> T
A g
> g
o 5
— @
- T
o)
[
72}
@

COMPUTER METHODS IN MATERIALS SCIENCE

Informatyka w Technologii Materiatéw

Vol. 6, 2006, No 1

KINETICS OF HYDROGEN ABSORPTION IN GETTER
MATERIALS FOR A CYLINDRICAL TANK:
ANALYTICAL AND NUMERICAL RESOLUTIONS

GERMAIN GONDOR", RACHID LAYDIb, CHRISTIAN LEXCELLENT™

* Institut FEMTO-ST, Département de Mécanique Appliquée,
Université de Franche-Comté
24 chemin de I'Epitaphe, 25000 Besangon, France
® Ecole Nationale Supérieure de Mécanique et des Microtechniques (ENSMM),
Service Mathématique
26 chemin de I'Epitaphe, 25000 Besangon, France
" corresponding author: christian.lexcellent@univ-fcomte. fr

Abstract

The kinetics of hydrogen absorption in getter materials is studied. The dissociation of hydrogen molecules on the
surface, penetration of hydrogen atoms into the material and bulk diffusion are taken into account. This paper extended
the investigation on a wall (1D Cartesian case) performed by Liu et al. to a hollow cylinder more closed to technological
application. The resolution of the equation system is solved in an analytical way (Bessel and Euler functions included) or
by finite difference methods (Explicit and Implicit schemes are described). For a given time period, the filling rate of hy-

drogen absorbed in the container can be estimated.
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1. INTRODUCTION

Nowadays, a new challenge is to find and de-
velop other alternative energy sources than petrol
one which increases global warming of the earth.
One solution can be the hydrogen storage. Hydrogen
can be stocked in its gas state under high pressure
(until 700 bar) but the problems of safety, mechani-
cal efficiency of the tank must be solved. Another
way can be the solid storage of hydrogen inside
some intermetallics (Lanthanides, Magnesium...).

A layer of intermetallics can be also used as a
getter material in an hybrid tank containing hydro-
gen gas under pressure. This paper will describe the
kinetics of hydrogen absorption in a getter material.
Chou et al. (2004) or Li at al. (2004) have described

the hydriding kinetics in an intermetallic compound
ball using only bulk diffusion. Complementary to
their analysis, three processes are taken into account
in the present model: molecular dissociative chemi-
sorption on the sample surface, atomic penetration
from the surface to the bulk and diffusion in the
body.

In fact, Liu et al (2004) solved the problem in
one-dimensional situation for a wall (cartesian coor-
dinates). We extend their investigation to the case of
a hollow cylinder (cylindrical coordinates) for hy-
drogen storage.

The resolution of the system of equation is done
by different ways. One part is devoted to analytical
resolutions by the spectral method where the cases
of Bessel and Euler functions are pointed out. An-
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other part deals with a numerical resolution by finite
difference method. Concerning this part, new ex-
plicit and implicit schemes taken into account
boundary conditions are given for the finite differ-
ence method.

2. GETTER MODEL (LIU ET AL 2004)

At first, pumping H, gas by bulk getters involves
dissociation of hydrogen molecule on the surface,
penetration of hydrogen atoms into the materials as
interstitials ones, and formation of H-metal com-
pound in the form of a solid solution. The phase
transformation associated to the hydride formation
during the hydrogen storage (Schwarz and
Khachaturyan 1995, 2006) is not taken into account
in the present model.
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Figure 1. Schematic diagram of a bulk getter. f1 - the incident
flux of gaseous molecular hydrogen, f1 - the flux of desorbing
atoms, f 5 - the flux from the surface into bulk, f 2 - the back-
ward flux from bulk to surface, ¥, - interior ray of the cylinder

and ¥ exterior ray of the cylinder.

Here, in figure 1, one considers a cylindrical get-
ter sample (7,,7,) which is mounted on a non-

dissolving hydrogen substrate7 =r,. The surface

1 =1, is submitted to the gas pressure p,

2.1. Chemisorption

The interaction of a molecule H, with a metal
surface is a typical chemical process. The energy of

dissociation of Hy: £, of the order of 432 kJ/mol is
smaller than the chemisorption energy which varies
between 500 and 600 kJ/mol depending of the in-

volved metal (Carter and Carnish, 2001). So a frac-
tion of H, molecules hitting the surface will dissoci-

ate into two atoms H and becomes chemisorbed. The
chemical reaction can be described in a simple way:
ky

