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Abstract 
 

A new approach to model heat transfer between two bodies in mechanical contact is presented. The proposed method 
is inspired on the “mortar method”, more frequently used for mechanical contact, and its development was triggered by 
the necessity of correctly modelling the heat transfer between glass and moulds in glass forming processes due to the 
large dependence of glass viscosity on temperature. Typically, when modelling these processes with the finite element 
method a moving mesh, attached to the deforming glass, deals with the mechanical and thermal problems in the glass. In 
the moulds due to the low pressures involved only the heat transfer problem is usually addressed and consequently the 
same mesh is kept throughout the modelling process. In the proposed method a virtual interface, the “mortar”, is estab-
lished between the two bodies to deal with the heat transfer between them. A master/slave strategy, combined with a pen-
alty formulation, is used. Interface elements are established in the discretisation of the “mortar” surface, in which the 
nodes are projection of the interface nodes of the two bodies. The heat flux between the two bodies is obtained from the 
interpolation of the temperatures of the two bodies at the interface and the heat transfer coefficient may be evaluated from 
the contact pressure and viscosity on the slave body. As a result a more effective thermal contact solution is obtained and 
dependence on the chosen meshes and spurious oscillations, which are typical in standard penalty formulations, are 
avoided. 
 
Key words: thermal contact, heat resistance, mortar method, glass forming 

 
 
 

1. INTRODUCTION 

The study presented here was triggered by the 
necessity of correctly modelling the heat transfer 
between glass and moulds in forming processes due 
to the large dependence of glass viscosity on tem-
perature (César de Sá et al, 1986, 1999, 2002). 
Forming processes of glass containers are complex 
coupled thermal/mechanical problem with interac-
tion between the heat transfer analysis and the vis-
cous flow of molten glass. Typically, in these proc-
esses, initially a lump of molten glass, at tempera-

tures close to 1200ºC is fed from a furnace to a 
mould where by means of a plunger or air pressure 
the blank is formed. Subsequently the blank is in-
serted in a final mould in which by a blow pressure 
the final product is obtained with a temperature dis-
tribution that may range between 500ºC to 700ºC 
depending on the final shape or the type or colour of 
the glass in use. These main stages are schematically 
represented in figure 1. 
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Figure 1. Schematic representation of forming of a glass con-
tainer 

Although this process is very fast, taking only a 
few seconds, the transfer of heat and change of vis-
cosity play a fundamental role. The changes in tem-
perature influence the very process of heat transfer 
since the thermal properties of glass change with 
temperature. On the other hand the great dependence 
of glass viscosity with the temperature (ranging from 
102Pa·s to 1062 Pa·s in the interval of forming tem-
peratures) influences dramatically the flow of the 
material and therefore the final product. 

The control of the temperature distribution in 
blank and blow moulds used in the hollow glass 
industry is therefore a key factor in the making of 
high quality containers and once mastered is a deci-
sive aspect in the innovation and economy produc-
tion. In fact any disturbance in the “ideal” tempera-
ture pattern may result in a defective product with, 
for example, an uneven glass distribution, figure 2, 
or an unfavourable residual stress distribution.  

 

 
Figure 2. Different glass distributions due to different process 
conditions 

One of the key aspects affecting the temperature 
distribution is the control of the heat flux from the 
glass to the blank and blow moulds (Pchelyakov & 
Guloyan, 1985; Storck et al., 1998, Keijts & van der 
Werff, 2001). Locally this heat flux is a function of 
the heat contact resistance resulting from the exis-

tence of a thin gap between the glass and the 
moulds. This gap consists of air and combustion 
products from the mould lubricant whose effective 
conductivity depends on the local pressure and vis-
cosity. In fact the higher the pressure the lesser is the 
heat contact resistance. Also as the viscosity in-
creases, with the cooling of the mould, the contact 
becomes less perfect and the contact resistance in-
creases. It is remarkable that only approximately 
60% of the theoretical heat flux, if no contact resis-
tance existed, enters, for example, cast iron moulds. 
In industry this problem is generally not addressed 
as it is difficult to handle and therefore the possibil-
ity of numerically being able to model it would be 
an important step forward.  

