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Abstract

Modeling of the dendritic growth by a cellular automaton (CA) can take into account the temperature of the thermo-
dynamic equilibrium as a function of the local concentration and mass diffusion, heat transfer and local temperature, sur-
face energy and curvature of the grain boundaries. Unfortunately, most of the previous solutions produce artificial sym-
metry of simulation results. This symmetry reflects the anisotropy of the CA computational grid, rather than the properties
of the modeled substance. The method of the accuracy ranking estimation for known methods of solidification rate and
the interface direction calculation is proposed in the paper. The best solution has been chosen with the highest precision

and minimal artificial anisotropy of the simulation results.
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1. INTRODUCTION

Prediction of the materials microstructure is one
of the major tasks of the physical metallurgy. The
phase transformation and grain growth modeling by
the cellular automata (CA) method is one of the
solutions of this problem. In this kind of modeling
the grain shapes, internal grain structure and other
internal parameters (e.g. dendrite tip radius, secon-
dary dendrite arm space etc.) are estimated at the
time of simulation.

The cellular automata are an idealization of a
physical system in which space and time are discrete,
and the physical quantities take only a finite set of
values (Chopard & Droz, 2005). In the solidification
modeling the CA apparatus is used for the phase state
determination of cell (e.g. "solid", "liquid", "inter-
face"). Known solutions connect the CA simulation
of the grain boundary movement and position with
the heat and mass transfer problem solution by the
finite differences of finite elements methods on the
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same CA lattice. The review of CA-based models has
been presented by Burbelko (2004).

In the case of dendritic growth simulation the
main weakness of the most known models is the
artificial symmetry and anisotropy: the results of
modeling, as noted by Rappaz et al. (1995), reflect
the lattice anisotropy rather than properties of mod-
eled substances. The influence of the lattice on the
anisotropy during modeling of recrystallization was
presented by Kroc (2004, 2005).

The ability of reduction of artificial symmetry is
a subject of this paper. The method of the accuracy
ranking estimation for known methods of solidifica-
tion rate and the interface direction calculation is
proposed.

2. THE GOVERNING EQUATIONS OF CA
MODELING

The details of CA based models for dendrite
growth were presented e.g. by Dilthey and Pavlik
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(1998), Nastac (1999a), Beltran-Sanchez and Ste-

fanescu (2002, 2003, 2004), and Burbelko (2004).

Modeling of the temperature and/or concentration

related phase transformation kinetic needs to take

into account some physical phenomena, as follow:

— Thermal conductivity
The governing equation for thermal conductivity

is the Fourier differential equation with an appro-
priative primary and boundary condition at the outer
border of analyzed domain. In all cells belonging to
the phase boundary (interface) the heat source term
must be taken into account.

— Component diffusion
The governing equation is the same as for the

thermal diffusion (Fourier parabolic partial differen-

tial equation). The most popular method of the simu-
lation is the separate solution of this equation in the
linear form (without source) at the domains of indi-
vidual phases or grains: source phase and separate
grains of the growing phase. At the phase border the

Stefan boundary condition must be taken into ac-

count.

— The influence of the segregation and surface
curvature on the equilibrium temperature
Linearization of thermodynamic equilibrium

system usually is used to take into account the com-

ponent segregation influence on the equilibrium
temperature changes.

The curvature undercooling (a difference be-
tween the equilibrium temperature on the plane bor-
der and on the curved interface) in two-dimensional
space:

T d’c
AT =—"|c+ 1
« L(G dezjK o

where: T,, — absolute equilibrium temperature for
plane interface, c — Gibbs surface energy of inter-
face, 6 — the angle of the normal vector of the sur-
face with respect to the reference direction, k — inter-
face curvature.

It was a positive direction of X axis usually used
as a reference direction.
— Anisotropy of the interface surface energy

The change of the surface energy with direction
is based on the next equation:

o(0)=o, {1+ 4_cos[m (6-9,)]} (2)

where: 6y — mean value, 4, — anisotropy amplitude,
my — order of crystal symmetry, 8y — direction of the
preferred crystallographic orientation with a maxi-
mal ¢ value.