—
=

ky

where S represents the absorbing site, k,, k, ad-

H,+2S 2(H-S5) (1

sorption, desorption rates per unit surface area.
If @stands for the surface coverage or the
atomic fraction of H atoms on the surface, the inci-

dent molecular flux f; hitting on the surface can be

expressed as:

fi=k(1-0)p, )
and the out-going atomic flux f1 by :
fi =ko’ (3)

Hence, the rate of hydrogen dissociative chemi-
sorption can be written as:

vchem zkl(l_g)sz2 _k£92 (4)

2.2. Penetration

The penetration of H atoms can be described by
the expression:

k,
B+H-S) = S+H-B) %)
k,
where B vacant site in the subsurface
layer
(H-B) the hydrogen atom dissolved in
the matrix
k,, k, reaction constants in the forward

and backward directions respec-
tively
Let ¢, the bulk atomic concentration near the
surface. It can be considered as the hydrogen atomic
concentration in the subsurface layer (number of
hydrogen atoms per metal atoms).
In reference to figure 1, the penetration flux f,

from the surface to the bulk can be written as:

fr =k,0(-c,) (6)
and the reverse flux :
fo =k, 1=0)c, 7
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Hence, the transfer rate of hydrogen atom from the
surface phase to the bulk is:

—k,0(1-c)—k, 1-0)c, (8

v pen

In the region near the surface layer, the sum of the
flux is just balanced by the change of surface cover-
age:

ig:hﬂ—ﬁfmh—ﬁﬁ—kﬁﬂ—q)+@ﬂ—9ks

dt
)

Finally, when the surface and subsurface layer can-
not dissolve hydrogen anymorev

chem — vpen = O’
equilibrium between chemisorption, surface penetra-
tion and diffusion into the bulk is reached and hy-
drogen uptake in the getter is saturated. From eq (8),

the saturated concentration c, in the subsurface

§,max

layer is obtained under condition

Voen (€ = € ) = 0, it gives:

§,max

k,0

CS max = o N A (10)
e (1= 0) + e,

During the surface chemisorption process, ac-
cording to the Langmuir isothermal curve (Gao and

Cui 1983), v,,,(0,p,, =p,)=0, the surface

coverage @ is given by :

0= '\/Klpeq
l+JKlpeq

where p,, is the equilibrium pressure of dissocia-

(11

tion and K, =k, / k| . One has to note that the con-
stant gas pressure p, applied in experiment is larger
than p,, . Generally, @ is determined by the chemi-

sorption kinetics which depends on the getter mate-
rial, absorbed gas, outer surface status and room
conditions.

2.3. Diffusion

At low hydrogen content in the getter material,
the spatial and the time behaviors of H atoms are
characterized by the diffusion equation:

oc

—=A(Dc),and t >0

ot (12)

with A is the Laplacian operator and ¢ the time.

In 2D cylindrical coordinates with r the radius
vector (r €]y, 1 ):

2
G _pfloc, o
ot ror Or

If no absorption occurs up to ¢ = 0, the initial condi-

(13)

tion is:

c(r,t=0)=0 (14)

Because the substrate does not dissolve hydrogen,
the boundary condition at 7 = 7; can be written as:

). -
87" r=n

In the sub-surface layer of getter material (bulk
phase), the H diffusion flux is determined by the
penetration rate of atoms chemisorbed on the surface

(15)

into the bulk. So the boundary condition at 7 =7, is:

a

0 ,
—Dﬂﬁ) = k0(1—c,)—k,(1-O)c,a
or )., (16)
nd ¢, represents ¢ on the subsurface
Substituting equation (10) in equation (16), the

boundary condition can be written as

_D(ac(r,t)) _ kzﬁ[l— c, j
67’ r=ry cs,max

Before solving the differential equation, a series
of physical quantities must be normalized in terms
of dimensionless parameters.

)

Let:
2="0and Q=101 (18)
h
p=—3s0 pe) (19)
h
T= 2; (20)
Ul
| c(p,t
¢ (p.r) =220 @)
The new system can be written as:
, Do
ge 1o  o¢ 22)
or pop Op
¢(p0)=0, pelil] (23)

Ll
Q
Z
=
Q
n
%)
—
<
&2
=
<
=
Z
%]
a
)
T
5
=
e~
=
-
(-9
S
V)




28]
O
Z
=
O
%]
(%]
—l
<
&2
=
<
=
Z
%]
a
)
I
&
=
[~
d
=
=}
[
=
Q
)

INFORMATYKA W TECHNOLOGI MATERIALOW

LS - (24)
op o
gl _ ~h(1-c) (25)
p|,.
p=A
with p = Lo (26)
Dc

§,max

It is obvious that /# almost covers all the important
parameters of the hydrogen kinetics uptake. This
parameter contains k,and @ involved in chemisorp-

tion kinetics, ¢ and the diffusion coefficient D,

§,max

which can be written, in a classical way, as :

D =D, exp(— ij

RT @7

where E,, represents the bulk hydrogen diffusion

activation energy in the intermetallic, R is gas con-
stant and T stands for the temperature (in Kelvin
degree).