Recently, (Grégoire et al., 2006), an interface fi-
nite element was developed in order to deal with the 
thermal contact between glass and moulds in glass 
forming processes and implemented in a commercial 
code (Abaqus). This element had however some 
limitations due to the fact that not all the desired 
features could be included as some restrictions are 
posed by the commercial code handling. In order to 
solve those limitations a new interface element is 
here presented. The element is inspired in the mortar 
method developed for mechanical contact (El-
Abbasi & Bathe, 2001; Wriggers, 2002), and is ad-
dressed for the coupled problem described and with 
application on press and blow production of hollow 
glass containers. In this work some tests are per-
formed to evaluate its robustness. 

2. MORTAR METHOD FOR HEAT 
RESISTANCE MODELLING 

There are two main problems when dealing with 
the heat transfer between two bodies that come into 
contact. The first one is the fact that the heat flux 
between the two bodies may depend on the contact 
pressure. That is clearly the case of the thermal con-
tact between glass and moulds in glass forming 
processes in which, as referred before, other phe-
nomena like the local glass viscosity, and therefore 
local glass temperature, play also an important role. 
The second one is the fact that, to enforce thermal 
contact restraints in the discretised form of the gov-
erning equations that describe the phenomenon, 
problems associated to the use of non-matching 
meshes for the two bodies may result in poor and/or 
unstable solutions. Also an over constrained patho-
logical numerical behaviour, which is typical when 
constraints are imposed using weak formulations, 
may occur when certain conditions, like the Ba-



 INFORMATYKA W TECHNOLOGII MATERIAŁÓW 

 – 173 – 

C
O

M
PU

TE
R 

M
ET

H
O

D
S 

IN
 M

A
TE

RI
A

LS
 S

C
IE

N
C

E 

buska–Brezzi or the inf-sup conditions are not satis-
fied, (El-Abbasi & Bathe, 2001; Wriggers, 2002). 
This problem has been circumvented, for mechanical 
contact, by means of the master/slave formulations 
or the so-called Mortar Method (McDevitt & 
Laursen, 2000; Wohlmuth, 2000). In this last 
method, between the master and the slave bodies, an 
intermediate surface is considered in which the con-
straint is imposed. Inspired in this method a solution 
for the heat thermal contact is sought in the next 
paragraphs. 

Suppose two bodies Ω1 and Ω2 moving towards 
each other, in which heat transfer phenomena are 
taking place, as schematically represented in figure 
3. Let us assume that ki=1,2 and Ωi=1,2 are the corre-
sponding conductivities and heat source terms in the 
two bodies, that Ta is the ambient temperature, that 
in part of the boundaries, Γτ,i=1,2, essential boundary 
conditions (temperatures) are prescribed and in part 
of the boundaries, Γα,i=1,2, natural boundary condi-
tions (heat flux to the surrounding air) occur, with 
corresponding heat transfer coefficients hα,i=1,2. 
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Figure 3. Two bodies before contact. 

If radiation effects are neglected and a Lagran-
gian discretisation (mesh) is adopted to model the 
two bodies the convective terms may be neglected 
and the heat diffusion may be obtained, for a set of 
essential boundary conditions and for each time step, 
from the variational principle associated with the 
following functional, (Grégoire et al., 2006):  

( )
i

21
i i i i i i2 k  T Q  T    d

Ω Γ

Π Ω= ∇ − +∫

 ( )( )
,i

21
,i i a2 i=1,2h T T  d ,         

α

α
Γ

Γ−∫  (1) 

When contact is made, as in figure 4, the heat 
transfer in the two bodies is constrained by the ther-
mal conditions in the contact zone.  
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Figure 4. Two bodies after contact. 

Inspired in the mortar method we may assume 
that the system is equivalent to two virtual non-
contacting bodies, as in figure 5, in which in the 
surfaces Γχ,i=1,2 corresponding to the original contact 
surface the two bodies are insulated, plus a virtual 
surface Γχ, corresponding to the original contact 
zone, in which the heat transfer between the two 
bodies is taking place. 
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Figure 5. “Mortar” surface after contact of the two bodies. 