— Linear velocity of the interface

The transformation driving force is measured by
the difference of the Gibbs energy of interfacial
phases. When this value is not too big, it is propor-
tional to the kinetic undercooling AT,. That is why
the expression for growth velocity module is:

u=pAT, 3)

where p — kinetic coefficient.
The local kinetic undercooling is obtained from:

AT, =T, (C)-T,, —AT, (4)

K

where: Tp, — equilibrium temperature on the plane
interface for the local composition C, 7;,. — local
temperature at the interface.

Growth velocity vector is normal to the surface.
— Kinetic coefficient

The kinetic property of crystal, like the free sur-
face energy, represents an anisotropy. The direction
with a lower free surface energy has the larger mo-
bility. Therefore, the following equations for kinetic
coefficient are used by Al-Rawahi and Tryggvason
(2002):

u(e)= MO{I+AH cos[ms(e—eo)]}*1 Q)
or by Xu (2002):
1(0)= o {1- 4, cos[m, (6-0,)]f  (©

where Ly — mean value and 4, is an anisotropy am-
plitude.
— Evolution of solid fraction

Various governing equations for the calculation
of the transformation rate are used. Dilthey and Pav-
lik (1998) estimate the increase in solid fraction, in a
time step At, from the velocity components u, and
uy:

A A
Afzr(ux+uy—uxuyrj (7)
a a

where a — cell size.
Zhu and Hong (2001) propose the growth length
conception:

u

w

L cos 0, + \sin 91\ ®)

where L — the length of the linking line from the
current cell to the nearest neighbor for the current
growth direction and 6, is the angle between the
preferential growth direction of grain with respect to
the linking line. The linking line length is L =a if
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the growth is directed to the nearest cells and

L= ax/E if the growth direction is diagonal.
The next equation was proposed by Burbelko
(2004) for the evolution of solid phase in rectangular

cells:

2
u

Af =At

()]
dx
where d,, d,— sizes of rectangular cell.
When the both size of cell are equal, the previ-
ous expression may be rearranged to:

AT u
Af =20 %
/ a |cos6| +|sin6

u, +dy‘uy‘

(10)

As has been developed by Burbelko and Gurgul
(2006), one of the reasons of distinct artificial ani-
sotropy of solidification modeling with the CA is
above governing equations of the growth rate esti-
mation in the interface cells. For this aim the so-
called stiff circle test was proposed. The test task is
the simulation of the circle grain growth from the
nucleus placed in the middle point on a CA lattice
with quadratic cells. The direction of velocity vector
has been determined on the base of cell coordinates
only:
=1y
j - ] N
where: 7, j — an interface cell indexes and iy, jy — the
nucleus cell indexes.

The components of this vector are

0 =arctg (11)

u,=ucos® u, =usind (12)

Equations (7), (8) and (10) for growth of solid
phase estimation have been tested. Equation (10)
gives the best accuracy of estimation of transformed
volume in the interface cells. It is seen from figure 1
that equation (7) and (8) introduce distinct artificial
anisotropy of growing grains bounds up a CA lattice
properties.

— Surface curvature

All known methods of curvature estimation can
be classified as: mass or cell counting method (Sasi-
kumar and Sreenivasan, 1994, Dilthey and Pavlik,
1998, Nastac, 1999a), differential (Umancev et al.,
1985, Nastac, 1999b) and geometrical (Burbelko,
2004).

According to the mass method, for the same
transformed fraction in the current cell, the trans-
formed volume in the surroundings depends on the

interface curvature, and expression for curvature
estimation is

_%Npl_Ns
a N

where: N,; — the number of solid cells in the ana-
lyzed surroundings for a planar interface, N; — the
number of solid cells in the analyzed surroundings
for a curved interface, N, — the total number of the
cells in the analyzed surrounding.

a)

K

(13)
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Fig. 1. The grain shapes getting in the stiff circle test (1/4 of
perimeter): a) Equation (7); b) Equation (8); ¢) Equation (10);
the numbers near the lines — nominal radii values (Burbelko and
Gurgul, 2006).