The hydrogen quantity absorbed in the material
can be estimated by

0(0) = _c(p.r)dp (28)
and the hydrogen rate absorption is delivered by
dQ
V,(r)=— 29
o(7) 17 29)

3. RESOLUTION OF THE SYSTEM OF
EQUATIONS

In such a system including the “Fick™ diffusion
equation with initial condition and boundary condi-
tions, there is two ways of resolution. At first a re-
search of some analytical solution and secondly the
finite difference method can be used. We will de-
velop these two methods and show that finally the
obtained results are very closed.

For each case, for stability or homogeneity rea-
sons, we decide to work on the complementary part

of ¢ versus 1

E(p,T)=1—C'(p,T) (30)

The new system can be written as

_ — 2—
ge 10,07 (e (1)
ot pop Oop

c(p0)=1, peQ (32)
P _gvrso0 33)
op -
CPDN L hem0vr>0  (34)
op -

Laydi in (Laydi 2006) establishes some qualitive
results:
— The problem solution ¢ is not negative
— The problem solution ¢ decreases with / de-
creasing
— The solution ¢ can be bounded by

0<c< %(1 + A" )exp(— ar) (35)
a=2y()-7(p)" (36)
With
,04
r(p) =" [4-51n(op) + 21n* (op)] +
21y (37)
‘ p_{_ ~In(op)+In*(op) - Zw}
212
o= lexp L and
A Ah
1 (38)
o=~ (E ~In(oA )+ In? (o%)j
This bounding solution proves that
lim_, c(p,7)=0, Vpe[4l] (39)
and
-1
r<tmld EJ”I (40)
a \2{c(p,7)

Hence, for example, ¢ decreases by 50% (it means
that hydrogen concentration cin the container in-
creases by 50%) during a time maximum equal to:

T < éln(l +27)

(41)

3.1. Analytical investigation: spectral method

The spectral method is a classical one of variable
separation (for instance 7 and p) and permits to

find the problem solution ¢ as a series:
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c(p,7t)= Zw:ci(r)l//i(p) (42)

where the functions {l//i }ieN constitutes a basis of
eigenfunctions of the second order differential op-

erator on Q).

thonormal Hilbertian basis in H ;= L, (Q) for the

The w,functions represent an or-

scalar product topology:
— 4
<u,v>§ = Igp uvdp (43)

The problem is to find series
.7, )}ie v € H xR solution of the system

(44):

d’y, 1dy =
-——t—-——"t=n e
dp’  p dp mp v, P
dy,
_%4'}”//1': p=7
[c)lw (44)
—=0 p=1
dp
<V/i’l//k>§ =04 VkeN

with 6 the Kronecker matrix. Moreover, the
system delivers:

© de.
;d_ii<‘//i"//j>l +Cj77j =0

VjeN (45)
¢;(0)= <1"//j>§ =8

Cutting out the equation of the system is possi-
ble only 1f<(,yi,l,//j>§:l =0,
This case with £ =1 corresponds to the Bessel

equation but if the system resolution (44) can be
processed in an explicit way, the calculation of ei-

genfunctions y/; is not trivial. Another useful case

constitutes the Euler equations (4 =-—1) where

calculation of eigenfunctions is easy, but the system
(45) is coupled.

3.1.1. Resolution with Bessel equations

In fact, withd =1, the system (45) becomes

very simple:

de,
E + Cjﬂj =0
VjeN (46)
¢, (0) =§;
The solution is
c;(r)=g, exp(— njr) (47)

One has to indicate that 7 expression is well

known:
l//,»(p)=7,Jo( njp)w,-Yo( 77,-/3) (48)

where J|, is a first kind Bessel function of v order

and Y, a second kind Bessel function of v order.

But the boundaries conditions turn the calculations
to be a little cumbersome and hence the determina-
tion of eigenfunctions.

