. 
The continuum model contains 61 
quadratic elements and 244 degrees 
of freedom. The atomic model con-
tains 282 aluminium atoms and 546 
degrees of freedom. The Lennard-

Fig. 9. a) FE mesh, b)BEM mesh, c) discrete atomic lattice 



 INFORMATYKA W TECHNOLOGII MATERIAŁÓW 

 – 9 – 

C
O

M
PU

TE
R 

M
ET

H
O

D
S 

IN
 M

A
TE

RI
A

LS
 S

C
IE

N
C

E 

Jones potential Ф(rij) was used: 

 
12 6

( ) 4ij
ij ij

r
r r
σ σε

⎡ ⎤⎛ ⎞ ⎛ ⎞
⎢ ⎥Φ = −⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎜ ⎟⎢ ⎥⎝ ⎠ ⎝ ⎠⎣ ⎦

 (3) 

with the following parameters: the collision diameter 
σ = 0.2575[nm], the dissociation energy ε = 
0.1699[nN·nm], rij is the distance between atoms. 
These values are taken from Sunnyk et al. (2002). 
The potential describes a material with properties 
close to the aluminium. 

 
Fig. 10. Results of the simulation - equilibrium state under the 
shear load 

Table 1. Comparison of the convergence between BEM and FE 
coupled with discrete atomic model 

Iteration 
Maximal relative error at displacements % 

BEM FEM 
1 302,5 352 
2 82 3,2 
3 51 0,6 
4 3,4 0,01 
5 1,6 0 
6 0 - 

 
Table 1 shows results of the numerical simula-

tion and comparison of the convergence between 
BEM and FE. Faster convergence of FE arises from 
differences in discretisation of the domain and types 
of solvers used. 

The next example is presented in the Figure 11. 
A plate with a rectangular notch under a shear load 
is considered. The entire left side of the plate is con-
strained and the shear load is applied on the right 
side. Dimensions of the plate are 40x27 [nm2]. The 
boundary element method is applied to the contin-
uum domain and consist of 113 quadratic elements. 
The atomic model contains 884 atoms (1768 degrees 
of freedom). The potential type and parameters are 
the same as before. 

The results of the numerical simulations are pre-
sented in the Figure 11b. The atoms moved to find a 

new equilibrium state. Opening of the cracks 
at the corners (stress concentration areas) of 
the notch can be observed. 

Another example is presented in the Fig-
ure 12. In this case, the bottom of the plate is 
constrained and the shear load is applied on 
upper boundary. The dimensions of the plate 
are 90x45 [nm2]. Continuum model contains 
176 quadratic elements. Atomic model con-
tains 2033 atoms (4066 degrees of freedom). 
The parameters and material properties are the 
same as in the previous example. 

Results of the numerical simulations are 
presented in the Figure 12b. Again, the open-
ing of the crack at the centre of the notch can 
be observed. The middle layers of atoms 
moved in opposite directions and the new 
equilibrium state is achieved. 

This kind of analysis provide the possibil-
ity to simulate, for example slips, crack be-
haviour and fracture at the atomic level. 

 

 
Fig. 11. The plate with U-notch under the shear load: a) initial equilibrium 
without load, b) equilibrium state under shear load 
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4. UPSCALING – CASE STUDY 

As mentioned above, various continuum meth-
ods can be used to simulate macro behaviour of ma-
terials. The FE method is commonly applied to ob-
tain complex de-
scription of the vari-
ous phenomena de-
scribed by the partial 
differential equa-
tions and this 
method is consid-
ered in all upscaling 
applications in the 
present work. FE is 
able to replicate real 
phenomena, which 
take place in the 
materials, as well as 
in the surroundings. In the present work the FE ap-
proach is used as the coarse scale method, which can 
be combined with the discrete methods (MC, CA, 
MD). A particular focus of this study is on the com-
bination of FE and CA methods based on upscaling 
principles. 

 
4.1. Multi Scale Cellular Automata – Finite 

Element (CAFE) Model for Strain  
Localization 

 
The multi scale cellular automata – finite ele-

ment (CAFE) model has been developed by the au-

thors and applied to simulation 
strain localization for various 
forming processes. Details of the 
model can be found in earlier pub-
lications (Madej et al., 2006; 2007, 
2007a). However the main princi-
ples of this method are repeated 
here.  