The differential methods are based on the equa-
tions of curvature estimation of lines or surfaces
with using of the first and second spatial derivative.
When the y = ¢(x) is an explicit description of the
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planar interface line, the curvature of this line is
given by (Umancev et al., 1985):

X

K=

whereas for interface border given by implicit func-
tion F(x,y)=const, the curvature is calculated as
(Nastac, 1999a):

2 2
_2F,F,F,~F,F; ~F,F,
2 2 )3/2
(F2+F?)

X

K

(15)

where the low indexes mean the differentiation with
respect to appropriative value.

The geometrical method is based on the geome-
try definition of a planar curve as a limit of the ratio
of the change in the angle of a tangent that moves
over a given arc to the length of the arc as the length
of the arc approaches zero:

40
As

where: AB — the angle between the unit normal vec-
tors in the adjacent interface cells, As — the front
length.

K

(16)

3. THE GOVERNING EQUATIONS FOR
SURFACE ORIENTATION (GROWTH
DIRECTION)

In our opinion, the directly linking of interface
orientation with a temperature or concentration
(Nastac, 1999b; Beltran-Sanchez and Stefanescu,
2002) gradient has a worse precision in comparison
with a determination of surface normal vector from
the spatial distribution of solid phase.

The definition of interface orientation using so-
called F vector is proposed by Dilthey and Pavlik
(1998). The value of this vector is equal to the total
amount of solid fraction within a circle area with
radius R. The vector of surface orientation being
along the line connecting the center of mass of the
total solid and the center of the regarded cell. The
interface normal vector can be worked out by:

o= {g0) (g0 (o]

where: r;— radius-vector from the current cell to the j
cell, f; — solid fraction in the j cell, x;, y; — the vector
Ir; components.

The angle of this vector with respect to the refer-
ence direction of X axis is:

0= arctan(z yjfj/ijfjJ (18)

Another method of the interface direction esti-
mation used by Beltran-Sanchez and Stefanescu
(2003, 2004) is based on the concept that the inter-
face direction is equal to the gradient of f-field
(transformed volume fraction f changes from 0 to 1
in the area of interface cell with fragments of two
neighbor cells). The angle of the gradient vector
with respect to the reference direction of X axis is

defined as:
0 = arctan 47 jdf (19)
dy/ dx

The implementations of the equations (18) and
(19) for different neighboring are similar:

0= arctan(z A1,/ 2.B,1, ) (20)

where 4; and B, — coefficients dependent on a calcu-
lation method and neighborhood size.

Hence, there were different solutions known for
the problems of transformed volume evolution,
growth direction and front curvature. The test
method for objective appraisal of the governing
equation for transformed volume evolution has been
developed by Burbelko and Gurgul (2006).

Unfortunately, the objective appraisal of the
methods of growth direction and front curvature
calculation is still unknown. Below we will present
an evaluation method of the equations used for cal-
culation of growth direction.

4. TESTING OF THE GROWTH DIRECTION
GOVERNING EQUATIONS

The test task is the simulation of the circle grain
growth from the nucleus placed in the middle point
on a CA lattice with quadratic cells. The initial solid
fraction in the nucleus cell is fo = 1. The direction of
velocity vector (8) has been determined on the base
of testing equations. Next, the components of the
interface velocity vector are calculated with equation
(12) and evolution of the solid fraction in the inter-
face cells with equation (10). This task has been
named as weak circle test.

The equations (18) and (19) have been tested with
a few neighborhood sizes (4, 8, 12, 20 and 24 cells).
The implementation of these equations for tested
neighborhood radii is presented in table 1. When the
neighborhood radius is equal to a (4-cell surround-
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ings) or a2 (8-cell surroundings), the implementa-
tions of both these equations are the same.

Table 1. The tested equations for growth direction estimation.