The variational principle may now be obtained 
from original functional including the restraint in a 
penalised form: 

 ( )21
p 1 2 1 22 h T T  d

χ

χ
Γ

Π Π Π Γ= + + −∫  (2) 

The penalty term hχ may be identified with the 
heat transfer coefficient between the surfaces in 
contact, (Grégoire et al., 2006), and may be set, lo-
cally, as a function of pressure and/or viscosity and 
allows for the possibility of having a discontinuity 
between the temperatures in the glass and the mould 
at the interface. 
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3. MORTAR INTERFACE ELEMENT 

The thermal contact is associated with the me-
chanical contact which is typically dealt with the 
Lagrange multiplier or penalty methods. To avoid 
over constrained solutions in the discretised problem 
usually a master/slave strategy is used in which the 
mesh of the slave body is more refined to prevent 
penetration from the master body (Wriggers, 2002). 
In the case of glass forming problems, in principle, 
the obvious solution for the slave side is the glass, 
where the deformation occurs and consequently 
requiring a finer mesh and remeshing operations. In 
the mould, as the forming pressures are very low, 
only the heat transfer problem is important and the 
initial mesh remains the same during the simulation 
of the process, making it the obvious choice for the 
master side.  

Nevertheless, in many applications the existence 
of curved zones with small radius of curvature im-
poses, locally, fine meshes in the moulds. Also, dur-
ing the forming simulation, the elements on the glass 
may be highly stretched, meaning that at the contact 
zones the slave mesh may be coarser then the master 
one. Then, at those locations the heat transfer will 
not be well captured which is an important weakness 
due to the high dependence of glass viscosity on the 
temperature.  

When discretising the variational principle asso-
ciated to equation (2), within a finite element 
framework, the meshes representing the two bodies 
usually do not match at the interface. According to 
what was previously assumed in section 2, no 
boundary conditions are imposed at the contact areas 
for the two meshes, i.e., they are assumed to be insu-
lated. The heat transfer between the two bodies, 
represented in equation (2) by the third term of the 
right hand side, is dealt with interface elements that 

are defined in the virtual mortar interface, as in fig-
ure 6. They are therefore formulated from the discre-
tisation of the following terms obtained from the 
first variation on equation (2):  

( ) ( )1 2 1 1 2 2... h T T  T  d h T T  T  d ...
χ χ

χ χ
Γ Γ

δ Γ δ Γ− − −∫ ∫
  (3) 
using the standard finite element procedures. 

The nodes of these “mortar” elements are ob-
tained from the projection of the interface nodes of 
the meshes representing the two bodies. In the defi-
nition of the element temperatures and properties the 
following strategy is followed: 
i) in the nodes obtained from the projection of the 
nodes of the mesh of the slave body ( 1Ω ): 

− temperatures ( 1T ) are constrained to have 
the same temperatures as the corresponding 
ones in the mesh of the slave body ( 1Ω ); 

− pressure values and viscosity used to evalu-
ate hχ  are prescribed to be those obtained in 

the corresponding nodes of the slave body 
( 1Ω ); 

− temperatures ( 2T ) are interpolated from the 

mesh of the master body ( 2Ω ); 
ii) in the nodes obtained 
from the projection of the 
nodes of the mesh of the 
master body( 2Ω ): 

− temperatures ( 1T ) 
are interpolated 
from the mesh of 
the slave body 
( 1Ω ); 

− pressure values 
and viscosity used 
to evaluate hχ  are 

interpolated from 
the mesh of the slave body ( 1Ω ); 

− temperatures ( 2T ) are constrained to have 
the same temperatures as the corresponding 
ones in the mesh of the master body ( 2Ω ); 

The described procedure results in a more effec-
tive thermal contact solution avoiding “double pass 
strategies” (Wriggers, 2002) and consequent over 
constrained problems. 

 

constrained 
temperatures

interpolated 
temperatures

master

slave

mortar

 
Figure 6. Intermediate surface (mortar) mesh between slave and master meshes. 
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4. ASSESSMENT OF THE PROPOSED 
METHOD 

A simple example, in which a cylinder of crystal 
glass at the temperature of 1150ºC is put into contact 
with a steel (XC38) cylinder at the temperature of 
485ºC, see figure 7, was used to test the proposed 
method in modelling thermal contact. The cylinders 
are insulated to the surrounding ambient. The ther-
mal properties of the glass and steel are described in 
table 1. 