According to the literature 
knowledge the micro shear band 
and shear band phenomena are the 
two processes taking place in the 
two different scales in the material. 
That is why two cellular automata 
spaces representing the material 
behavior in the micro- and mezo 
scale are introduced and are at-
tached to the finite element code. 
This CAFE model is capable of 
simulation of the development of 

micro shear and shear bands at the micro and mezo 
scales respectively, eventually leading to strain lo-
calization in the macro scale. This approach is a 
typical example of the up scaling multi scale ap-
proach. A schematic illustration of the algorithm is 
presented in Figure 13.  

In the CAFE model both CA spaces, micro shear 
band space (MSB space) and shear band space (SB 
space), are defined by several internal variables that 
describe each particular cell, as well as by a set of 
transition rules defined respectively for these spaces. 
The transition rules controlling changes between 
states in MSB and SB space are defined based on 
experimental knowledge (Korbel 1998, Cizek 2002).  

Information about the occurrence of micro shear 
and shear bands is exchanged between the CA 
spaces during each time step, according to the de-
fined mapping operations. Flow of the information 
between the scales goes in both directions, from 

Fig. 12. Aluminium plate with V shaped notch under the shear load: a) initial equilibrium 
without load, b) equilibrium state under shear load 

 

Fig. 13. Information flow between scales in the CAFE model for strain localization (Madej et al., 2007a) 
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macro scale to mezo scale and micro scale as well as 
from micro scale and mezo scale to macro scale. In 
each time increment, information about the stress 
tensor is sent from the finite element solver to the 
SB and than MSB space, where the development of 
micro shear bands is calculated according to the 
transition rules. After exchange of information be-
tween CA spaces, transition rules for the SB space 
are introduced, and propagation of the shear bands is 
modelled. Based on the information supplied by the 
CA spaces the correction coefficient ξ  is calculated. 
This coefficient is sent to the FE program and used 
to modify the flow curve in the next step of FE cal-
culations.  

 ( )Tfp ,,εεξσ &=  (4) 

where: σp – equivalent stress, ξ – correction coeffi-
cient, ε – strain, ε& – strain rate and T – temperature. 

 
4.2. Examples of simulation. 

 
The developed CAFE model is flexible and can 

be applied to simulation of common plastometric 
tests i.e. ring, uniaxial, plain strain compression as 
well as of any metal forming process, in which prob-
lems of the influence of micro shear and shear bands 
on crack resistance, final structure and properties of 
products are important. Selected examples of results 
obtained from conventional FE approach and the 
CAFE model for plastometric tests are presented in 
Figure 14-18.  

The differences in material flow between cylin-
der compression and ring compression tests for alu-
minium are presented in Figures 14 and 15. Both 
samples are deformed up to a strain of 0.4 and the 
predicted strain distributions at the cross sections for 
a friction coefficient 0.12 are compared. Due to 
symmetry only a half of the samples cross section is 
presented in these figures. 

Some strain localization during RC compression 
is seen in Figure 14 when the CAFE model is ap-
plied. This indicates that shear bands influence ma-
terial flow during deformation, and may lead to a 
reduction in flow stress. The RC results are com-
pared with the UC results presented in Figure 15. 
UC compression at strain 0.4 does not reveal any 
influence of shear bands on strain localization. Re-
sults obtained from the FE and CAFE models are 
comparable, and the material flow is homogenous. 

Strain localization plays a significant role during 
plain strain compression. Examples of simulation of 
the plain strain compression of copper samples in 
channel die are presented in Figure 16. 

As presented the CAFE model is capable of a 
more realistic material description than the FE ap-
proach, with a much clearer representation of the 
strain localization. Detailed discussion about the 
CAFE model capabilities in application to industrial 
problems is described in (Madej et al., 2007b, Madej 
et al., 2007c).  

 

 
Fig. 14. Strain distribution at the RC test predicted by a) the FE with conventional constitutive law and b) the CAFE approach 
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However the CAFE method is in principal a FE 
approach, and in some aspects is characterized by 
the same disadvantages i.e. mesh sensitivity. To 
investigate this behaviour a series of numerical 
simulations of the channel die compression (Figure 
17) was performed with three different mesh densi-
ties: coarse, medium, fine. 

It is seen in Figure 17 that the CAFE model is 
mesh sensitive. The largest values of strain are ob-
served in Figure 17c for the fine mesh. However, 
despite these differences the shape of the localized 
zone is similar for all three cases.  