The quantitative rating of tested equations was
calculated. The radius-vector length of interface for
each interface cell is

Radii (Amount of cells) | Equation | Implementation: tan 6 = Index
. a9, @9 | =20 = Foct A
@ ’ f—l,O fl,O

aﬁ (18), (19) | = f—l,l +fo,1 + /1 _f—l,—l _fo,—l _fl,—l B
®) Juthotha—Fu—Ffae—Ffaa
2a (18) _ 2( 02 fo,—z )+ f—1,1 + fo,l + f1,1 — f—l,—l B fo,-l — fl,—l C
(12) 2( 2,0 _f-2,0)+ 1,1 + 1,0 + fl,—l - f—l,l _f—l,o _f-l,—l
2a (19) _ fo,z +f—1,1 +f0,1 + 11 _f—l,—l _fo,—l _fl,—l _fo,—z D
(12) fz,o + f1,1 +f1,o + f1,71 _f—l,l - f—l,O _f—l,—l - ffz,o
{2(f—1,2 +fo,z + 1,2 _f—l,—z _fo,—z _fl,—z)+f—2,1 +f—1,1 4}
aﬁ a8) +fat St =SS So—fia— fa e
(20) {2@[2,1 + fz,o + f2,—1 - f—2,1 _f—z,o - f—2,—1)+ fl,z + f1,1 "}
+ fl,o + f1,71 + fi,—z _f—l,2 - f71,1 - f—l,O _f—l,—l - f—l,—2
[f 1,2 +fo,2 + f1,2 _f—l,—z _fo,fz _.fl,—z +f72,1 + f—l,] +J
aﬁ (19) St St =SS Soa—fia— fo .
(20) [ 21 +f20 +f2 . _f—2,1 _f_z,o _f—2,—1 that St J
+f10 +f1 -1 +f1 -2 f—l,z _f—l,l _f—l,O _f—l,—l _f—l,—z
|:2 fzz +f71 2 +f02 +f1 ) +f22 _ffz,fz _f—l,—2 _f(),a _ﬁ,—z _f2,2)+:|
2aﬁ (18) +f21+f11+f01+f11+f21 f—z,—l_f—l,—l_fo,—l_fi,—l_ﬁ,1 G
(24) {2 fzz +le +fzo +f2 4 +f2 ) ffz,z _f—z,l _ffz,o _f—Z,—l _fz,z)"}
+f1 2 +f|1 +f| 0 +f1 -1 +f1 -2 f—1,2 _f71,1 _ffl,o _f—l,—l _f—l,—z
(fz,z +f71,2 + fo,z +f1,2 +f2,2 _ffz,fz _f—l,—Z _fo,fz _fi,—z _fz,fz +j
2aﬁ 19y |= +f72,1 +f71,1 +fo,1 +f1,1 +f2,1 _f—Z,—l _f—l,—l _f;),—l _ﬁ,—l _f‘Z,—l H
(24) [fn + fz,l + fz,o + fz,—1 + fz,—z - f-z,z - f-2,1 - f-z,o _f—2,—1 _f—z,-z +J
+ 1,2 + 1,1 + 1,0 + 1,-1 +f1,—2 _f—l,z _f—l,l _f—l,O _f—l,—l _f—l,—2

Deviation of the grain interface direction calcu-
lated by above equations leads to the divergence
between the simulated grain shapes and shape of the
grain obtained in the stiff circle test, presented in
figure 1c. The results of the weak circle test are plot-
ted in figure 2. It is clear that the governing equation
for interface direction estimation may be the source
of the artificial anisotropy of simulation results con-
nected with a CA lattice anisotropy. The minimal
distortion gives the equation E, table 1 (implementa-

tion of equation (18) for the surroundings of a a\E
radius and 20 cells neighborhood).