3.1.2. Euler equations

As said previously, this choice corresponds

tod =-1:

ay,
dp

2 d’y, +

+ny. =0 49
dp2 p 771'1”1 ( )

o,

The general solution is

v, (p) =, sinly7, In(0) )+ @, coslyn, In(p))

(50)

The calculation of eigenfunctions is very simple in
comparison with the Bessel case:

dv.
(Lj =0 = ay,; = 0 (51)
dp -

(52)

@[— sin(\/iy_iln(p))]— hcos(\/n_iln(p)): 0

The /7, values are obtained with the knowledge of

the roots of the equation

tan(z,) = s (53)

Z.

1

for z, = =/, In( A) > 0 and
B =-hiln(1)>0
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The roots z; are bounded

0<z, = —af1 In(A)< % (54)

%+(i—l)7r<zi —\/n_oln(l)<%+i7t (55)

Lastly, Vi € N, one obtains:

v.(p)= d[% cos(\/n_l. ln(p)) (56)

1. (1 1 1
d, =—In| — |+ —=] sin| 2/, In| — (57)
2 (p] 4\/77,{ [ ! (pm

3.2 Finite difference method
3.2.1. Spatial discretization

Two discretizations are done, first a spatial one
in (2 and further a temporal one in [O,Z'].

o 1-1
Let p,=A+i6,,i=0,...,n+1land o, =
n+1
(figure 2)
Qo Q1 P2 fs '21 '21“ Q1
A o 1

Figure 2. Spatial discretization of the bulk getter

One has to examine the general conditions e.g.
differential diffusion equation for i =1,...n and the

two boundary conditions: i =0 on one side and
i = n+1 on the other side.

In order to examine the general condition, the
following operator is introduced:

2— —_
L.(©) :(—a—c—lé—cj 1<i<n (58)

This result can be written in the mathematical form
as:

A = L(@) + 6,R, (7) (59)

with Rg constitute a vector of residues and

61 _éil‘ _§]+ 0 0
-5 &% - 00
Ao 0 60)
- . . 0
_§;—1 gn—l _gr:r—l
&% 0 g

represents the property of monotony. It means that

471 exists and (éfl )(i 2 0. A table (table.1) can be
given to explicit&,, & and & values:

Table 1. Table of constant for explicit and implicit schemes

& ¢ &
1(h 1 . h 1
= — —+— +&+
i=1 5[2+ lj St 26. 457
. . 1 11
2<i<n-1 5732 f;: +C_,E {552 p[ﬁ]
~ 1 1
L= 45? 45? x

3.2.2. Temporal discretization

The temporal discretization can be carried out in
an explicit or an implicit scheme. The adimensional

temporal domain is [0, T]. Let be 7,=jo, with

T

5= (figure 3).
m+1

-
e
»

41

N Al
L
L

S e

(=5
=

Figure 3. Temporal discretization of hydrogen absorption.

In an explicit scheme, the equation system is:

5‘j+1 — (i_é‘ré)zj
foreach j=1,---,m  (61)
=g
with i the identity matrix and g defined by (45).

One can demonstrate a sufficient condition for the
stability which is

0, < 7 S 7
—+ (h + j (62)
5, \" 2
For an implicit scheme,

¢/ ZQEj
foreach j=1,---,m
—»O —_

c =g
2 must be calculated:

D=(1+5.4)" (63)

This method is always stable without conditions
for 6 and o, . In order to analyze the stability, it is

sufficient to observe that
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1+5 A):1>1 (64)
+6.4):1
which gives

lp|. <1 (65)

”2”00 is the “spectral radius” and it can be demon-

strated that this “spectral radius” is strictly inferior
to one.

4. NUMERICAL SIMULATIONS AND
COMPARISON BETWEEN THE
DIFFERENT METHODS

4.1. Analytical and numerical simulation

In fact, to display numerical results, all analyti-
cal solutions are truncated at a finite value of .

P YW (o) (69

To simplify the number of variables, the number
of spatial steps and temporal steps are equal to n

(67)

To analyze the convergence of analytical and
numerical solutions, figure 4 presents the concentra-
tion for different values of nfor 4=0.75, h =1 and
7 =0.5. To estimate the value of the concentration,
the set of equations (35) to (38) leads to
0.77<c<1.

Calculations by the Euler method are significant
for a truncated series with n =4 . Figure 4 shows
that all plots with Euler method for n=4to
n =256 are on the same curve. Figure 4 displays
convergence for the finite difference method with an
implicit scheme. For n>32 concentration is the
same than the concentration given by the Euler
method.

When convergence has occurred, the lower limit
given by equations (35) to (38) are in good agree-
ments with both simulations.