During the numerical investigation the stochastic 
character of the CAFE model was revealed. As seen 

in Figure 18 strain localization bands can develop in 
two different directions, despite the same process 
conditions. This behaviour is in agreement with the 
experimental observations where families of shear 
bands develop in the same manner. This behaviour is 
not present for the conventional FE approaches.  

During further work to obtain even more accu-
rate results by the CAFE model the geometrical 
features such as grains, grain boundaries, inclusions 
etc. have to be included in an explicit way in the 
model and the new up scaling approaches have to be 
developed.  

 

 
Fig. 15. Strain distribution at the UC test predicted by a) the FE with conventional constitutive law and b) the CAFE approach 

 
Fig. 16. Comparison of the strain distribution obtained in the channel die test from a) the FE and b) the CAFE approach 
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5. CONCLUSIONS 

Based on the presented literature survey it can be 
concluded that the number of multi scale methods 
and novel applications is growing significantly. 
There is a need to develop modern multi scale mod-
els in application to i.e. ingot melting, casting, weld-
ing, laser treatment, fusion welding, forging, friction 
stir welding, profile drawing, flow/spin forming, flat 
and shape rolling, ring rolling, stretch forming, deep 
drawing, semi-solid metalworking, plasma arc melt-
ing, highly filled material processing, injection 
moulding, blow or compression moulding, vapour 
deposition, molecular beam epitaxy, joining and 
several other. That is why there is a further need for 
classification of the available methods and systema-
tisation of their applications.  

The concurrent and upscaling multi scale ap-
proaches were discussed based on the two case stud-
ies: combination of the boundary and finite element 
methods with atomic model and cellular automata 
with finite element model, respectively. Examples of 
simulations as well as discussion of problems and 
difficulties related to these approaches were pre-
sented. Both models proved their capability to in-
clude in the solution stochastic and discontinuous 
phenomena taking place during deformation. This 

possibility to include stochastic phenomena which 
additionally take place at the same time in different 
scales in the material is the greatest advantage of the 
discrete methods (CA, MD, MC). This makes the 
developed multi scale models very powerful investi-
gative tools in comparison to the conventional ap-
proaches.  

Due to the advanced nature of described compu-
tational techniques there is a need for cooperative 
work between researchers handling the same prob-
lems during application of the multi scale methods.  
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HYBRYDOWE I HIERARCHICZNE MODELE  
ANALIZY WIELOSKALOWEJ 

Streszczenie 
 
W pracy zaprezentowano dynamicznie rozwijające się nowe 

metody obliczeniowe do analizy wieloskalowej, umożliwiające 
opis zjawisk zachodzących w materiale, niemożliwych do prze-
widywania tradycyjnymi metodami modelowania. Dokonano 
klasyfikacji metod na dwie grupy różniące się sposobem podej-
ścia do symulacji w różnych skalach oraz do interakcji między 
nimi. Pierwsza z nich to grupa metod hierarchicznych, która 
bazuje na reprezentatywnym elemencie objętości. Druga grupa 
to metody symulujące dane zjawisko w całej lub w części obję-
tości badanego materiału równocześnie w kilku skalach. Przyję-
to nazywać je metodami hybrydowymi odzwierciedlając współ-
bieżne prowadzenie obliczeń różnymi metodami w przeciwień-
stwie do metod hierarchicznych, gdzie obliczenia prowadzone 
są w reprezentacyjnych elementach objętości. Opisano interesu-
jące modele bazujące na połączeniu metod analizy mikro np. 
Automatów Komórkowych (ang. CA), Monte Carlo (ang. MC) 
czy Dynamiki Molekularnej (ang. MD) z metodami analizy 
makro np. Metodą Elementów Skończonych (ang. FE) czy też 
Metodą Elementów Brzegowych (ang. BE). Przykłady tworze-
nia i zastosowania modeli hierarchicznych i hybrydowych w 
zastosowaniu do symulacji zjawisk zachodzących w materiale 
podczas odkształcania przedstawiono bazując na połączeniu 
metod CA i FE oraz MD i BE. 
 
 

Submitted: December 3, 2007 
Submitted in a revised form: April 16, 2008 

Accepted: April 24, 2008 
 



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /SyntheticBoldness 1.000000
  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002000d>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002000d>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /GRE <>
    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002000d>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e000d>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /POL <>
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