The “mortar” element was implemented in a com-
mercial code (Abaqus), by means of a user subroutine 
facility, in order to better assess its performance.  

Z 

r 

Glass (1150°C) 

 
 
Steel (485°C) 

10mm 

10mm 

30mm 

 

Figure 7. Geometry of glass and steel cylinders (axi-symmetry 
relative to Z- axis). 

 Glass (crystal) 
at 1150°C 

Steel (XC38) 
at 485°C 

Thermal conductivity  
(W/m/°C) 2.77 37 

Specific heat (J/kg/°C) 1282 620 

Density (kg/m3) 2500 7800 

Table 1. Glass and steel thermal properties. 

A set of different situations was used, including 
simulations with coarse and fine meshes for situa-
tions with conforming and non-conforming meshes 
at the interface, and, in particular, the critical situa-
tion where a coarser mesh is at the slave side. The 
reference cases for comparison are chosen to be the 
solutions with conforming meshes. Three types of 
meshes were used and are represented in figure 8.  

 (a) 

 
(b) 

 
(c) 

 

 
Figure 8. Meshes: (a) Conforming meshes – (b) and (c)  Non-
conforming meshes. 

In order to compare solutions with and without 
the interface element a constant heat transfer coeffi-

cient of 5000 W/m²/°C is 
adopted at the interface, as it 
was not possible to deal with a 
pressure and temperature de-
pendence in the commercial 
code without including the 
interface element.  

 
4.1. Solution without the 
“mortar” element 

 
Using only the commercial 

code the dependence on the 
choice of the master and slave 
surfaces is evident as shown in 

 
Figure 9. Solution with Abaqus. Temperature evolution for two points in the steel cylinder. 
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 figures 9 and 10 
where the tempera-
tures for two points at 
the interface in the 
first 10 s, both on the 
glass and steel side, 
are represented. It is 
clear that when the 
coarse mesh is used 
on the glass side (the 
slave body) the tem-
perature evolution 
departs from the ref-
erence solution (with 
conforming meshes) 
both on the glass and 
steel sides at the in-
terface. 
 
4.2. Solution  
 including the 
 “mortar”  
 element 

 
By including the 

“mortar” element in 
the commercial code 
it is possible to have a 
coarser mesh on the 
slave side. This is 
shown in figures 11 
and 12 where the 
temperature evolu-
tions for the same 
two points at the in-
terface as in the pre-
vious test, are repre-
sented for the first 10 
s. In all cases the 
solutions totally agree 
with the reference 
solution (with con-
forming meshes).  

The inclusion of 
the “mortar” element 
also eliminates spuri-
ous oscillations of the 
temperatures at the 
interface that are 
present in the stan-
dard solution of the 
commercial code 

 

 
Figure 10. Solution with Abaqus. Temperature evolution for two points in the glass cylinder. 

 
Figure 11. Solution with the mortar element. Temperature evolution for two points in the steel cylin-
der. 

 
Figure 12. Solution with the mortar element. Temperature evolution for two points in the glass cylin-
der. 
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even if a fine mesh is used on the slave side. In the 
solution with the “mortar” element, as shown in 
figure 13 the temperature is constant along the con-
tact surface at each instant, as expected, while using 
only the commercial code, even with a finer mesh in 
the slave side, spurious temperature oscillations are 
present for both a thermomecanical solution, i.e., not 
neglecting the self weight, or a pure heat transfer 
analysis.  

5. CONCLUSIONS  

A new approach to heat contact between two 
bodies was developed based on the Mortar Method 
usually associated with the mechanical contact. The 
method is particularly useful when the discretisa-
tions of the bodies do not fit at the contact interface. 
The proposed solution proved to be very efficient in 
dealing with non matching meshes even in cases 
where the finite element mesh on the slave side is 
coarser than the mesh in the master side eliminating 
dependence on the chosen meshes and avoiding 
oscillations which are typical in standard penalty 
formulations.  

This study was triggered by the necessity of cor-
rectly modelling the heat transfer between glass and 
moulds in forming processes due to the large de-
pendence of glass viscosity on temperature. Never-
theless its range of application is general, i.e., it may 
be utilised in any type of thermal contact problem 
and it will be particularly useful whenever thermal 
contact is a decisive process parameter.  
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