4.2. Concentration; amount and rate of
hydrogen absorption

At given reduced time 7 , if we examine the spa-
tial evolution p € [/1 = 0.75,1] of the hydrogen

concentration, for chosen values of / representing
some ratio between surface penetration and bulk

diffusion, the low/s (4 =0.1) value represents a

predominance of diffusion while the high value
h =10 shows the reverse effect (figure 5). Then,
when diffusion is high (/4 small), the concentration
gradient is low and as a results the concentration is
homogeneous. In the other case, the concentration
on the inner boundary is bigger than on the outer one
while the tank is not completely filled.

As an additive indication, the adimensional time
necessary to reach an hydrogen storage equal to 90%
of the saturated one are respectively 6.2, 0.74 and
0.33for h=0.1, h=1and 2 =10.

The figure 6 shows the high 4 dependence of
the amount of absorbed hydrogen Q as a function

of\/; . The figure 7 exhibits the rate absorption

V,(7) as a function of reduced time 7 for different

h values.
4 Implitcit Method
- —— n=256

e s s s e Easa s s D

EU‘ 6 —— =64

§ = p=32

50‘4’ —

) n=i¢
0.2 —~ p=8§
0.0 T - r ; —— p=og

0.75 0.80 0.85 0.90 0.95 LOO P
Euler Method
Lo

05 bt s P i 6 Bo B Ao san

L

So.6+

=4

[}

20.4

[=]

8]

0.2
0.9
0.75 0.80 0.85 0.90 0.95 L00 p

Figure 4. Evolution of hydrogen concentration C as a function

of position P . (Effects of )

Concentration
765 c

—aT=
0.75 =
h=0.1 ——=r
0.5¢
—ET=0.5
0.25- 02
0. 0.90 0.95 14—T=01
Caoncentration — =
AL =0.05
——T=0.
0.75 0.1
h=1
0.50 T bbbt p T N S N S S N S A S
a_zf,w ¢ i
[
0.00 s BN
075 0.80 0.85 0.90 0.95 100 p
Caoncentration
Lo i
0.25- h=10

0.0 75 0.80 0.35 0.90 0.95 Loo P

Figure 5. Simulation of the concentration for different of h and
time T calculated with Euler method and n = 4
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Amount of hydrogen (Q (T)

1o

0.9

0.8

.5
04
0 {
oz |

.17

0.0 S T T T T
000 005 o0do 0I5 620 025 030 035 040 VT

Figure 6. Amount of hydrogen for different values of h parame-
ter calculated with Implicit method and n = 64

Rate of Absorption VQ (1)

0 T T T T T T T T T T
000 002 004 006 008 010 012 04 016 018 020 T
Figure 7. Rate of hydrogen absorption for different values of

h parameter calculated with Implicit method and n = 64

5. CONCLUSION

A model of hydrogen storage in getter material
developed by Liu et al. (2004) for a one dimensional
cartesian situation has been extended with success
for an hollow cylinder (/D axysymetrical problem).
A set of adimensional equations like “Fick™ equation
for diffusion plus boundary and initial conditions has
been obtained. The system can be solved with ana-
lytical solutions using the spectral method or by
finite difference method. For a sufficient number of
terms of the analytical sum solution and a sufficient
number of steps for the numerical one, solutions are
close the ones to the others. The influence of the
competition between surface penetration rate, and
bulk diffusion rate (the / coefficient) has well been
translated by the different curves evolution.

In the future, this work about the kinetics of hy-
drogen storage of containers must include the phase

transformation itself e.g. the hydride formation as
Fernandez and Meyer (2000) initiate.
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KINETYKA ABSORPCJI WODORU
W MATERIALACH POCHLANIAJACYCH
W CYLINDRYCZNYCH ZBIORNIKACH:
ROZWIAZANIE ANALITYCZNE
INUMERYCZNE

Streszczenie

W artykule opisano badania kinetyki absorpcji wodoru w ma-
terialach pochtaniajacych.. Rozwazono dysocjacje molekut
wodoru na powierzchni oraz wnikanie atoméw wodoru do materi-
atu i dyfuzjg objetosciowa. Opisane badania rozszerzaja wezesnie-
jsze wyniki uzyskane przez Liu i in. dla plyty (przypadek
Kartezjanski 1D) na wngtrze cylindra, czyli przypadek blizszy
zastosowaniom technologicznym. Rozwiazanie uktadu réwnan
przeprowadzono analitycznie (za pomoca funkcji Bessela i Eule-
ra) oraz metoda roznic skonczonych (opisano schemat jawny
I niejawny). W konsekwencji mozliwe bylo okreslenie szybkosci
napetniania zbiornika wodorem w zadanym przedziale czasu.
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