Ri,j:\/(i_iN)2+(j_jN)2 + -0.5

For the perfect solution the nominal grain radius
should increase from 1 to 101 lattice spacing in the
test condition. The tests results in the quantitative
form are presented in table 2. There are the next
precision marks of the tested equations: differences
between minimal, maximal and mean value of radius
obtained in testing and the appropriate value ob-
tained in the stiff circle test. The quantitative rating
presented in the table 2 is consistent with figure 2.
The implementation E (table 2) gives the best preci-
sion of the grain radius estimation (the minimal

1)
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standard deviation of relative radius 0.24 in com-
parison with 0.13 in the stiff circle test). In this case
the divergence of the grain interface direction from
theoretical one is no higher then 2.6°. It is the mini-
mal value of direction error for all tested equations.
This equation provides to the most homogeneous
results (as it is illustrated in figure 2e) and to the
minimal standard deviation of direction divergence
equal to 0.64°.

9@
9.9

5. CONCLUSIONS

The source of artificial anisotropy of solidifica-
tion modeling by the CA can be governing equations
of the solidification rate and the interface direction
calculation.

The weak circle test is proposed for the verifica-

90
ol

Fig. 2. The grain shapes obtained in the weak circle test of the growth direction governing equations (implementations — see table 1).

Table 2. The results of the test of the surface direction govern-
ing equations.

Radii (R/a) Radius Angle diver
standard gence (deg.)
Test .
. deviation standard
min max | mean max L
(o/a) deviation

base values — stiff circle test

[1004 [ 1010 ] 1008 ] 013 | — [ -

weak circle test

A |96.0 101.0 | 98.2 1.60 24.7 7.23
B 1004 | 104.6 | 102.2 1.28 13.1 3.50
C |96.1 101.0 | 98.2 1.57 24.1 7.06
D | 979 101.0 | 994 0.93 15.2 4.30
E [100.3 | 101.1 | 100.7 0.24 2.6 0.64
F 11004 | 103.2 | 101.7 0.84 8.4 2.27
G | 98.6 101.1 | 100.0 0.85 12.7 3.28
H 1004 | 1029 | 101.5 0.73 6.4 1.87

For the E and G cases (equation 18, table 2) for
the larger neighborhood the worse accuracy is ob-
tained. The results of equation (19) are better for 24-
cells neighborhood (case H) then for 20-cells one
(case F), but precision of this equation is still worse
then for case E. From the above calculations is visi-
ble that the obvious influence of larger neighbor-
hood is not clear-cut.

tion of the growth direction governing equations in
solidification modeling by cellular automata method.

The equation E in table 1 gives the maximal pre-
cision of growth direction estimation and produces
the minimal anisotropy of simulation results.
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PROBLEM SZTUCZNEJ ANIZOTROPIL

W MODELOWANIU KRYSTALIZACJI

Z. WYKORZYSTANIEM AUTOMATOW
KOMORKOWYCH

Streszczenie

Modelowanie krystalizacji ziaren dendrytycznych z wyko-
rzystaniem automatéw komorkowych (AK) pozwala uwzgled-
ni¢ szereg zjawisk: zmiang temperatury rownowagi termody-
namicznej na granicy faz pod wpltywem zmiany lokalnego
sktadu chemicznego w wyniku redystrybucji i dyfuzji sktadni-
koéw, przeptyw ciepta, wpltyw krzywizny granicy migdzyfazo-
wej 1 jej energii powierzchniowej. Niestety, wigkszo$¢ ze
znanych dotychczas rozwigzan generuje sztuczna symetrig
wynikow modelowania, ktéra odzwierciedla w wigkszym
stopniu anizotropi¢ stosowanej siatki obliczeniowej, anizeli
wlasciwosci modelowanych substancji. W pracy udowodnio-
no, ze przyczyny sztucznej symetrii maja zwiazek ze stosowa-
nymi metodami obliczenia szybkosci przemiany fazowej i
kierunku migracji granicy migdzyfazowej. Przedstawiono
sposOb wyznaczania ocen dokladnos$ci tych metod. Na posta-
wie opracowanej procedury oceny wybrano metody i rowna-
nia, zapewniajace najwyzsza precyzje¢ i minimalny poziom
sztucznej anizotropii wynikdw modelowania.
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